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IThe author’s comments: As it is well-known, calculation of the multiplicative structure of the
orientable cobordism ring modulo 2-torsion was announced in the works of J.Milnor (see [18]) and
of the present author (see [19]) in 1960. In the same works the ideas of cobordisms were extended.
In particular, very important unitary (”complex’) cobordism ring was invented and calculated;
many results were obtained also by the present author studying special unitary and symplectic
cobordisms. Some western topologists (in particular, F.Adams) claimed on the basis of private
communication that J.Milnor in fact knew the above mentioned results on the orientable and
unitary cobordism rings earlier but nothing was written. F.Hirzebruch announced some Milnors
results in the volume of Edinburgh Congress lectures published in 1960. Anyway, no written
information about that was available till 1960; nothing was known in the Soviet Union, so the
results published in 1960 were obtained completely independently. Let us make some comments
concerning the proof. There exist a misunderstanding of that question in the topological literature.
Contrary to the Adams claims, the Milnor’s work [18] did not contained proof of the theorem
describing multiplicative structure of the cobordism ring and its complex analogue. It used the
so-called Adams Spectral Sequence only for calculation of the additive structure and proved "no
torsion theorem”. For the orientable case it was done independently by my friend B.Averbukh [2]
using the standard Cartan-Serre technic; it was Averbukh’s work that attracted me to this area:
I decided to apply here the Adams Spectral Sequence combined with the homological theory of
Hopf algebras and coalgebras instead of the standard Cartan-Serre method because my approach
worked very well for the multiplicative problems. The present article was presented in 1959/60
as my diploma work at the Algebra Chair in the Moscow State University. In the Introduction
(see below) I made mistakable remark that Milnor also calculated the ring structure using Adams
Spectral Sequence (exactly as I did myself). However, it was not so: as it was clearly written by
Milnor in [18], his plan was completely different; he intended to prove this theorem geometrically
in the second part but never wrote it. I cannot understand why F.Adams missed this fundamental
fact in his review in the Math Reviews Journal on my Doklady note ([19]). Does it mean that
he never looked carefully in these works? As I realized later after personal meeting in Leningrad
with Milnor (and Hirzebruch) in 1961 during the last Soviet Math Congress, his plan was to
use some specific concrete algebraic varieties in order to construct the additive basis and apply
Riemann-Roch Theorem. I described his manifolds in Appendix (they are very useful) but never
realized his plan of the proof: my own purely Hopf-algebraic homotopy-theoretical proof was so
simple and natural that I believe until now that Milnor lost interest in his geometric proof after
seeing my work. I added Appendix in 1961 but forgot to change Introduction written in 1960,
so the mistakable remark survived. It is interesting that in 1965 Stong and Hattori published a
work dedicated to this subject. They claimed that they found a ”first calculation of the complex
cobordism ring avoiding the Adams Spectral Sequence” not mentioning exactly where this theorem
was proved first. Let me point out that their work was exactly realization of the Milnor’s original
plan but Stong and Hattori never mentioned that.
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INTRODUCTION

This paper contains detailed proofs of the author’s results published in [19].
Our purpose is to study the inner homology (“cobordism”) rings corresponding to
the classical Lie groups SO(n), U(n), SU(n), and Sp(n) (in what follows, we denote
these rings by Vso, Vu, Vsu, and Vg,,) and the realizability of k-dimensional integral
cycles in manifolds of dimension > 2k + 1 by smooth orientable submanifolds. As is
known, Thom proved [16] that, for any cycle 2, € H*(M™), there exists a number
a such that the cycle azy is realized by a submanifold, and, for k£ < 5, any cycle zg
can be realized (i.e., « = 1).

In Section 3.1 of Chapter 3, we prove the following theorem:

Suppose that n > 2k + 1 and the groups H;(M™N), where i =k — 2t(p — 1) — 1,
have no p-torsion for allt > 1 and p > 3. Then any cycle z, of dimension k is
realized by a submanifold.

The proof of this theorem relies on known Thom’s constructions and on new re-
sults concerning the homotopy structure of complexes constructed by Thom, which
have a number of remarkable properties making it possible to essentially reduce
many problems of the topology of manifolds to homotopy problems. There are
examples showing that the theorem stated above gives a final criterion in terms of
homology groups.

In Chapter 2, the algebraic structure of the rings Vso /T, Vi, and VSp @ Z,n
with p > 2 is completely determined; it is also proved that the ring Vg, /T is
nonpolynomial (7" is the ideal consisting of the elements of finite order; we can
assume that all the orders have form z%)2. The results concerning the ring Vsy
known to this author are given in Appendix 1; we did not include them in the
statements of the main theorems. It turned out that the algebraic structure of
the ring Vi was found somewhat earlier by Milnor [18]* (also by the method of
Adams), who, in addition, specified geometric generators of the rings Vso and
Vu and gave a final solution to the problem of Pontryagin (Chern) characteristic
numbers of smooth (complex analytic, almost complex) manifolds, i.e., stated a
necessary and sufficient condition for a set of numbers to be the set of Pontryagin
(Chern) numbers of a smooth (almost complex) manifold. No geometric generators

2The algebra Vo ®Q was descrigbed by Thom [16]. Rokhlin [13] and (independently) Wall [20]
determined the structure of 2-torsion in the ring Vgo on the basis of the well-known theorem of
Rokhlin about the kernel of a homomorphism (see [12]). Averbukh and Milnor (also indepen-
dently) proved that the ring V5o has no p-torsion for p > 2 (see [2, 10, 18]). In [10], a result on
the structure of the ring Vgo /T is also announced.

3In [18], Milnor considered also the ring Vspin, but he obtained no final results about it.
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were known before Milnor’s work; because the related results of Milnor were very
interesting, we included them in Appendix 2 (we had only known (see Section 2.5
of Chapter 2) that, for primes p > 2, the projective planes PP~1(C) could be
taken as generators in dimensions 2p — 2.) The results of this author related to the
multiplicative structure of the ring Vs, and to the ring Vgy are new.

Chapter 1 contains some geometric and algebraic information about the Thom
complexes.

Chapter 2 is concerned with calculating the inner homology rings. It also con-
siders some questions related to these rings (see also Appendix 2).

Chapter 3 deals with various realizations of cycles by submanifolds.

1. THOM SPACES

1.1. G-framed submanifolds. Classes of L-equivalent submanifolds. Con-
sider a compact closed smooth n-manifold M™ endowed with a Riemannian metric.
Let G be a subgroup of the group O(n — i), where i < n. Suppose in addition that
the manifold M™ is orientable and that the subgroup G of O(n — %) is connected.
We orient somehow the manifold M”™ and consider a compact closed manifold W?
smoothly embedded in M™. The submanifold W? is also assumed to be oriented.
Obviously, in this case, the normal SO(n — i)-bundle v"~¢ of W% in M™ is defined.
We consider only those submanifolds of M™ for which the subgroup G of SO(n — 1)
is the structural group of the normal bundle v %,

Definition 1. A submanifold W* of the manifold M™ is said to be G-framed if the
normal bundle "% of W* in M* is endowed with the structure of a G-bundle, and
this structure is fixed.

Now, suppose that N"*! is a compact smooth manifold with boundary M"
and V*! is its compact smoothly embedded submanifold with boundary W* =
M™ N Vi such that V! is orthogonal to the boundary M™ of the manifold
N™1 In this case, we can also consider the normal bundle 77~% of V+! in N7+1,
Hereafter, we assume all manifolds under consideration to be oriented without
mentioning it. So we can treat the bundle 77~% as an SO(n — i)-bundle of planes
R"~% and define G-framed submanifolds with boundary by analogy with Definition 1
(obviously, their boundaries are closed G-framed submanifold of the boundary M™
of the manifold N"*1).

Following Thom, we introduce a relation of L-equivalence on the set of G-framed
closed submanifolds of the closed manifold M™. Consider the direct product M™ x
I of the manifold by the oriented closed interval I = [0,1]. The manifold with
boundary N"*! = M"™ x N is oriented in a natural way. Let W{ and Wi be G-
framed closed submanifolds of M™. The submanifolds W7 x 0 and Wj x 1 are also
oriented in a natural way in the manifolds M"™ x 0 and M™ x 1, respectively, and
the oriented submanifold W} x 0 U Wi x 1 of the manifold M™ x 0U M™ x 1 is
G-framed.

Definition 2. G-framed submanifolds W7 and W4 of the manifold M™ are called
L-equivalent if there exists a G-framed submanifold V! of the manifold M™ x I
with boundary W} x 0 U W3 x 1.

It is easy to verify that the relation of L-equivalence on G-framed submanifolds is
symmetric, reflexive, and transitive; therefore, the set of all G-framed submanifolds



of the manifold M™ decomposes into classes of L-equivalent submanifolds. We
denote the set of these classes by V¢(M"™,G). Note that each element of the set
Vi(M", @) determines an integer cycle z; € H;(M™); thus we have a map

Ag: VI(M™, G) — Hy(M™).

Definition 3. We call a cycle z; € H;(M™) G-realizable if it belongs to the image
of the map Aq.

Obviously, Definition 3 is equivalent to Thom’s definition of G-realizability
(see [16])).

1.2. Thom spaces. The classifying properties of Thom spaces. In Sec-
tion 1.1, we fixed a connected subgroup of the group O(n — i). Now, we assume
that this subgroup is closed in O(n — i). Let Bg be the classifying space of the
group G. Without loss of generality, we can assume that B¢ is a manifold of suf-
ficiently high dimension. Let 7(G) be the classifying G-bundle of spheres S"~¢~1.
We denote the total space of the bundle by E¢ and the projection by pg. The
cylinder of the projection is a manifold T with boundary Eg. The cylinder T
can be regarded as the space of the classifying G-bundle of closed balls E"~*. Let
us contract the boundary E¢ of Tg to a point.

We denote the obtained space by Mg and call it the Thom space of the subgroup
G of the group O(n — 7). The general theory readily implies that, at n — i > 1,
the space Mg is simply connected (see, e.g., [16] for G = SO(n —i)). As to
the cohomology of Mg, Thom showed that there exists a natural isomorphism
¢: H*(Bg) — H""{(Mg).

Let ug € H" *(Mg) be the element equal to ¢(1). The following theorem is
valid.

Thom’s Theorem. An integer cycle z; € H'(M™) is G-realizable if and only if
there exists a map f: M™ — Mg such that the cohomology class f*(ug) is Poincaré
dual to z;.

(If the group G is disconnected, then Thom’s theorem holds for cycles modulo
2)

Thom also related the sets Vi(M™,SO(n —i)) to the sets of homotopy classes
m(M"™, Mg) of maps M™ — Mg [16, Theorem IV.6]. Formally replacing SO with
G in the proof of Theorem IV.6, we easily obtain the following lemma.

Lemma 1. The elements of the set Vi(M,,G) are in one-to-one correspondence
with the elements of the set m(M™.Mg).

n
At i < [5}, both sets naturally turn into Abelian groups. The natural one-to-

one correspondence between them established by Thom’s theorem is then a group
isomorphism. This takes place also in the case of M™ = S (for any 7). In what
follows, we are only interested in this case.

Let us define a pairing of groups

Vi(S§™ Gy @ V2(S™2,Gy) — ViaTiz(§mtn2 G x Gy). (1)
The group G x Gy is assumed to be embedded in the group SO(ny+ng—is—is). The
embedding is determined by the decomposition of the Euclidean space R™ +72 i1~

in the direct product R™~% x R™ % which arises naturally in the case under
consideration. To define pairing (1), we choose a representative in each of two



5

arbitrary elements x; € Vi (S™ G) and 2o € V2(S"2,G5). Obviously, these
representatives are G- and Go-framed submanifolds W% C S™ and W' C S"2,
respectively.

The direct product is naturally embedded in S™*7"2 and G x Ga-framed, because
the normal bundle of this direct product decomposes in the direct product of the
normal bundles of the manifolds W and W?. We assume that the group G; x Gs
is embedded in the group SO(n; + ny — i1 — i3) precisely as specified above. The
following lemma is valid.

Lemma 2. There exists a homeomorphism
Mg, x Mg, /Mg, V Mg, — Mg, xc, (2)
such that the diagram
V(8™ Gy) @ V(8™ Gy) —— Vatiz(§mtnz G x Gy)

JZZ lZZ ll? (3)

Ty (MGl) S T, (MGz) - Tni+ns (MGI ><G2)

is commutative. (Here the top line is pairing (1) and the bottom line is the pairing
of homotopy groups determined by homeomorphism (2).)

Proof. To prove the existence of homeomorphism (2), note that the classifying space
Ba, x B, of the group G; x G5 decomposes in the direct product Bg, x Bg,. The
classifying G x Ga-bundle of planes R™ 72~ ~%2 a]so0 decomposes in the direct
product of the classifying bundles of the G1- and Gs-bundles, respectively. The
classifying sphere G-bundle is obtained from the plane bundle by taking the set of
all vectors of length 1 in each fiber. The set of all vectors of length not exceeding 1
gives the classifying bundle of closed balls. Now, taking manifolds of sufficiently
large dimensions as Bg, and Bg, and recalling the definition of Thom spaces based
on the cylinders Ty, and T, of the projections of the classifying sphere bundles,
we obtain the natural homeomorphism T, v, = T, X Ta,-

The cylinders T are manifolds with boundaries Eg. In constructing a Thom
space, the boundary F¢ is contracted to a point. Obviously, the homeomorphism
Ec,xc, =Ta, X Eg, U Eg, x Tg, holds. This implies the existence of homeomor-
phism (2). As to the commutativity of diagram (3), it follows from the geometric
meaning of the vertical isomorphisms (see the proof of Theorem IV.4 in [16]). This
completes the proof of the lemma. [

Thom mentioned that the space M, is homeomorphic to the sphere S”~% if the
unit group e is treated as a subgroup of the group O(n — ). On the other hand,
for any polyhedron K, the polyhedron K x S"~¢/K Vv S"~% is homeomorphic to
the iterated suspension E"*K over the polyhedron K. Suppose that the group
G coincides with one of the classical Lie groups SO(k), U(k), SU(k), and Sp(k).
Obviously, the natural group-subgroup embeddings

SO(k) x e C SO(k + 1), where e € SO(1),
U(k) xe C U(k+ 1), where e € U(1),
SU(k) x e C SU(k + 1), where e € SU(1),
Sp(k) x e C Sp(k + 1), where e € Sp(1),
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determine maps

EMsow) — Mso(r+1), E* My — Muetr), )
E*Mgu(r) — Msu(it1), E* Mgy (k) — Mgp(t1)-

(To construct these maps, it is sufficient to apply Lemma 2. Recall that group-

subgroup embeddings G C G C SO(k) give rise to natural maps Mg — Mg.)

It is easy to show that the maps (4) in stationary dimensions are homotopy
equivalences. Indeed, the maps (4) are permutable with the Thom isomorphism
¢: H(Bg) — H**(Mg), where G C SO(k). But, as is well known, the maps
of the classifying spaces of the groups in (4) (Grassmann manifolds) determine
isomorphisms of homology and cohomology groups for small 7. The Thom spaces
are simply connected; therefore, the maps (4) are homotopy equivalences in stable
dimensions.

We denote the groups V(S™,SO(n — i)) with i < [g] by V&g, the groups

n-—1

Vi (S”,U( )) with i < [g] such that n — i are even by V{, the groups

n—1

vi(sm,sU(" ) with the same i by Vy, and the groups Vi (5% sp(" )

with i < [g} such that n —i =0 (mod 4) by V¢,. According to the above obser-
vation, this notation is valid by virtue of the stabilization of the homotopy groups
of Thom spaces.

The pairing (1) directly introduces the structure of graded rings in the direct
sums Vgo = Zizo V§Oa Vo = Zizo Vé, Vsu = Zizo VSiU7 and Vgp = Zizo Vsip~
wwwkFor these rings, we use the same notations Vso, Vs, Vsu, and Vg,,, respectively.

1.3. The cohomologies of Thom spaces modulo p for p > 2. Consider the
classifying spaces Bso(2x), Bu(k), Bsu(x), and Bspr). Their cohomology algebras
modulo p are well known (see [4]). Namely, H*(Bsok), Zp) is the algebra of
polynomials in the Pontryagin classes py; € H4i(BSO(2k), Zp), where 0 < i < k, and
in the class wyy € H2i(BSO(2k), Zy). The algebra H*(Buyaxk), Zp) is isomorphic to
the algebra of polynomials in generators co; € H2Z'(BU(;€)7 Zp), where 0 < i < k; the
algebra H*(Bgsu(k), Zp) is isomorphic to the algebra of polynomials in generators
c2i € H%(BSU(k), Zy), where i # 1; and the algebra H*(Bgp ), Zp) is isomorphic
to the algebra of polynomials in generators ky; € H*(Bgp k), Zp), where 0 < i < k.
The generators cg; are Chern classes reduced modulo p, and the generators ky;
are symplectic Borel classes (see [5]) reduced modulo p. Thom showed that the
algebra H*(Mgo(2k), Zp) is isomorphic to the ideal of the algebra H*(Bso(2k), Zp)
generated by the element wqy (in positive dimensions). Our purpose is to prove
similar assertions for the other classical Lie groups. The following lemma is valid.

Lemma 3. For the classical Lie groups
G =80(2k), G=U(k), G=SUk), G=-5Spk),
the homomorphism
Jj*: H* (Mg, Z,) — H*(Ba, Z,)
generated by the natural embedding j: B C Mg has the following properties:

(a) j* is a monomorphism,
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(b) Imj* is equal to the ideal generated by the element wey, for the group
SO(2k), by the element cop for the groups U(k) and SU(k), and by the
element kai, for Sp(k).

Proof. Consider the total space Eg of the classifying G-bundle of spheres S2¢—1 (if
the group coincides with one of the groups SO(2k), U(k), and SU(k)) or of spheres
S4k=1 (if G = Sp(k)).

By the construction of the Thom space Mg (see [2]), the cohomology algebra
H*(Mg) can be identified in positive dimensions with the algebra H*(Tg, Eq),
where T¢ is the cylinder of the projection pg of the classifying sphere bundle. We
can write the following exact sequence in cohomology for the pair (T, Eg):

s H(Tg) 2% H(Eg) -5 HY(Tg, Eg) 2o HT (Tg) — ... (5)

The space Tg is homotopy equivalent to the space Bg, and the homomorphisms
H*(Tg) — H*(Eg) and H*(Tg,Eg) — H*(Eg) generated by the embeddings
coincide with the homomorphisms pf: H*(Bg) — H*(Eg) and j*: H*(Mg) —
H*(Bg), respectively.

We use the spectral sequence of the classifying sphere G-bundle to study the
homomorphism pf,. This spectral sequence is well studied in the case under con-
sideration (see [3]). In the spectral sequence of this sphere bundle, the following
relations hold:

By ~ H*(S**71, Z,) @ H*(Ba, Zp)
if G =SO(2k), G =U(k), or G =SU(k), and
Ey =~ H*(S*1 7)) ® H*(Bg, Zp)

if G = Sp(k). Let us denote a generator of the group H*(S?*~1, Z,) by v?*~! and a
generator of the group H*(S*~1, Z,) by v**~1 (we take generating elements being
integer generators reduced modulo p). It is well known (see [3]) that dox (v~ 1 ®
1) = 1 ® way for the group SO(k), da(v*~! ® 1) = 1 ® kai for the group Sp(k),
and dog(v**~1 ® 1) = 1 ® cgy, for the group U(k) and SU(k) in the corresponding
spectral sequences. Obviously, Fo, & Ey41 for the group Sp(k) and E &~ Eap41
for the other Lie groups. Referring to the spectral meaning of the homomorphism
D¢y, we conclude that, in all the cases under consideration, the homomorphism p¢; is
a homomorphism onto the algebra H*(Eq, Zp), and its kernel is the required ideal.
The homomorphism ¢ in the exact sequence (5) is trivial. This proves Lemma 3. O

Remark. 1t is easy to see that the proof of Lemma 3 remains valid at p = 2 for all
groups except for SO(k). For this reason, we do not separately examine these cases
in the next section.

Now, our main goal is to study the action of the Steenrod powers on the coho-
mologies of Thom spaces. For this purpose, following [16], we use the Wu generators
defined in [4].

Consider symbolic two-dimensional elements ¢1,...,t,. We impose no relations
on these elements. Take the subalgebra of symmetric polynomials in the algebra
of polynomials P(ty,...,tz). We set cg; = Y.t 0---ot; and py; = kgyy = D .t 0

cot? for i < k, wo = cop = t; 0+ 0ty, and ky = w%k We can calculate
the action of the Steenrod operations on any polynomial by the Cartan formulas.
We also set 8(t;) = 0 (i = 1,...,k), where 8 is the Bockstein homomorphism.
Now, to each decomposition w of a positive integer ¢ in positive integer summands



q1,---,qs (the decomposition is not ordered) we assign the symmetrized monomial
S tf o...t%. We denote this monomial by v,,. Similarly, to each decomposition @
of an even positive integer 2¢ in even positive integer summands 2qi, ..., 2¢s (the
decomposition is not ordered) we assign the symmetrized monomial tf‘“ 0-+-0
t29s = . It is known that the algebra of polynomials in generators co; (treated as
symmetric polynomials in the Wu generators) is isomorphic as a module over the
Steenrod algebra to the cohomology algebra H*(By), Zp) (similar isomorphisms
hold for the cohomology algebras H*(Bsoak), Zp) and H*(Bsp k), Zp))-

The algebra H*(Bgu k), Zp) is isomorphic as a module over the Steenrod algebra
to the quotient algebra of H*(Bys), Z,) modulo the ideal generated by cz. Relying
on Lemma 3 and results of Borel and Serre [4], we shall think of cohomology algebras
of Thom spaces as algebras of symmetric polynomials in Wu generators. We say
that a decomposition w (or @) is p-adic if at least one of its terms equals p’—1. Recall
that, in [6], Cartan assigned a certain number, Cartan type, to each cohomology
operation (this is the number of occurrences of the Bockstein homomorphisms in
the iterated operation).

Lemma 4. All Steenrod operations of nonzero type in the cohomologies modulo p
of the Thom spaces Mso(2k), Muk), Msuk) and Mgy act trivially. For all non-
p-adic decompositions w, the Steenrod operations of type zero on the elements way
and vg o way are independent in dimensions smaller than 4k and form a Zy,-basis
of the algebra H*(Mgo(2r), Zp) in these dimensions. For all non-p-adic decompo-
sitions w, the Steenrod operations of type zero on the elements cop and v, © Cak
are independent and form a Z,-basis of the algebra H*(Muyw, Zp) in dimensions
smaller than 4k. For all non-p-adic decompositions w, the Steenrod operations of
type zero on the elements kay, and vg o kay are independent and form a Z,-basis of
the algebra H*(Msyky, Zp) in dimensions smaller than 8k. (We again remind the
reader that w denote decompositions of even numbers in even summands and w, of
arbitrary integers into integer terms; the polynomials vz and v, are defined above.)

‘We omit the proof of this lemma, it is a word-for-word repetition of the arguments
of Thom (see [11]) and Cartan (see [6]). For the group SO(2k), the proof is given
in [2].

To facilitate formulating the further results, we introduce the graded modules
by Hso(p), Hu(p), Hsu(p), and Hgp(p) over the Steenrod algebra such that their
homogeneous terms are stationary cohomology groups of the corresponding Thom
spaces modulo p (here p = 2 is allowed). In essence, Lemma 4 is about these
modules.

1.4. Cohomologies of Thom spaces modulo 2. According to the remark made
in Section 3, the same method applies to studying the cohomologies of the Thom
spaces My and Mgy modulo 2. Although, the method of [16] does not ap-
ply to the groups SO(2k) and SU(k), because the cohomologies of the classifying
spaces of these groups (as modules over the Steenrod algebra) are not described by
subalgebras of the algebra of polynomials in the Wu generators (see Section 1.3).

Consider the iterated Steenrod squares S”q corresponding to admissible se-
quences J = (i1,...,1s) in the sense of Serre (see [14]). For positive integers m
and ¢, we write J = 0 (mod ¢) if i; = 0 (mod ¢) for all j and J =m (mod q) if
i; =m (mod q) for at least one j. We say that the Steenrod operation S”q has type
m modulo q if J =m (mod q).



The description of the cohomologies of the classifying spaces By and Bgpy)
given in Section 1.3 applies also to cohomologies modulo 2 (and modulo an arbitrary
integer). As in Section 1.3, we introduce a symmetrized monomial v, for each
decompositions w = (a1, ...,a;) of a positive integer in positive integer summands
and a symmetrized monomial vz for each decompositions @ = (2ay,...,2a;) of an
even positive integer in even positive integer summands. The decompositions are
assumed to be unordered.

Lemma 5. All Steenrod operations of nonzero type modulo 2 act trivially in the
cohomologies modulo 2 of the Thom spaces My ), Msu(k), and Msyry. The Steen-
rod operations of nonzero type modulo 4 act trivially in the cohomology modulo 2
of the Thom space Mgy ). The Steenrod operations S7q of type zero modulo 2 on
all elements v, o cop, and cop, where the decompositions w contain no terms of the
form 2t — 2, are independent and form a Zy-basis of the algebra H*(Myw, Z2) in
dimensions smaller than 4k. The Steenrod operations S”q of type zero modulo 4 on
all elements vg o ky, and kyy, where the decompositions W contain no terms of the
form 2t — 4, are independent and form a Z»-basis of the algebra H*(Mgspky, Z2) in
dimensions smaller than 8k.

The proof of this lemma is quite similar to the proof of Lemma 4 and consists in
a word-for-word repetition of Thom’s argument (see [16, Lemma 11.8, Lemma 11.9,
Theorem 11.10]).

How, let us try to study the cohomologies modulo 2 of the Thom spaces Mgoy)
and Mgy As above, we consider only cohomologies of stable dimensions. By
analogy with the preceding lemmas, we introduce unordered decompositions w =
(a1, ...,a) of positive integers a = > a; such that a = 0 (mod 4) in positive terms
a; (i=1,...,t) such that a; =0 (mod 4).

Lemma 6. The algebra H*(Mso), Z2) contains a system of elements ugy €
H*"(Mgo k), Z2), where a = 0 (mod 4) and @ = (ay,...,a¢) is an arbitrary
decomposition of a in terms a; = 0 (mod 4), and a system of elements x; €
H*Tt(Mgo iy, Z2) such that

(a) all Steenrod operations S”q on the elements x; are independent in di-
mensions smaller than 2k;
(b) all Steenrod operations S”q on the elements uz and wy € H’“(Mso(k),

Zs) are independent of the operations on the elements x; if J = (i1,...,1s),
where iy > 1, and the dimensions of S7q(uz) and S7q(wy) are smaller
than 2k;

(c) the elements S7q(uz) and S”q(wy) are zero if J = (iy,...,is), where
ts = 1;

(d) all elements S?q(uz), S”q(wy), and S7q(z;) form a Zy-basis of the al-
gebra H*(Mso(ky, Z2) in dimensions smaller than 2k.

Before proceeding to prove Lemma 6, note that this lemma makes it easy to study
the action of the Steenrod squares in the cohomology modulo 2 of the space Mgy y)-
Indeed, recall the description of the algebras H*(Bo), Z2) and H*(Bgo(x), Z2) in
terms of the one-dimensional Wu generators y1,...,y,. Weset w; = > yj0---oy;,
where ¢ < k. Obviously, wy = y; o --- oy;, and all Steenrod operations on the
elements w; are calculated by the Cartan formulas. Wu proved that the algebra
H*(Bo(k), Z2) is isomorphic as a module over the Steenrod algebra to the algebra
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P(wy, ..., wy) and that the algebra H*(Bgo(x), Z2) is isomorphic as a module over
the Steenrod algebra to the quotient algebra of the algebra P(wq,...,wy) mod-
ulo the ideal generated by w;. An analogy with the description of the algebras
H*(Buy(r), Z2) and H*(Bsyx), Z2) in terms of the two-dimensional Wu generators
t1,...,tx (see Section 1.3) is evident.

In [1], Adams defined an endomorphism

h:A— A (6)

of the Steenrod algebra A = Ay over the field Z, such that h(S%q) = Siq and
h(S%+1q) = 0.

Consider a dimension-halving isomorphism p: P(t1,...,tx) — P(y1,...,yx) of
graded algebras over the field Zs. Obviously,
u(87q(x)) = h(S7q)(u(x)), (7)
where © € P(t1,...,t). The isomorphism p induces isomorphisms

pa: H*(Buy(ky, Z2) — H*(Bo(k), Z2),
p2: H*(Bsu(k), Z2) — H*(Bso(k), Z2),
which also have property (7), and isomorphisms
M: HY (Mo, Za) — H* (Mo, Za),

% X 8
A2t H*(Msuy(ry, Z2) — H*(Msor), Z2), ®)

which halve the dimension and have property (7). Obviously, A1 (Uy)) = Uow)
and A2(Usy(x)) = Uso(k)- Thus we obtain the following result.

Corollary 1. There exists a dimension-halving isomorphism
A2t H*(Mguyry, Z2) — H*(Msox), Z2)

such that A2(Usuk)) = Usom) and h(S7qha(z)) = A2(S7q(x)) for all z €
H7(Msy (), Z2) and j < 2k.

Now, we proceed to prove Lemma 6. Rokhlin’s results [12] imply that the kernel
of the map i, : T (Mso(k)) — Tm(Mo(r)) generated by the embedding i: SO(k) C

O(k) consists of all elements divisible by 2 for m < 2k —1. Let 2 (Mso(k)) denote

the quotient group of m,,,(Mso(x)) by the subgroup consisting of all elements of odd
order (it is proved in [2] that the groups 7,,(Mso(x)) contain no elements of odd

order, but we do not rely on the results of this paper). The results obtained in [16]
(m)

i

imply that we can choose systems of generators x

yj(-m) in the groups 7, (Mox)) such that the map i, takes the set {xgm)} to a subset

in the groups m(ﬁ)(Msow)) and

of the set {y§m)}. Thom proved that the space Mg (in stable dimensions) can be
assumed homotopy equivalent to a direct product of Eilenberg—-MacLane complexes
(see [16, 11.6-11.10]). Thus there is a map i; of the space Mgox) to a direct product

IT of Eilenberg-MacLane complexes of type K(Z2,n;), whose homotopy groups have
(m)

generators being in one-to-one correspondence with the z;
(m)

%

; moreover, the map

i1, takes each element x to the corresponding generator of the product. We

(m)

can assume that the fundamental classes u; ’ of the factors in this direct product

,:cg,m/)) =0ifi#4d or

are specified by the equalities (ugm),ilzgm)) =1 and (ugm)
m #£m/.
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Let II,, denote the subproduct of the product II of Eilenberg-MacLane com-
plexes determined by elements of homotopy groups of dimensions larger than or

equal to m. We denote the projection of the map i; to IL,, by igm). Consider

the well-known Serre fibrations p, : M\SO(k) Memy M) (see [14]), where ]/W\so(k)
denotes a space homotopy equivalent to Msox) and M (m) is the space obtained by
pasting all homotopy groups starting with the mth one. The fibers of these fibra-
tions are m-killing spaces for Mgox). Let us denote them by M,,). For generators

of the groups w2 (M,,), we use the same notation z\"™. The group H™ (M) Z52)

is generated by the elements vi(m) determined by

(v(m) sc(-m)) =0, (v(m),ml(.,m)) =1, i’ # .

K2 ) K3 K3

We treat the space II,,, as a fiber space whose base consists of one point. The map
™ induces a map i\™ : M, I
1 p 1 (m) — 1.

(m)* (m)

Obviously, %1 (ugm)) =, ’. This immediately implies that the transgression

— M -
for the Serre fibration pp,: Mso) U MM s trivial at all elements vgm), be-

cause the map z'Y’” can be regarded as a map of this fiber space to the trivial one
specified above. This immediately implies that all factors of the space Mgo) in
the sense of Postnikov (see [11]) reduced modulo 2 are trivial. Now, the assertion of
Lemma 6 follows from Thom’s Theorem IV.15 from [16] and the observation that
the cohomology groups H;(Msok)) contain no elements of order 4 if i < 2k — 1.
We mean the cohomology with coefficients in z.

1.5. Diagonal Homomorphisms. Let K be an arbitrary polyhedron. By H' (K,
Z,) we denote its module over the Steenrod algebra A = A, whose homogeneous
terms are cohomology groups of positive dimensions. Let K7 and K5 be polyhedra.
There is the well-known isomorphism

H+(K1 X K2/K1 vV KQ, Zp) ~ H+(K1, Zp) (%) H+(K2,Zp).

This isomorphism is an isomorphism of A-modules (which makes sense because A
is a Hopf algebra). Therefore, the homeomorphism (2) mentioned in Lemma 2 de-
termines the following diagonal homomorphisms generated by the above-mentioned
group-subgroup embeddings SO(m)xSO(n) C SO(m+n), U(m)xU(n) C U(m+n),
SU(m) x SU(n) C SU(m + n), and Sp(m) x Sp(n) C Sp(n + m):
HY (Mso(min) — HY (Msom)) @ HT (Msom)),
H"(My(min) = H (My@y) @ HT (My)),
HY (Msy(min)) = HY (Msy(m)) @ H" (Msym)),
H+(MSp(m+n)) - H+(MSp(m)) ® H+<MSP(n))

9)

We denote all these homomorphisms by A, .. For the modules Hso(p), Hu(p),
Hgu(p), and Hgp(p) (see Section 1.3), the homomorphisms A, , determine the
following homomorphisms A:

Hso(p) — Hso(p) ® Hso(p),
Hy(p) — Hu(p)  ® Hu(p),
Hsy(p) — Hsu(p) ® Hsu(p),
Hsp(p) = Hsp(p) @ Hsp(p)-
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The goal of this section is to calculate homomorphisms (10).
The following lemma is valid.

Lemma 7. At the generators u, and ug of the modules Hso(p), Hu(p), and
Hg,(p), the homomorphisms A have the forms

A(uw) - Z [uwl & Uy + Uy @ uUJl] + Z Uy @ Uy s
(w1,w2)=w, (w1,w1)=w
w1 Fws (11)
A(UU) = Z [UU1 & U, + U, b2 uwl] + Z Uz, @ Uz,
(@1,02)=0, (@1,w01)=w
w1 #w2
for all p > 2.

Note that, in (10), wy (@;) is allowed to be the decomposition into the empty set
of terms. The generator u,,, (ug, ) for the empty decomposition wy (wy) corresponds
to the element wag, cok, Or kqi, as in the preceding sections (uz denotes the module
generator corresponding to the product vg o woy, or vg o kyy from Lemma 4, and
u,, denotes the generator corresponding to the product v, o cor, and the generators
mentioned in Lemma 6).

Proof. First, consider the modules Hgo(p) with p > 2, Hy(p) with p > 2, and
Hg,(p) with p > 2. Let us return to the description of the cohomologies of Thom
spaces in terms of ideals in the cohomologies of the classifying spaces (see Lemma 3)
and the Wu generators. Our immediate goal is to calculate the homomorphisms (9)
by using the Whitney formulas for the Pontryagin and Chern classes and for the
symplectic Borel classes.

Let m and n be sufficiently large integers, and let x1,...,Zm,y1,--.,Yyn be the
symbolic two-dimensional Wu generators. In the algebra P(z1,...,Zm,Y1,---,Yn)s
consider the elementary symmetric polynomials in the generators x1,...,Tm, Y1,

cyyn and 22.... 22 y3 ..., y2. The topological meaning of these polynomials
is specified above. In the algebras P(z1,...,%,) and P(y1,...,y,) over the field
Z,, we consider similar elementary symmetric polynomials. Note that the homo-
morphisms A, , must satisfy the Whitney formulas, and these formulas uniquely
determine the homomorphisms (9). Let us formally set

Am,n(xi) =1;®1, Am,n(yj) =1®y; (12)

for all i < m and j < n. (We treat the set of elements z; as the Wu generators for
the algebras

H*(BSO(Zm)azp)v H*(BU(m)a Zp)a and H*(BSp(m,)»Zp)
and the set of elements y; as the Wu generators for the algebras
H*(BSO(%L)’ Zp)v H*(BU(n)vzp)’ and H*(BSp(n)a ZP))

Applying (12) to the elementary symmetric polynomials, we observe that (12) im-
plies the fulfillment of the Whitney formulas for all the characteristic classes in-
volved. For this reason, the homomorphisms A,, ,, defined formally by (11) coin-
cide with the “geometric” homomorphisms A, , on the symmetric polynomials.
Now, let us apply (12) to the polynomials vz o wag, vy, © Cog, Vg © kak, Wak, Cok,
and kyg. It is easy to see that we immediately obtain the required result. To prove
formulas (11) for the module Hgo(2), note that the Pontryagin classes satisfy the
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Whitney formulas without taking into account 2-torsion. Let the generators wu,,
from Lemma 6 be the polynomials reduced modulo 2 in the Pontryagin classes and
the class wy(p,4,) Which correspond to the expression of the symmetrized monomial

E x‘f1+1o~-~omzs+1o...xmoylo...yn,

where w = (ay,...,as) is an arbitrary decomposition of an even number in even
summands, in terms of elementary symmetric polynomials in the squared generators
2?2 and ng and of the polynomial wy(y4n) =21 0+- 0Ty 0y; 0+ 0y,. The same
considerations as above imply that formula (9) holds for these elements up to certain
elements belonging to the image of the operation Sq¢' (in the integer cohomology
without taking into account 2-torsion). This proves the lemma. ([

Let us summarize the results obtained in this chapter. In Section 1.2, we as-
sociated the sequences of groups {G; = SO(i)}, {G;, = U(9)}, {G; = SU(4)}, and
{G; = Sp(¢)} with the graded rings Vso, Vi, Vsu, and Vs,. We shall call these rings
the inner homology rings. On the other hand, in Sections 1.3-1.5, we associated the
same sequences of groups with graded modules over the Steenrod algebra Hgo(p),
Hy(p), Hsu(p), and Hgp(p) for all primes p > 2. These module were calculated in
Sections 1.3-1.4. In Section 1.5, they were associated with the diagonal maps (10).

The purpose of the next chapter is to calculate the inner homology rings by the
spectral method of Adams.

2. INNER HOMOLOGY RINGS

As mentioned, this chapter is concerned with calculating inner homology rings.
The basic theorems of this chapter are stated in Sections 2.4-2.5. The first three
sections study extensions of modules over the Steenrod algebra.

2.1. Modules with One Generator®. Let A =),., A® be a graded associative
algebra over the field Z,. As usual, we assume that A©) = Z, all AW are finite-
dimensional linear spaces over the initial field. Consider a graded A-module M
with one generator u of dimension 0 in which some homogeneous Z,-basis {xgm)},
where z\™ € M (m) " is given. We denote the 1-generated free A-module by the

same syrlnbol A (if its generator has dimension 0) and identify it with the algebra
A. We denote the generator by 1 and identify it with the identity element of the
algebra A. Obviously, a canonical map £: A — M of A-modules such that (1) = u
is defined. As usual, A denotes the ideal of the algebra A consisting of elements of
positive dimension.

Suppose that B is a graded subalgebra of A, B = 3_,.,B®, B® = 7, and
BW = BN AW, Let Mp denote a 1-generated module equal to A/A o B. As
above, we denote its Z,-basis by xgm) and the generator by u = (1), where ¢ is
the natural homomorphism A — A/AoB. Let {yj(-k)} be an arbitrary homogeneous
Z,-basis of the algebra B; in each set 5’1(x§k)), we choose and arbitrary element

zl-(m) € 5_1(9557”)). The elements zl-(m) are assumed to be homogeneous of the same
(m)

%

dimension as

4We consider only left A-modules
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Definition 4. The subalgebra B of the algebra A is said to be special if all products

L(m)

: yz(k) form a homogeneous Z,-basis of the algebra A and are independent.

As usual, we endow the field Z, with the trivial structure of an A-module.

Lemma 8. If the subalgebra B of the algebra A is special, then the following iso-
morphism holds:

Ext% (Mg, Z,) ~ Ext3 (Z,, Zp). (13)

Proof. Let Cp(Z,) denote the B-free standard complex of the algebra B (see [8]).
To prove (13), we construct an A-free acyclic complex C4(Mp) such that the dif-
ferential isomorphism

Hom%}t(CB(Zp), Zy) = Homi{t(cA(MB)v Zp) (14)

holds for each pair s, t. Applying the isomorphism (14) to all pairs s, ¢t commuting
with the differential, we obtain the isomorphism (13). In constructing the complex
C4(Mpg), we shall employ the Z,-bases of the algebras and of the module Mg
specified in Definition 4 of this section; we shall use the same notation.

As CY(Mp) = 3, C%'(Mp) we take the free module A, and as e: A — Mg
we take the map defined at the beginning of this section. Obviously, all elements
yj(-k) with k, > 0 are generators of the A-module Kere C CY(Mg). Definition 4

directly implies that all A-relations between the generators y](»k) of the module Ker e

follow from the commutative relations in the subalgebra B. We shall construct the
complex C4(Mp) = ES,tCZt(MB) by induction on s. Suppose that

(a) the complex C4(Mp) is constructed for all s < n;
(b) generators of the A-module Kerd,_;: C%(Mg) — C% '(Mpg) are in

one-to-one correspondence with the sequences (y§f1), . ,y](f:ifl)) of ho-
mogeneous elements of positive dimension; we denote these generators by

k Fon ks, k kn
u(y](1 1), .. ,y§7l+fl)); for each element y; = > qu](,“ ’), u(y](.ll), s Yiy e ,y§n+f1))

denotes the linear combination ), qlu(y§f1), o ,yj(.fj’l), . ,y](k;l)
erators of the kernel Kerd,,—; (for any 1 <7 <n+1);

(c) the generators of the A-module Kerd,,_; satisfy the relations

k kn k kn
you(y™, ..., J(»n;l)) =u(yoyl™, ..., yﬁnjl))

1 k ki ki kn
3Dty g oy ey,
=1

) of gen-

where y € B;
(d) all relations are linear combinations of the right-hand sides of the rela-
tions specified in (c¢) multiplied on the left by elements of the form zgm) oyj(k)

(and of the trivial relations);
y(kl) (kit1)
I i

(e) the dimension of a generator u( s Y

) is equal to the sum of

the dimensions of the elements yj(k) (it=1,...,n+1).

All these assertions have been proved above for n = 0. Now, let us construct the
module O (Mp) = 3, C4 1 (Mp) and the map d,,: O (Mp) — C%(Mp).
We choose A-generators of the free module C’Z‘H (Mp) is such a way that they be in

one-to-one correspondence with the elements u(yj(»fl), ... ,y](»’:ﬁl)). We denote these
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(kl) (kn+1)

free generators by v(yj RS ) and define the dimensions of the generators
v(y](.fl), ce ](’:Tlrl)) and u(yj(-fl), ce j(fﬂl)) to be > k;. We set
k kn k K
dnr (0(y5) ) = uy ),

Let us show that the kernel Ker d,, 1 satisfies requirements (b)—(e). We set

(k1) (kn+2)) (k1)

ko kn
u(yjl re 7yjn+2 ( ) ( +2))

=Y, ° U(ij I S )
n+1
3 k ki ki kn
- Z(—1)1U(y§11)7"'7y§1 ) Oy§1+<;1)""7y§n+:2)).
i=1

Assertions (c¢) and (e) are easily verified by a direct calculation. To prove (d), we
use properties of the bases of the algebra A. Composing an arbitrary relation (i.e.,
a zero linear combination of elements of the form z](.m) o y((zl) o u(yj(.fl), . ,y](.iigz))),
we see that (d) follows readily from properties of the bases and the induction
hypotheses.

Obviously, the constructed resolvent Cy(Mp) satisfies (14) by the definition of
the standard complex Cp(Z,) of the algebra B. This completes the proof of the
lemma. U

Now, suppose that A is a Hopf algebra and B is a special subalgebra invariant
under the diagonal map ¢: A — A ® A. Then the A-module Mp admits the
diagonal map

¢: Mg — Mp ® Mp

induced by v, which is a homomorphism of A-modules. The homomorphism J can
also be regarded as a homomorphism of the A-module Mg to the A ® A-module
Mp ® Mp with the property 1(a o z) = 1(a) o ¢(z) for a € A and @ € Mp. The
homomorphism {E endows the direct sum

Exta(Mp,Z,) = Y Ext}'(Mp, Z,)

s,t
with the structure of a bigraded algebra over the field Z,.

Lemma 9. If A is a Hopf algebra and B is its special subalgebra invariant under
the diagonal map, then the isomorphism (13) is an isomorphism of graded algebras.

Lemma 9 follows from the commutativity of the diagram
EXtB®B(Zp, Zp) ~ EXtA®A(MB®B, Zp)s

lw* l@

EXtB(Zp,Zp) ~ EXtA(MB,Zp).

5Tt remains to note that B ® B is special in A ® A and the A ® A-modules Mp ® Mp and
Mpgp are canonically isomorphic.
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2.2. Modules over the Steenrod Algebra. The Case of a Prime p > 2.
Adams [1] defined families of elements e/, where r > 0, and e, 5, where r > 1 and
k > 0, in the Steenrod algebra over the field Z, which have the following very
interesting properties:

(a) ¢ € ACY D ¢ e ABEI-D) ¢ o 1,

(b) ¥(e) = et @1+ 1@ e, Y(ern) =D jp ri @ rj, Where ¢ is the Hopf
homomorphism of the Steenrod algebra;

(¢) if we arbitrarily order the family consisting of the elements e/ and of the
functions f,.(k) = e, in a positive integer argument, then the set of mono-
mials being products of elements €] and e, under the substitution of
arbitrary arguments k, (in this ordering) forms a basis of the algebra A;

(d) the elements e, ; have Cartan type zero (see [6]), and the elements e have
Cartan type 1;

(e) the elements e!. anticommute.

In what follows, we rely heavily on the properties of the Adams elements in
the Steenrod algebra. Let us return to the modules Hso(p), Hu(p), and Hsp(p).
Formulas (10) from Section 1.5 of Chapter 1 introduce diagonal homomorphisms
in these modules. Thus the bigraded groups

Exta(Hso(p), Zp) = > Ext3' (Hso(p), Zp),
s,t

Exta(Hy(p), Z —ZExti{t Hy(p), Zp),
Ext a(Hsp(p) ZExt S (Hsp(p), Zp)

turn naturally into bigraded algebras. Next, recall that, in Section 1.3 of Chap-
ter 1, we introduced decompositions w and @ of certain numbers in summands of
the same form; we call the doubled sum of these summands the dimension of the
decomposition w (W) and denote it by R(w) (R(@)). We also introduced the notion
of p-adic decompositions w and @.

Theorem 1. The algebras Exta(Hso(p), Z,) and Exta(Hsp(p), Z,) are isomor-
phic, and they are the algebras of polynomials in the generators

le EXt?L{O(HSp( )s Zp)s  Zak € Ext?fk(Hsp(p% Zp), 2k # pi -1,

(15)
hy € Exty® ~H(Hsp(p), Zp), 7 >0.
The algebra Exta(Hu(p), Zp) is the algebra of polynomials in the generators
1€ ExtG (Hu(p), Zp), 2 € ExtG* (Hu(p), Zp),  k#p —1, 16)

h/ € Eth S (HU(p)a Zp)a r > 0.

Proof. Let Ma denote the module over the Steenrod algebra with one generator u
of dimension 0 where the only nontrivial relation is the identity B(x) = 0 for all
X € Mﬁ.

Obviously, the module Mz admits a diagonal map A: Mg — Mg ® Mg, and the
group Exta(Mpg, Z,) =3, Ext%*(Mg, Z,) is an algebra.
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Lemma 10. The algebra Ext 4 (Mg, Z,) is the algebra of polynomials in the gener-
ators B
1 e Exty% (Mg, Z,), h. € Ext ~'(My,Z,), r>0.

Proof. To prove the lemma, we use the properties (a)—(e) of the Adams elements
and Lemma 9 proved in Section 2.1 of Chapter 2 (see above). As the subalgebra
B of A we take the subalgebra generated by the elements e!., where r > 0, and
by e,o = 1. We order the Adams elements in such a way that all elements e
precede all elements e, and take the basis of the Steenrod algebra determined
by the property (c) of the Adams elements with this ordering. Obviously, the
algebra B satisfies all assumptions of Lemma 9 from Section 2.1 of Chapter 2. The
algebra B is the exterior algebra in the generators e/, € BP"~1 and therefore, its
cohomology algebra is a polynomial algebra. On the other hand, (d) implies that,
in this case, Mp = Mg, which proves the lemma. (I

According to Lemmas 4 and 7 from Chapter 1, the modules Hso(p), Hu(p),
and Hgp(p) are direct sums of modules of the Mg type with the only difference
that their generators w, and ug, except one, have nonzero dimension equal to
R(w) or R(@). Let z, € ExtY™ ) (Hy(p), Z,), 25 € Ext™ @ (Hso(p), Z,), and

2z € Ext%R(E)(HS (p), Zp) be elements of these algebras defined by the equalities

(17)

p
(zwauw) = 15 (Zwauwl) = 07 w1 # W,
(ZU, Ua) = 1, (ZU, Uml) = 0, El 7é w.

Lemma 7 from Chapter 1 implies that, in the algebras Exta(Hso(p), Z,),
Exta(Hu(p), Zp), and Ext4(Hsp(p), Zp), the relations

fwQfw = F(wwi)y  Aw ©fwy = Z(@,w)
hold for all non-p-adic decompositions w, w; and @, w;. Now, it is sufficient to

take the elements zz and z,, where the decompositions @ and w consist of only one
term, as the generators z4; and zs,. This completes the proof of the theorem. [

2.3. Modules over the Steenrod Algebra. The Case of p = 2. Adams
studied also bases of the Steenrod algebra modulo 2 in [1]. Namely, he defined
a family of elements e, ) € AF2"=F) with properties similar to properties (a)—(e)
from Section 2.2. In this case, the elements e,; commute for any r and e?, = 0
(also for any r).

The following theorem is proved by analogy with Theorem 1 from Section 2.2 of
Chapter 2.

Theorem 2. The algebra Exta(Hy(2), Z2) is the algebra of polynomials in the
generators

1€ BExtG(Hy(2), Z2), 2 € ExtG?(Hy(2), Z2),  k#20—1,

. (18)
h. e BExty* TN (Hy(2),Z2),  r>0.

Proof. The proof of this theorem is similar to the proof of Theorem 1 (in this case,
B = Sq'). The only difference is that there is no Cartan type in the Steenrod
algebra over the field Z5. As above, Mg denotes the module over the Steenrod
algebra with one generator of dimension 0 in which the only relation is the identity
B(xz) = 0 for all z € Mg. As the subalgebra B of A we take the commutative
algebra generated by the elements e, 1, where r = 1, and by e, o = 1. Obviously, it
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is special. Let us prove that Mp = Mg. We use the Adams dividing homomorphism
h (see (6) in Section 1.4 of Chapter 1). Obviously, it kills all iterations of type 1
modulo 2 (see Section 1.4 in Chapter 1). Adams proved that

h(er,2k) = €Erk,
h(6r12k+1) =0.

These relations imply h(e,1) = 0. Instead of the elements e, 5, we can now consider
only the elements e,. »: and construct bases of type (c) (see Section 1.2 of Chapter 1)
with the use of only these elements (see [1]). Considering the order under which all
elements of the form e,; precede the elements e, oi with ¢ > 0, we conclude that
the homomorphism h kills only those monomials from the basis that have e,; on
the left. This implies Mz = Mp and completes the proof of the theorem. O

(19)

Let Hso(2) denote the quotient module of Hso(2) by the A-free part generated
by the generator x; mentioned in Lemma 6 from Section 1.4 of Chapter 1. Lemmas 6
and 7 from Chapter 1 imply the following assertion by analogy with Theorems 1
and 2 of this chapter.

Lemma 11. The algebra ExtA(ﬁSo(2),Z2) is the algebra of polynomials in the
generators
1€ Bxty’, 2 € Ext™, k>1,

20
hg € EX'D114’1 . ( )

The proof of this lemma is similar to the preceding ones. In this case, as the
special subalgebra B we must take the subalgebra generated by only one element
el = Sq'.

Let Mg denote the module over the Steenrod algebra with one generator u of
dimension 0 where the only nontrivial relations are the identity S(z) = 0 for all
x € Mg and the relation Sq¢?(u) = 0. Lemma 6 and Corollary 1 imply that the
module Hgo(2) is a direct sum of modules of types Mg and Mg. The following
theorem is valid.

Theorem 3. The algebra ExtA(Mg, Zs) admits the system of generators
1€ Ext% (Mg, Z,), ho € Bxty' (Mg, Z2), hy € Exty*(Mpg, Z,),

x € Ext%" (Mg, Zy), yeBxty (Mg, Z5), hl € Exty? ~' (Mg, Zo), r>3,
(21)
with the relations

hoh1 =0, h3=0, 2®=h%y, hx=0; (22)
all the other relations are consequences of (22).

Proof. Theorem 3 is proved by the same method of finding a special subalgebra B
of the Steenrod algebra A which corresponds to the module Mg. As B we take
the subalgebra generated by the element e; 5 = Sq? and by all elements of form
er1. The description of the elements e, given in [1] implies immediately that
[e1,1;€12] = e21 and [eq15e12] = 0 for »r > 1. (The notation [a;d] is used for
ab + ba (commutator).) Let us find the cohomology algebra H*(B). Obviously,
the subalgebra of B generated by the elements e,; with r > 1 is central in B.
Let us denote it by C. It is easy to see that the algebra B/C is commutative,
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and the squares of all its elements are zero (because 6%2 =ey10e7 in B). The
algebra H*(C) is isomorphic to the algebra of polynomials in the generators h.. €
HY?"~1(C) for all » > 2. The algebra H*(B/C) is isomorphic to the algebra of
polynomials in the generators hg € H»'(B/C)and hy; € H**(B/C).

Consider the Serre-Hochschild spectral sequence of the central subalgebra C' in
the algebra B (see [15]). We know its term E?; namely, E5? = H?(B/C)® H4(C).
Simple calculations show that, in the Serre-Hochschild spectral sequence,

d2(1®h/2) :hoh1®1, dl(1®h;) :O, ’1”237 Z22,

23

d3(1®hl22) :h:f@l, di(1®h/24) =0, 2>2. ( )
Setting z = ho ® h)” and y = 1 ® h}* and retaining the other notation, we easily
obtain the required result. This completes the proof of the theorem. (I

Thus, it only remains to study the module Hg,(2). Let Mo denote the 1-
generated module over the Steenrod algebra with the two identity relations Sq' (x) =
0 and Sq?(z) = 0 for all z € M;2. We assume the dimension of the genera-
tor to be zero. Lemmas 5 and 7 of Chapter 1 show that studying the algebra
Exta(Hsp(2), Z2) reduces to studying the algebra Exta(M o, Z2). Arguing as
above, we can easily show that the algebra Exta (M 2, Z2) is isomorphic to H*(B),
where B is the subalgebra of the Steenrod algebra A generated by all elements
of form e, and e,3. Recalling the description of the elements e, given in [1]
and performing easy calculations, we see that the elements e, ; and e,  satisfy the
relations

[er,15€ry,1] =0, 6%,17 [er,2;€1,1] = €r41,1,
[em,2;€r2,1] =0, ro>1, [&»,2;61,2} =€r41,1°€1,1,
[er,25€m,2] =0, T1>1, 12>1, efy=ep10ery, (24)
[er,Q; 61,2} =€r41,1°€1.1,
63)2 =0, r>1,
and all the other relations are consequences of (24).

Consider the central subalgebra C' generated by the elements e,; with r > 2
in this algebra. The cohomology algebra H* (C) is isomorphic to the algebra of
polynomials in the generators A, € H2 ~1(C) for all r > 2; this is easily seen from
the relations (24). The cohomology algebra H*(B/C') is isomorphic to the algebra
of polynomials in the generators hg € H1(B/C) and h., € H-2"'~2(B/C) for
all » > 1. Tt is easy to derive from relations (24) that, in the Serre-Hochschild
spectral sequence of the subalgebra C' of B, the following relations hold:

d2(1 & h;‘) = hOhr—l,r X 1, r > 27
ds(1@R.%) = hiih?_,, ©1, r>2, (25)
di(1®h*) =0, i>2 r>2

We set 2 = ho ® hy? and y = 1 ® h}*. Obviously, d;(z) = 0 and d;(y) = 0 for all
i > 2. Hence there are elements = € Exti{7(HSp(2), Zy)andy € Exti’12 (Hsp(2), Z2)
satisfying the relation

2% = h%y, (26)
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where hy € Exty'(Hsp(2), Z2) (clearly, such an hg exists). In addition, (25) ob-
viously implies that, in the algebra Ext(Hsp(2), Z2), hjz # 0 and hjy # 0 for
any n.

2.4. Inner homology rings.

Theorem 4. The quotient ring of Vso modulo 2-torsion is isomorphic to the ring
of polynomials in generators uy; of dimension 41 for all © > 0. The ring Vy is
isomorphic to the ring of polynomials in gemerators ve; of dimension 2i for all
i > 0. The algebras Vs, X Z, are isomorphic to the algebras of polynomials in
generators ty; of dimension 4i for all © > 0 at any p > 0. The ring Vgp has no
p-torsion at p > 2. The quotient ring of Vs, modulo 2-torsion is not isomorphic to
a polynomial ring. There exist elements x € VS4p and y € ngp such that 22 —4y =0
(mod 2-torsion) and they are generators of infinite order in the groups VS4p and ngp.

Proof. Theorem 4 is proved by the spectral method of Adams; for this reason, we
consider it necessary to give a precise statement of the main theorem of [1].
Let K be an arbitrary finite complex. We denote the groups 7, ;(E‘K), where
E is a suspension and i is sufficiently large, by 72 (K). For the polyhedron K =
K, x K3/K; V Ks, where K; and Ks are finite polyhedra, a pairing of groups
Ty (K1) ® Ty (K2) — Ty 4y (K) is defined. The properties of the operation Kj x
K5/K; V Ky imply that this pairing induces a pairing
T, (K1) @ 75, (K2) — 705, 4, (). (27)
On the other hand, it is well known that H (K1, Z,) @ H" (K2, Z,) ~ H" (K, Z,,).
From algebraic considerations, this isomorphism determines a pairing
Ext$ (H (K1, Z,), Z,) © Exty (H (K, Z,), Z,) — BExt " (HY (K, 2,), Z,).
(28)
Adams’ Theorem. For any polyhedron K, there exists a spectral sequence
{E.(K),d,} such that
(a) Ep(K)m 0, B, dei B — BP0 and B3 =0 for s > 1
(b) By ~ Exty' (H™(K, Z,), Zp);
(c) the group Y., ., E%tis adjoint to the quotient group of m5,(K) modulo
the subgroup of the elements whose orders are coprime to p;
(d) if K = K1 x Ko/K1 V Ka, then there are pairings
Qr: B (K)) ® B (Ks) — B H(K) (28)
such that

drQr(z ®y) = Qr(dr(2) @ y) + (=1)"°Q(z © dr(y)); (28")

(e) the pairing Qo coincides (up to signs) with the pairing (28), and the
pairing Qoo s adjoint to the pairing (27).

Obviously, Adams’ theorem and Lemmas 2 and 7 from Chapter 1 imply the
following assertion.

Lemma 12. There exist spectral sequences of algebras {E,(SO),d,}, {E-(U),d,},
{E.(SU),d,}, and {E.(Sp),d,} such that
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and
(b) for EM™ = Yot s BT, the graded algebras Eoo =Y, ES™ are ad-

r

joint to the quotient rings of the rings Vso, VU, Vsu, and Vs, modulo
the ideals of elements of orders coprime to m for the sequences of groups

{SO(n)}, {U(n)}, {SU(n)}, and {Sp(n)}.

Assertion (a) of Adams’ theorem implies d, (E,(-m)) c EX™Y. Theorems 1 and 2
and Lemma 11 from Chapter 2 imply that, in the case under consideration, the
groups E5'(SO), Ey'(U), and Ej*(Sp) are zero if t — s = 1 (possibly except
the groups Ey'(Sp) and ES*(SO) at p = 2). Therefore, in the Adams spectral
sequences specified in Lemma 12 from this section, all differentials are trivial. This
observation and Lemma 11 from Chapter 2 give the isomorphisms

EOO(SO) ~ EXtA(HSO(p)a Zp)) p > 27
Eoo(U) = Exta(Hu(p), Zp), p =2, (29)
E(Sp) =~ Exta(Hsp(p), Zp), p> 2.

It is shown above that these algebra are polynomial (see Sections 2.2-2.3 in Chap-
ter 2). Consider the elements hgy € Extllq’1 for all the algebras under examination. It
is well known that multiplication by such an element is adjoint to multiplication by
p in homotopy groups (see [1]). A comparison of the obtained results for all prime
p gives all assertions of the theorem except the last one. Relations (25) and (26)
imply that the elements = € Ext%"(Hsp(2), Z,) and y € Ext'*(Hs,(2), Z,) are
cycles for all differentials in the spectral sequence of Adams and that, in the ring
Vsp, we have 22 — 4y = 0 (mod 2-torsion). There is no p-torsion in the rings Vso,
Wy, and Vg, because in the corresponding algebras Eo,(SO), Es(U), and Eo(Sp),
relations of the form hgz = 0 can hold for no n and z.

This concludes the proof of Theorem 4. O

2.5. Characteristic Numbers and the Image of the Hurewicz Homomor-
phism in Thom Spaces. Consider the Thom space Mg corresponding to a sub-
group G of the group SO(n). Let W be a compact closed smooth oriented manifold
smoothly embedded in the sphere S"*¢. Obviously, the SO(n)-bundle of planes R™
normal to the manifold W* in the sphere S™*! is defined. We denote it by v™
and assume that it is endowed with the structure of a G-bundle, as in Section 1.1
of Chapter 1. Let p be the classifying map of this bundle to a plane G-bundle
over Bg, and let + € HY(Bg,Z,) be an arbitrary cohomology class. We call
the inner product (p*z, [W?]) the characteristic number of the manifold W* cor-
responding to the element x ([W?] denotes the fundamental cycle of the manifold
W with chosen orientation). We denote this number by z[W?] or by z[v']. Recall
Thom’s isomorphism ¢: H(Bg) — H""(Mg) and Thom’s construction of the
map f(v", W?): S"*" — Mg for the manifold W* embedded in the sphere S"1 as
specified above. The following lemma, is valid.
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Lemma 13. If [S™"!] is the fundamental cycle of the sphere oriented consistently
with a submanifold W' G-framed in the sphere S™+1, then

(f™, WS, o(x)) = a[W] (30)
for any x € H'(Bg, 7).

Proof. Consider the closed tubular e-neighborhood T(W?) of the G-framed sub-
manifold W* of the sphere S™** for a sufficiently small . We assume that the map
F(vi,Wi): §mti — Mg is t-regular in the tubular neighborhood T(W?) (see [16]).
The Thom isomorphisms ¢: Hi(W?) — H"H(T(W?),dT(W*)) arise for all [ > 0.

Let mg € Mg be the point of the Thom space obtained by contracting the
boundary Eg of the cylinder T to a point, and let E(’;H'i be the complement in the
sphere to a very small ball neighborhood of radius § of an interior point in f(WZ)
Obviously, an embedding of pairs

i (T(WH,0T(W*)) C (S™*, Byt

is defined. The map of pairs f(v™, W?): (S"* z9) — (Mg, mg) is completely
equivalent to the map of pairs

Fwm Wi (57, Bt - (Maomo), a0 € E}H.

Let us denote the composition f(l/”, W o f by g. By the definition of a t-
regular map f(v", W), it induces a map of pairs f1(v™, Wi): (T(W?),0T(W?)) —
(Mg, mo) commuting with ¢. Let p be the fundamental cycle of the manifold
T(W’) modulo the boundary. Since the maps under consideration are regular, we
have (fl(V",Wi)*(u),go(x)_) = (o7t (u),p*()) = x[W?¢], where p: W' — Bg is the
map induced by f1 (™, W*) on the subspace W*. It is also obvious that

(97 (1), (@) = (F, Wi 0 ), p()) = (F", WHL[S"], p(x)).
It only remains to note that f(v", W*).[S""'] = g.(u), because j. (1) = [S"*] and
Fm WS = f(um, W) [S" .
This concludes the proof of the lemma. (Il

Let us return to the case where the group G is one of the classical Lie groups.
As in Chapter 2, we shell describe the cohomology of the Thom spaces and of the
spaces Bso(ak), Buk), and Bsp(x) in terms of the two-dimensional Wu generators
t1,...,tx. According to Milnor’s lectures on characteristic classes (see [9]), 7*(pa;) =
> mi—2i C2m © Ca, where j: U(k) — SO(2k) is the natural group-subgroup embed-
ding. Therefore, the quotient ring of H*(Bgo(2k)) modulo 2-torsion can be thought
of as the ring of polynomials in the generators ZmH:Qi CamoCy = Y t3o- - -ot? being
elementary symmetric polynomials in the squared Wu generators and the polyno-
mial wyy, = 13 0--- oty (this is obvious for the rings H*(By)) and H*(Bgpk)),
because these rings have no torsion). Let w and @ be the same decompositions as
in Chapters 1 and 2, and let v,, and vz be the symmetrized monomials correspond-
ing to decompositions w and @ (see Section 1.3 in Chapter 1). As above, we use
R(w) and R(w) to denote the dimensions of the elements v,, and vz in the rings
of symmetric polynomials in the generators tq,...,¢;. Obviously, v, belongs to
HR(“’)(BU(k)) and vz belongs to HR®) (Bgoary) or to HR®)(Bg, 1)) (more pre-
cisely, to the quotient group of H R@)(BSO(%)) modulo 2-torsion). We refer to the
characteristic numbers of the accordingly framed manifolds that correspond to the
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elements v,, and vy as the w- (@-) numbers of these manifolds®. We are especially
interested in the cases where w = (k) and R(w) = 2k and where @ = (2k) and
R(w) = 4k. Lemma 13 allows us to consider the characteristic numbers of elements
of the rings Vo, Vi, Vsu, and Vgp,.

Theorem 5. The (2k)-number of a 4k-dimensional polynomial generator of the
quotient ring of Vso modulo 2-torsion is equal to p if 2k = p' — 1, where p > 2, and
to 1 if 2k # p* — 1 for all p > 2; the (k)-number of a 2k-dimensional polynomial
generator of the ring Vi is equal to p if k = p' — 1, where p > 2, and to 1 if
k # p* —1 for all p > 2. The minimal nonzero (2k)-number of a 4k-dimensional
symplectically framed manifold is equal to 2°p if k = p* — 1, where p > 2, and to 2°
if k # p'—1 for all p > 2, where s > 0. (By a minimal number, we mean a number
with minimum absolute value.)

Proof. We shall prove this theorem by using homotopy arguments relying on equal-
ity (30). We give the proof only for the ring Vis, because the proofs for the rings
Vso and Vg, are quite similar.

Consider the module Hy(p). As mentioned (see Sections 2.2-2.3 of Chapter 2),
the module Hy (p) with an arbitrary p > 2 is a direct sum of modules M of the Mpg
type with generators u,, for all non-p-adic decompositions w (and with a generator
u of dimension 0). In the proof of Theorem 2 of Chapter 2, it was mentioned that
the module Mp corresponds to a special subalgebra B in the Steenrod algebra
A generated by all the elements e,. and by 1 (see Section 2.2 of Chapter 2) for
p > 2 and by all the elements e,; and by 1 (see Section 2.3 of Chapter 2) for
p=2,1ie., Mg = Mp. Consider the resolvent C'4(Mp) constructed in proving the
isomorphism (14). Let Ca(Huy(p)) denote the direct sum > Ca (M), where the
resolvents C4(My') are similar to the resolvent C4(Mp) with the only difference
that the dimensions of all elements are shifted by R(w); the resolvents Ca(My)
coincide with minimal resolvents of the special subalgebra; the sum is over all non-
p-adic decompositions w.

In what follows, we study only the maps

e: C4(Hu(p)) — Hul(p),
do: Ch(Hy(p)) — CH(Hy(p)).

Take the Thom space My ) for a sufficiently large k. It is aspherical in dimensions
smaller than 2k. Following [1], consider a realization Y = {Y_; DYy C ...Y,,} of
the free acyclic resolvent C 4 (Hy(p)) (see [11, Chapter I1]). We assume that the re-
alization Y is polyhedral and the number n is sufficiently large. By the definition of
realizations of resolvents, the space Y_; is homotopy equivalent to the space My,
(k is large), the A-modules H*(Y;_1,Y;; Z,) are isomorphic (up to a sufficiently large
dimension) to the A-modules C (Hy (p)) fori > 0, the maps 87 : H*(Y;_1,Y:; Zp) —
H*(Y;_9,Y;_1; Z,) coincide with the maps d;_: C4(Hy(p)) — C4 ' (Hy(p)) for
all ¢ > 1, and the map &: H*(Y_1,Ys;Z,) — H*(Y_1;Z,) coincides with the
map ¢: CY(Hy(p)) — Huy(p). (We imply here that the cohomology is over the
field Z,.) Obviously, in the case under consideration, we have mor4+(Y;—1,Y;) =~
Hom? (C%y (Hy(p), Z,) for all t < 4k — 1 and i > 0. For the pair (Y_1,Y}), consider

6The properties of the w- (@-) numbers are given in Milnor’s lectures [9], where these numbers
are denoted by S, (Sw).
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the cohomology exact sequences

s HI(Y_1, Y1 Zy) 2% HI(Y_1: Z,) 2 H(Yo: Z,) — ..., (31)
s HY(Y1,Ye: Z) 2 HI(Y_1: Z2) 2 HY(Yy: Z) — .. . (31")

The homomorphism 4§ in the sequence (31’) is an epimorphism if ¢ < 4k — 1;
therefore, the homomorphism j* is trivial. But the groups H?(Y_;; Z) have no
torsion, and the homomorphism d5 in the sequence (31”) is also trivial, because all
groups H9(Y_q,Yy; Z) are finite and they are direct sums of the groups Z,,. Since
the homomorphism j* in (31’) is trivial, the image Im j* is divisible by p in the
group HY(Yy; Z). The inclusion HY(Yy; Z)/Im j* C HItY(Y_1,Yy; Z) implies that
the image Im j* is not divisible by numbers of form ap, where |a| > 1, because the
groups H'(Y_1,Yy; Z) with t < 4k — 1 are direct sums of the groups Z,, (see [7]).
This implies that the image of j.: Hy(Yy; Z) — Hy(Y_1; Z) consists of all elements
having the form pz, where © € Hy(Y_1;Z). Now, consider the elements Zy €
Hom? (CY (Hy(p), Z,) which determine the elements (16) or (18) in the groups
Ext%? (Hy(p), Z,) at | # p' —1. By the definition of the realization of the resolvent,
we can assume that Zo; € mopyor(Y_1,Yy). Moreover, since the differentials in
the Adams spectral sequence are trivial, we can assume that the elements 29 €
7T2[+2k(Y,1,Y0) belong to the image (50*(7T21+2k(yf1)). Let H: 7T1(K) — I‘.’l([{7 Z)
be the Hurewicz homomorphism. Take an element 521 € w42k (Y_1) for which the
inner product (H ggl,'[}l o ¢gr) has minimal absolute value. Clearly, 50*521 = \Zy,
and A is coprime to p, because the map dp, is an epimorphism of homotopy groups
and, by the construction of the resolvent, the cycle HZy; is a dg.-image of a cycle xo;
such that (2o7,v() o car) # 0. This implies that the inner product (HZy, V(1) © Cak)
is coprime to p if  # p’ — 1. Comparing the obtained results for different p, we
conclude that the inner product (Hggl, V() © car) is equal to £1 if I # p® — 1 for any
p > 2 and it is equal to £p® if [ = p* — 1. The number s is not known so far. It
remains to find it. For this purpose, consider the cohomology exact sequences for
the pair (Yp, Y7):

s HI(Yo, Y13 Z,) ~ HY(Yy: Z,) — HU(Y1; Z,) — ..., (32)
s HY(Yy, Y13 Z) s HY(Yy: Z) — HUY1; Z) — ... (32")

Recall that we have calculated the module H*(Y; Z,) ~ Kere in a similar case
in Section 2.1 of Chapter 2 in the proof of Lemma 8, which applies to the case under
consideration. The homomorphism ¢* in the sequence (32') is an epimorphism, as
well as 6§ in (317). It readily follows from considerations similar to the argument
used above that there exists an element 5, € mok+21(Yo) for which the inner product
(HZq1,ya1) is coprime to p, where yy € H?*+2/(Y}) is an element such that pj*(cax o
vay) — Y2 = > Aif*(vw, 0 car), where w; # (1) (j* is the homomorphism H*(Y_; —
H (%),

Comparing this result with the preceding one, we obtain the required assertion.
To this end, it suffices to apply Lemma 13 about the relation between the found
inner products with characteristic numbers. To complete the proof of the theorem,
it remains to note that the (I)-number of an element of the ring Vy is equal to 0 if
this element decomposes into a linear combination of products of elements of smaller
dimensions. Therefore, the (I)-number of a polynomial generator of dimension 2[ is



25

minimal, and any element = € V2! whose (I)-number has minimum absolute value
can be taken as a polynomial generator”. The (2])-numbers in the rings Vso and
Vsp have similar properties. This concludes the proof of the theorem. (I

As is known (see [9]), in the ring Vo, the set of complex projective planes P2*(C)
forms a polynomial subring (to be more precise, the P?¥(C) with natural normal
framing can be taken as representatives of elements x4 forming a polynomial sub-
ring in the ring Vso such that the quotient group Vso/P(x4,xs,...) consists of
elements of finite order). We call the coefficient of a polynomial 4k-dimensional
generator in the decomposition of an element = € V% in the generators the mul-
tiplicity of the element x. The absolute value of the multiplicity does not depend
on the choice of polynomial generators in the ring Vo (in its quotient ring modulo
2-torsion). By the multiplicity of the representative-manifolds of an element x, we
mean the multiplicity of z. Theorem 5 has the following corollary.

Corollary 2. The multiplicity of the complex projective planes P?*(C) in the ring
Vso is equal to 2k +1 if 2k +1 # p* for any p > 2 and to % if 2k +1 = p*, where
p>2.

Each complex analytic manifold is embedded in a real affine even-dimensional
space. The embedding endows it with a normal complex framing inverse to the
tangent bundle. This allows us to consider the multiplicity of a complex analytic
manifold in the ring Vy.

Corollary 33 In the ring Vs, the multiplicities of the projective planes P*(C) are
equal to k+ 1 if k+ 1 # p® for any p > 2 and to % if k+1=p', wherep > 2.

To prove Corollaries 2 and 3, it is sufficient to note that the (2k)-numbers of the
P?!(C) in V5o and the (k)-numbers of the P¥(C) in Vi; are equal to 2k+1 and k+1,
respectively, which implies the required assertions. (Obviously, the (2k)- and (k)-
numbers are, respectively, some polynomials in the Pontryagin and Chern classes
of the normal bundles inverse to tangent bundles. In the case under consideration,
these polynomials are easily calculated by using symmetric polynomials in the Wu
generators. For the tangent classes of Pontryagin (Chern), this is done in [19].
The (2k)-number (the (k)-number) of a normal bundle equals the negative (2k)-
number (the (k)-number) of the tangent bundle. This can be easily derived from
the Whitney formula written in terms of the @- and w-numbers.)

3. REALIZATION OF CYCLES
3.1. The Possibility of G-Realization of Cycles. Let M™ be a compact closed

smooth oriented manifold.

"This readily follows from the following Whitney formulas for classes (of Pontryagin, of Chern,
and symplectic):

wEen =Y  [wm@wm)+w@wuiml+ > wi@wi(n). (32)
(w1,w2)=w, (w1,w1)=w
w1 Fwg

8Milnor specified manifolds Hy; C P"(C) x PY(C), where 7 > 1 and ¢ > 1, of dimension
2k = 2(r +t — 1) such that (k)[H,:] = 7(Tjt). These manifolds are algebraic (see [17]).



26

Definition 5. The dimension ¢ of the manifold M™ is said to be p-reqular, where
p is a prime, if 2i < n and all groups H;_s4(,—1)—1(M", Z) have no p-torsion for
q>1

Theorem 6. If the dimension i of a manifold M™ is ps-reqular for some (finite
or infinite) set {ps} of odd primes, then, for each integer cycle z; € H;,(M™, Z),
there exists an odd number a such that it is coprime to all the ps and the cycle
az; can be realized by a submanifold. If a cycle z; € H;(M™,Z) is realized by a
submanifold, the dimension i is 2-regqular, and n —i =0 (mod 2), then the cycle z;
18 U(”Q_i) -realizable. If a cycle z; € Hi(M™, Z) is realized by a submanifold, 2i < n,
andn —i =0 (mod 4), then the cycle 2tz; is Sp(”f) -realizable provided that t is
sufficiently large.

Proof. We shall prove the theorem by the method of Thom, relying on the homotopy
structure of the spaces Mgso(n—i), MU(nT—i)7 and Msp(nT_qz) studied in the preceding
chapters.

We start with proving the first assertion of the theorem. Consider the coho-
mology class z"~¢ € H" *(M",Z) dual to the cycle z;. Let us construct a map
q: M"™ — Mgso(n—s) such that ¢*Uso(n—i) = az™ %, where « is an odd number co-
prime to all the p;. Lemma 6 from Chapter 1 implies that, for k = 2(n—4)—2, the k-
th Postnikov complex M*) (see [11]) of the space Mgo(,—;) is homotopy equivalent
to the direct product of some space Mso(n_i) and Eilenberg-MacLane complexes
of type K(Z2,1). Moreover, by Theorem 4 from Chapter 2, the factors Mso(nﬂ')
in this product can be chosen in such a way that all the groups m-(]T/[/so(n_i)) be
free Abelian and differ from zero only at ¢t = 0 (mod 4). We denote the Postnikov
complexes of the space Mso(n,i) by M@, Obviously, wt(M(Q)) =0ift <n-—i
or t > ¢. Let us denote the spaces of type K(ﬂ'q(ﬂso(n_i)), q) by K. The results
of [6] imply that the groups HI"(Z, q; Z) with t < q — 1 are finite, and they are
direct sums of groups of the form Z,, where p > 2.

These considerations and the natural fibrations n,: M@ — M1 with fibers
K readily imply that the groups Hq”(ﬁ(q),Z) are finite if 0 < ¢ < 2(n — 19)
and that the Postnikov factors &, € H‘I”(M(q),7rq+1(JT/[/SO(n_i))) are cohomology
classes of finite order with coefficients in a free Abelian group. Let us denote the
order of the factor ®, by A;. Lemma 5 from Chapter 1 implies that A, is odd.
We denote the fundamental cohomology class of the complex K, by u,. Now,
let us comstruct a family of maps g;: M™ — M@ such that 74(g,) = g4_1 and
g _i(Up—) = az"*. Recall that, under the assumptions made above, the sets
of homotopy classes of the maps w(M", M (@) form Abelian groups, and for any
pair of elements hq, ho € T(M™, M (Q)), the induced homomorphisms of cohomology
groups satisfy the equality (hy + ho)* = h} + h3. Let H9' c HT (M@, Z) be
the subgroup of the group H7t (M@, Z) consisting of the elements of finite order
coprime to all the p, and of the elements of order coprime to A,. Suppose given a
map f;: M" — M@ such that [7(®4) = 0. We denote the homotopy class of a
map f by {f}.
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Lemma 14. There exist a map fqr1: M"™ — MY gnd an odd number Qg Co-

prime to all the ps such that {ng11fq1} = ag{fe} and fr (HTTHY) C T fF if
ttg+1l<q+n—i.

Proof. Consider a spectral sequence of the fibration 7411 with coefficients in the
group 7Tq+1(Mso(n_i)) which reduces to an exact sequence in small dimensions. As
usual, we denote the transgression in the fibration by 7. Obviously, 7(uq+1) =
and T(Aqug+1) = 0. It is also clear that 7(z) = 0 if z is an element of finite
order coprime to A, whose dimension is smaller than n — i — ¢. Each element = €
H* (M(‘Hl), Tg+1 (JT/[/SO(,L_Z»))) adjoint to z is a stable primary cohomology operation
(up to an element y € n;+1(H*(M(Q)))) on the element 441 adjoint to Agugyi. It
is well known that, for any map fq+1: Mn™ — M@+ guch that nq+1fq+1 = fq
and any element z € Hq+1(M”,wq+1(Mso(n_i))), there exists a map fé+1¢ M"™ —
M(@+D) for which fl;+1(ﬁq+1) — f;+1(ﬂq+l) = Agz. Therefore, we can find a map
for1: M™ — M (@+D guch that f’;+1(a~:) C f;(H” (M@)) and Ngs1fas1 = fq, where

Z is the element adjoint to z € H (K 41; 7Tq+1(MSO(n—i))) witht <n—i+gq. (The
order of  is assumed to be coprime to Ag.)

Let oy denote the number of elements in the quotient group

(£ ) i3 9)]

t=q+2 t=q+2

Since )\, is odd, the construction of the map f;‘ 1 implies that oy, is odd and

coprime to all the p,. Setting {41} = aq{fq+1}, we obtain the required assertion.
This completes the proof of the lemma. O

Now, let us construct a family of maps f;: M™ — M@ such that fr_i(up—g) =
2"~ and {ng41f44+1} = g, where the a, satisfy the assumptions of Lemma 14. We
argue by induction on gq.

Note that A,,_;—; = 1. This obviously implies that Im cv,,_;—1 f,;_;, = 0 in dimen-
sions larger than n — i, because the groups H"_H‘QQ(I’_UH(M”) nave no pg-torsion
for ¢ > 1°. Now, suppose that the maps f; are constructed for all j < m and
f;‘(Ht(MU), Z)) =0for j <t < 2(n—i). Without loss of generality, we can assume
that m —n + 4 =3 (mod 4). We divide the numbers p, into two classes: the first
consists of the numbers for which A, is coprime to p, and the second of all remain-
ing numbers. It is easy to see that, for the numbers p, from the first class, the map
fma1: M™ — M+ also satisfies the induction hypotheses, i.e., f;,,(%) = 0 if
ze Ht(ﬁ(m"’l), Z) for t > m+1 and the order of Z is divided by p; (this is readily
implied by Lemma 14, the conditions of the theorem, and the structure of the groups
HY (K41, 7)). Consider the case where the number p, belongs to the second class.
In this case, A, is divided by ps. The factor ®,, € H’”+2(M(m), 7rm+1(ﬁso(n,i)))
can be treated as the partial operation ®(n;, o---on% ;. (u,—;)) on the element

N © - 0my_iiq(un—s). Let us decompose the element ®,, as ®,, = @%) + @,&%),

where the order of @573’ is coprime to ps and the order of @%) is a number of form

9As generators of the Steenrod algebra of stable primary cohomology operations 6% &
H"tI(Z,n; Z) with j < n + 1, elements of dimensions 2¢(p — 1) + 1 with ¢ > 1 can be taken.
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p%. Both elements CIDSI) and @5,3) can be treated as partial operations on the same
element 7, o---on . (u,—;) defined on the same kernels.
The following lemma is valid.

Lemma 15. Let ® be a partial stable cohomology operation on n), o --- o
M _iy1(Un—i) such that it increases dimension by m —n+i+2 and its domain and
range are subgroups of cohomology groups with coefficients in free Abelian groups.
If the cohomology operation p'® is trivial for some odd prime p, M1 ®(n, 000
M —ip1(Un—i)) =0, and m —n+i # —1 (mod 2p — 2), then the operation ® is also
trivial.

The assertion of the lemma readily follows from the homotopy structure of the
Thom spaces studied in Chapter 2.

Lemma 15 implies that the partial cohomology operation <I>$,1L) is trivial. Now, we
can construct a map fm41 such that {nm41fmt1} = {fim} - @m, where o, satisfies
the assumptions of Lemma 14, and the image of f5, ., is trivial in dimensions
larger than m + 1. For this purpose, it is sufficient to apply Lemmas 14 and 15

to all primes p, from the second class. This gives us the family of maps f,. It
determines a family of maps f,: M™ — MS(qO)(n—i) such that {7,111 fe01} = ag{fy}

and fn,i(un,i) = 2" where Mé((z))(n—i) is the Postnikov complex of the space
Mson—s) and n: Ms(qo+(711)—i) — M(g(n_i) is the natural projection.

We set {gq} = an—10---0aq{fe}. Clearly, {flg+194+1} = {9} and g;,_;(un—i) =
Olp—§ O+ 0y _j410Un—;. We have constructed a family of maps g, with the required
properties. This proves the first assertion of the theorem. The remaining assertions
are proved similarly. ([l

It follows from the proof of Theorem 6 and the structure of the groups H t(BU(m),
Z) that, for any cocycle 2% € H%(BU(m),Z), there exists a map g: E&Z)l) —
My;) of the (4i — 1)-dimensional skeleton such that g*(uy;)) = 2**. This implies
the following assertion.

Corollary 4. The homology class dual to an arbitrary polynomial P(ca,cy,...)

in the Chern classes of any U(m)-bundle over the manifold M"™ admits a U(7)-
n+1

realization if the dimension of the polynomial is equal to 2i, where 2i > [T}
Corollary 5. A cycle z; € H;(M™) with i < [g} can be realized as a submanifold
if 282 = 0.
APPENDIX 1
ON THE STRUCTURE OF THE RING Vgy

As is known, in all domains of coefficients, the cohomology algebras H*(Bsuy(x))
can be described by symmetric polynomials in the Wu generators t1,...,t; with
taking into account the relation ¢1 + - - - 4+t = 0, as well as the algebras H*(Mgy).

Suppose that w = (a1,...,as), vy = Y t{* 0--- ot and

Uy = Vg, O Cop = E 15‘1114'1o~-~oi§’;5""lots+lo~-~otk7

as in Chapter 1. Suppose also that Y a; < k.



29

Definition. A decomposition w = (a1, ...,as) is called p-admissible if the number
of subscripts i such that a; = p' divides p for any [ > 0. (Note that, for a field of
characteristic zero, this means that a; # 1 for i =1,...,s.)

Lemma 16. Each module Hsy(p) with p > 2 is isomorphic to a direct sum ) , Mg
of Mg-type modules Mg with generators u,, corresponding to p-admissible non-p-
adic decompositions w = (a1, ...,as). The dimension of the generator u,, is equal
to 2 (> a;).

The module Hgy(p) admits a diagonal map
A: Hsy(p) — Hsu(p) ® Hsu(p),

which has the same form on the generators u, as the diagonal map considered
in Section 1.5 of Chapter 1 (with the p-admissibility of decompositions taken into
account). In addition, the relations (9) hold modulo decomposable elements rather
than absolutely. Thus the following lemma is valid.

Lemma 17. The algebra Ext a(Hgy(p), Zp) is isomorphic to the algebra of polyno-
mials in the generators

le EXt%O(HSU(p)7Zp)7 h'/r € EXt}4’2pril(HSU(p>7 Zp)a r >0,

2y € Bxty (Hgu(p), Z,), k#p", p =1, 120,

0,2 (r+1) 1
A, € Bxty ™ (Hsu), Zp), 120, wr= E(pr“)m-
Using an argument similar to that of Section 2.4 of Chapter 2, we can deduce
the following theorem from these lemmas.

Theorem 7. The ring Vsy ® Z,» is isomorphic to the ring of polynomials in the
generators vy; (i = 0,2,3,4,...) for all p > 2 and h # 0. The ring Vsy has no
p-torsion for p > 2.

Using the same method as in the proof of Theorem 5 from Chapter 2 and taking
into account the p-admissibility of decompositions, we can deduce the following
theorem from Lemma 13 from Chapter 2.

Theorem 8. A sequence of SU-framed manifolds M*, M, M®, ... is a system of
polynomial generators of the ring Vsu ® Z,n if and only if the following conditions
on the Chern w-numbers of the SU-framings hold:

(k)[M*]#0 (mod p), k#php -1,
%(k)[M?k] £0  (mod p), h=pf 1,
]%(psﬂ)[MQle] £0 (mod p), $>0, L>1

s+1}

(Note that (p*TH)[M?*"" ] =0 (mod p), because cy = (1) = 0.)

Now, consider the case of p = 2. ‘
According to Corollary 1 from Chapter 1, we have Hgy(2) =, Mél) +>, Mg,

where the modules MZ;’ are quotient modules of Mg-type modules by the relation

r+1
10gince S t; = 0, we have th = pl*"ZAm 0 Uy, ;, where [ is maximal, wr1 =
(pTy o 7pT)7 and A'r‘,l ?é 0.
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Sq*(uy,) = 0. The dimension of the generator u,,, where w is an arbitrary decom-
position of the number 8a into terms (8ay, ..., 8as) with a; > 0, is equal to 8a. The

dimensions of the generators of the modules M éi) are even. We set N3 = > M éi)
and K/'g => ME’ Obviously, we have

Ext%'(Hsu(2), Z2) ~ Ext5'(Ns, Z2) + Ext%'(Ng, Za).

The algebras Ext 4 (Mg, Z3) and ExtA(Mﬁ, Z3) are calculated in Chapter 2 (see also
Theorem 3 for the algebra Ext4(Mgz, Z3)). As above,

ho € ExtY (Hsu(2), Z2), h1 € Ext*(Hsu(2), Za)
denote known elements satisfying the relations hohy = 0, hy # 0, and hi’ =0 (see

Theorem 3).
The results of Section 2.3 of Chapter 2 readily imply the following assertion.

Lemma 18. If hfx = 0, where k > 0 and x € EXt:t(HSU(Q),ZQ), then © = hyy.
If x € Exti{t(ﬁg,Zg), then h3x = 0 implies hyx = 0 fort —s = 2k. Ift —s =
2k + 1, then z always equals h1y,. If x € Extigt(Ng, Zs), then hix = hyy, where
y € Ext5 (Ng, Z2), and t — s = 2k whenever x # 0.

Now, consider the Adams spectral sequence specified in Section 2.4 of Chapter 2
(see also [1]).

Lemma 18 and the multiplicative properties of the Adams spectral sequence
imply the following theorem.

Theorem 9. If z € Ext%'(Ng, Zy), then di(x) = d;(y), where y € Ext%'(Ng, Zs),
for all i > 2. The elements hy € Exty' (Hsy(2), Z2) and hy € Ext*(Hsu(2), Z2)
are cycles for all differentials. If hox # 0 for x € E3(Hsy(2), Z2), then x # d,(y)
for any y € ES~"1 Y (Hgy(2), Z2) (r > 2). Ift—s =2k+1 and v € ES*, then
x = hiy and hix # 0 for all T > 2. If x € ES’t, t —s =2k, and x = h3y, then
di(z) =0 fori>2.

Since multiplication by the element %o in Ex is adjoint to multiplication by 2
in the ring Vsy and the element hy € EL? determines an element hy of Vgy such
that 2hy = 0, h? # 0, and h$ = 0, Theorem 9 implies the following result.

Corollary 6. The groups VSQSH have no elements of order 4 for all k > 2. More-

over, if x € VSZI]JCH, then 2z = 0 and x = hyy, where the element y € VEE can be
assumed to have infinite order, and h?y = hyx # 0 whenever x # 0.

Theorem 3 from Chapter 2 shows that, in the algebras Es = FE5(SU) =
Exta(Hsu(2), Z2) and Eo = Eo(SU), the relation hgz = 0 always implies hox = 0.
This gives rise to the question: Can the groups Vsz{f contain elements of order 47

APPENDIX 2
THE MILNOR GENERATORS OF THE RINGS Vgo AND Vg

Consider an algebraic submanifold H,; C P"(C) x P!(C) realizing the cycle
Pr=1(C) x P¥(C) + P"(C) x P=1(C) without singularities. It is easy to show that

(r 41— 1)[Hy] = (7’”)

r



31

It is also known that (r +t — 1)[P""*=1(C)] = +(r +t). Note that the greatest
common divisor of the numbers {(’f)} (i=1,....,k —1)is equal to 1 if k # p'
for any prime p > 2 and to 2 if k = p'. Thus, taking a linear combination of the
manifolds H, ; and P"*'~1(C) with r +¢ = const, we can obtain a manifold X" +~!
such that

L r+t#p,

r+t— D[R =
( i ] o rat=ph

According to Theorem 5 from Chapter 2 (see also [17]), the sequence of manifolds

DILID LIS v

P

is a system of polynomial generators of the ring V5. Now, consider the natural ring
homomorphism Viy — Vio/T, where Vso/T is the quotient ring of Vso modulo
2-torsion. It is easy to show that the composition

Vo — Vso — Vso/T

is an epimorphism. Therefore, the manifolds ¥2* generate the ring Vso /7. The
characteristic numbers of the manifolds ¥ are easy to calculate, and the question
of what set of numbers can be the set of Pontryagin numbers for a smooth manifold
is completely solved by Milnor (as well as similar questions concerning the Chern
numbers of algebraic, complex analytic, almost complex, and U-framed manifolds).
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