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Good [1] has shown that

1 _ o FB-1
(1) ZFI;' FB' n=>1,

where b =2 and B =2". (We use this notation to achieve clarity in printing.) A generalization may be given as
follows: '

n
(2) Z FL - ¢y - Fkee nk > 1,

where Cy is independent of # and in fact

((1+Fr_1)/Fk for even &,
(1+ Fy_q)/Fr+2/Fo, forodd k.
For k=1, 2, 3, -, the first ten values of Cy are: 3, 2, 10/8, 1, 46/55, 3/4, 263/377, 2/3, 1674/2584, 7/11,
-+ If we write Oy with denominator as Fog then the numerators form the interesting sequence
3,6, 10, 21, 46, 108, 263, 658, 1674, 4305, 11146, 28980, ---

Formula (2) is easily proved by induction. Assuming it holds for n, then for n + 7 we find that we have to
show that

(3) Ck =

1 _ Fk-1 _ F2kB-1
Foke  Fks Foke
and this comes by setting/ = kB in the formula
(—7)/15/' = FojFj-1— Faj-1F; .
which may be proved directly by the Binet formula, or can be seen as a special case of the well known formula
Fm+1Fjt FmFi-1 = Fm+j
when m = —2j and using F_; = (- 7)j+7Fj.
This shows that Formula (2) holds with Ck independent of n. Taking n = 7 we may determine Cx from
1/Fi+ 1/Fax = Cik — (Fak-1/Fak )

[t is from this that we have found (3).
Since Fj/Fi7 — (1 +/5)/2 as j — =, we have a corollary

(@) ): Fkb =C- Lowitn 5= 12

“’_K

Our formula has an interesting application to sums of reciprocals of Fibonacci numbers in another way. As &
and m take on all integer values such that k > 0 and m > 0, then (2k + 1)2'" generates each natural number
once. Hence for absolutely convergent series we have the general transformation formula
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(5) S fin) = N 5 M2k+1)27) = 3 3T fk2™).
n=1

k=0 m=0 k=1 m=0

Applying this to the Fibonacci numbers we have

(6) ST T %:Z {ee— 1}, by,

n=1"" k=1 m=0 Kb k=1
k odd k odd
= 2.382.-+0.632--+0.218 .-+ 0.080 --- + 0.030 - -
= 3.35988 -

as given by Brousseau [2, p. 45].
By some simple manipulations with the Binet formula £, = (a" — (—1/2)")//5., formula (6} may be trans-
formed into some variant forms that we believe are of interest. It is easy to verify the following:

- Fe-1 1. /5
(7 T —
k g 2k £7
(8) /T 5 .
Foy 2k 4 7 84k _7
7 /5 5
¢ = * =
@ For 4k _ 7 a.?k 7

Sl (1,2 , Fer 1
(10) DR P S oL
n; F, /?:_:1 {Fk Fog Fi a }
k odd
so that by (7) we get
e 5
(n sSL-v{l+2-—
= Fn P {Fk Fox ) 82k+7 }
k odd
=g - I - < 1
= = +2y -5 ) =L
k=1 Fx k=1 2k k=1 a2K+1
k odd k odd k odd

= 1.8245 ...+ 2.2924 ... — 0.7571 --.
Next, using (8), we get
a frj_:ZFi Z%"fZ,,—k’"—
n=1 "7 k=1 k . k=1 a -1
k odd kodd k odd .

= 1.8245 .-+ 1.1462 .-+ 0.389082 ---
Finally, using (9), this becomes

(13) 3 FL = Z o tE Z ~5k—7——
=1
odd

n=1
k odd

= 1.8245 .-+ 1.5353 -
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This tast form of our resuit is most interesting because it is not at all what we get if we transform the recipro-
cals by simple bisection.
By bisection it is easy to see that

S Loy 1.y Loy 1.y _E_
et Fn k=71 Fy =1 F/ P Fr =1 aZn_a-Zn
whence k odd jeven k odd
o - 0 . = 20
(0 IR N
nmr Fn iy Pk p=1 a® -1
k odd

Comparing this with {13} we find the interesting equivalence
2n >
(15 N S R EN S
n=1 a -1 k=1 a*k -1
k odd

The series on the right seems to converge twice as fast as that on the left, and six terms give the sum as
0.68663 ---, whereas it takes 12 terms of the ather series to get this.

Using the Binet formula it is also possible to rewrite (12) as

oo oo

- . ©a k
(18) E Fl =5 (3K + 22K 1 2K 11 20%) _NE L N { _/(._7__ - 72_3,__ }
n=1 1 k=1 a*k 1 k=1 a“ -1 atk—1
k odd k odd

= (2.083313 - — 0.580727 - /b = (1.5025865492 - )\/5 = 3.359885665 - .

A preliminary form of this paper was written in October 1975 and cammunicated to H. W. Gould and I. J.
Good later. The author is also indebted to H. W. Gould for suggestions leading to the presentation of the ideas
in the present form. A generalization of the main results here will appear in another paper [3]. A generalization
of formula (5) wilt appear in Gould [4]. See [5] for an earlier treatment.
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