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Summary

We study how G-structures can be used in the framework of gauge/string duality.
The reason why such concept is so powerful is that G-structures are a very natural
way of describing supersymmetry in a geometric setting. We investigate more
specifically two different points.

First, we are interested in how G-structures can help with constructing and
understanding supergravity backgrounds with sources that can be interpreted as
flavours in the dual field theory. In particular, we show that the smearing pro-
cedure, for flavouring a background, is expressed more clearly when described in
terms of G-structures. We discuss this problem in general terms, before applying
the newly developed techniques to several examples, some already known and some
new. We see that the way one adds and distributes branes in a supersymmetric
background is strongly constrained by the preservation of supersymmetry.

We then also look at how one can develop solution-generating techniques from
G-structures, that derive complex solutions out of simple ones, by turning on
new fluxes. We specialise to the two cases of SU(3) and Ga-structures. In both
examples, we use the solution-generating methods on known solutions to create
new, previously unknown solutions. We show that those techniques can be applied
to flavoured as well as unflavoured backgrounds.
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Chapter 1

Introduction

1.1 Motivations

First created as a possible theory for the strong interaction, string theory has
become one of the most promising candidate for a theory of quantum gravity.
Currently one of the biggest problems in theoretical physics, combining the theory
of general relativity with the quantum world has proved very difficult. The main
concept of string theory is that the fundamental objects of our universe are not
particles but vibrating strings. This staggering assumption leads to surprising
consequences, one of which being the existence of extra dimensions. If one also
assumes the existence of supersymmetry, then string theory dictates that space-
time has to be ten-dimensional (or eleven-dimensional for M-theory). But for
the past fifteen years, string theory has been studied not only as a theory of
quantum gravity, but also as a tool for understanding strongly coupled quantum
field theories.

Indeed, in 1997, Maldacena proposed [1] that there exists a duality between
a particular conformal field theory, namely four-dimensional N/ = 4 super Yang-
Mills, and Type IIB string theory on the ten-dimensional space AdSs x S°. Called
the AdS/CFT correspondence, this idea has been further studied notably in [2] and
[3] (see [4] for a review). The original idea is based on the existence of D-branes.
D-branes are extended objects in string theory, on which lives a gauge theory.
More precisely, on a stack of N, Dp-branes lives a (p + 1)-dimensional SU(N,)
gauge theory. The AdS/CFT correspondence relies on this double description of
the branes. On the one hand, they are objects in string theory that live in a

particular ten-dimensional space. On the other hand, they host a gauge theory.

9



10 CHAPTER 1. INTRODUCTION

Moreover, what is particularly interesting with this correspondence is that it is
a strong/weak duality. This means that when one side of the correspondence is
weakly coupled (that is we can apply perturbative techniques), the other side is
strongly coupled (in which case it is very complicated to perform calculations). In
the case of large N, and large 't Hooft coupling, one can approximate the string-
theory side by classical supergravity, and then one can study a strongly coupled
gauge theory in the planar limit by studying a weakly coupled supergravity. Hence,
this correspondence provides a tool for studying strongly coupled gauge theories.

In addition to the interest of studying N' = 4 super Yang-Mills, one may wonder
if this correspondence can be adapted to study strongly coupled gauge theories that
are more relevant physically, such as QCD. Indeed, QCD is strongly coupled at low
energies, and the only way to study it was through numerical lattice simulations.
Since the first paper on the AdS/CFT correspondence, a lot of work has been done
to expand its scope, in many directions. This thesis is part of that project, to better
understand how certain solutions in string theory can be dual to field theories, and
what we can learn, through those dualities, about strongly coupled gauge theories.
There are two main points on which N/ = 4 super Yang-Mills is very different
from realistic theories and in particular QCD. Firstly, N/ = 4 super Yang-Mills in
four dimensions is maximally supersymmetric, while QCD has no supersymmetry.
This has been studied first in [5, 6]. Secondly, contrary to QCD that contains
quarks, there is no matter in the fundamental representation of the gauge group
in N = 4 super Yang-Mills. Thus we have two possible directions of generalisation
of the AdS/CFT correspondence to try to study other gauge theories, with less
supersymmetry and a richer matter content. One additional parameter one can
play with is the dimension of the field theory, and in some of the following chapters

we also look at three-dimensional theories.

In the next two sections, we introduce ways to deal with the two issues men-
tioned above, namely how to reduce the amount of supersymmetry and how to
introduce fundamental matter in the framework of the AdS/CFT correspondence.
Since the new solutions we present do not have an AdS space in string theory,
nor are they dual to conformal field theories, we refer to the generalisation of the
AdS/CFT correspondence as gauge/string duality. In the following, we look at
the reduction in the number of preserved supercharges: this issue is related to the
geometry of the space considered in string theory, and one way to understand the
link between geometry and supersymmetry is to use the concept of G-structures.
But we first address the problem of adding fundamental matter which, by analogy
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with the terminology used in QCD, we call “flavouring”.

The rest of the thesis is then organised as follows.

In Chapter 2, based on [7], we show how one can understand the problem of
flavouring in the language of G-structures. It allows us to make general statements
on the type of backgrounds and flavours that are compatible with a given amount
of supersymmetry in a fixed dimension. We then, as an example, apply the newly
developed technique to the flavouring of a background dual to a three-dimensional
N = 2 gauge theory.

In Chapter 3, based on [8], we look at the flavouring of a particular Type
ITA supergravity background with D6-branes. We then study how G-structures
can help us to understand the lift to eleven dimensions of that particular Type
ITA supergravity solution involving smeared D6-sources. We see that the sources

correspond to geometric torsion in M-theory.

In Chapter 4, based on [9], we use the techniques of Chapter 2 in order to create
a new background of Type IIB supergravity with flavours. The main specificity
of this new solution is the use of Riemann surfaces with genus bigger than one as
cycles for brane wrapping. This allows us to have an even richer matter content
than previously. That is, in addition to the gauge bosons and fundamental matter,
we have adjoint matter in the dual field theory. This means that this gauge theory
is closely related to the ones created by Kutasov, and it indeed exhibits a Kutasov-
like duality.

In Chapters 5 and 6, based on [10] and [11] respectively, we study how G-
structures can be used to create solution-generating techniques. Chapter 5 is con-
cerned with SU(3)-structure and Type IIB supergravity, while Chapter 6 deals with
Gy-structure in Type IIA supergravity. Those techniques based on G-structures
are compared with techniques based on chains of string dualities. It is shown that
they are equivalent in the case where one does not consider the addition of flavours.
Flavouring however is only compatible with G-structures, since the dualities are

not well defined in that case.

In Chapter 7, based on [12], we investigate the addition of massive flavours to
the Maldacena-Nufez background [13]. Using holomorphicity, we developed a new
technique to deal with massive flavours on the gravity side, and in particular we

find solutions that are regular everywhere.

Finally, we summarise the results presented in the different chapters.
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1.2 Flavouring in gauge/string duality

As was mentioned before, if one wants to use gauge/string duality to study QCD-
like theories, then it is imperative to consider the presence of matter transforming
in the fundamental representation of the gauge group. As an abuse of language
since we never deal exactly with QCD, we call such matter “quarks” or “flavours”.
Let us recall that the gauge/string duality is based on the fact that there is a
stack of D-branes in string theory, and on those branes lives a gauge theory. Since
those branes create the gauge group of the field theory, we call them colour branes,
again by analogy to QCD. D-branes are extended objects where strings can end,
and each end has an associated colour index, depending on which brane it belongs
to. So strings which have both ends on branes of that particular stack have two
colour indices, and hence represent gauge bosons. The fact that quarks are in
the fundamental representation of the gauge group means that they have only one
colour index. Thus only one end of the string representing a quark can be on a
brane of the colour stack. But open strings cannot have their end-points floating
around in space. They must belong to some brane. So in order to have strings
that can represent flavours, we need to introduce other branes for the second end
of the flavour string to be. We call those new branes “flavour branes”.

As there is a gauge theory living on D-branes, adding new flavour branes in a
background introduces a priori a new gauge sector. However, the purpose of those
branes is to create flavours only. The way to get rid of this unwanted new gauge
sector comes from the position and type of branes introduced. Indeed, flavour
branes need to span, in the string-theory background, the directions where the
field theory lives. But for flavour branes one takes higher-dimensional branes, so
that there are extra dimensions to the ones of the field theory. If the setup is such
that those extra dimensions are non-compact, then the gauge coupling of the new
sector, as seen in the field theory, becomes zero.

In order to take into account the dynamics of the flavours, we need to con-
sider the Dirac-Born-Infeld (DBI) and Wess-Zumino (WZ) actions for each flavour
brane. If one considers those flavour branes as being placed in a fixed string-theory
background, then one finds himself in the probe approximation. It has been first
studied in [14, 15] (see also [16] for a review). That is, one does not take into
account the backreaction of the flavour branes on the space-time solution. This is
a good approximation as long as the number Ny of flavour branes added is very

small compared to the number N, (which is always taken to be large for the duality



1.2. FLAVOURING IN GAUGE/STRING DUALITY 13

to apply) of colour branes that created the background. This is related to what is
called the quenched approximation in lattice field theory. Taking N; < N, means
that the flavours are non-dynamical, that they do not appear in loops. In field

theory, this corresponds to the 't Hooft limit, that is

N, — 0, A= g} N, fixed, Ny fixed, ]—A\ffi =0, (1.2.1)
where X is the 't Hooft coupling and gyjs the gauge coupling of the field theory.
This is enough to study a number of properties of gauge theories with fundamental
matter: chiral symmetry breaking or meson spectra for example. But making such
approximation prevents us from seeing other very interesting phenomena. The fact
that flavours do not run in loops means that we cannot study anything that comes
from the quantum effect of quarks in the field theory, like Seiberg duality [17].

To address this issue, we need, at the level of the field theory, to take the

Veneziano limit and not the 't Hooft limit anymore. It corresponds to having

N, — o0, A= g& N, fixed, Ny — o0, % fixed . (1.2.2)

c
In this limit, it is possible to have quarks running in loops, and so it allows phe-
nomena based on the quantum effects of flavours. On the string side, taking /Ny
large and of the same order as N, means that it is not possible to ignore the backre-
action of the flavour branes anymore. Instead of solving for a background created
by colour branes only, and studying the addition of flavour branes in this fixed

space-time, one now needs to solve for the following action:
S = SIIA/B + Ssources ) (123)

where Syr4/p is the action of the supergravity we want to use (either Type IIA or
IIB) and Ssources is the action for all the flavour branes. Now comes the question
of how to arrange all those Ny branes. If one puts them as a stack somewhere
in space, then one indeed gets SU(Ny) as a global flavour symmetry. But then
this localised stack breaks the symmetries of the background, leading to huge
difficulties in solving the equations of motion (see however [18, 19]). In addition,
if one considers a stack of Ny branes, then one cannot use for their action the DBI
and WZ terms, since they do not take into account the non-abelian character of
the problem. Another possibility, which is the one used all along in this thesis,

is to separate the flavour branes and distribute them all around the space, in a
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way that preserves the symmetries. This technique is called smearing. Since all
the branes are now separated, one can this time use thf-: DBI and WZ actions for
each one, and Sgources 1S then simply the sum of the actions for each brane. In
addition, by respecting the symmetries of the unflavoured background, it makes
the problem of solving the equations of motion much simpler. One consequence
however of separating the branes is that the flavour group as seen in the field theory
is not SU(Ny) anymore but is U(1)s. This technique has first been used in [20]
for non-critical strings and in [21] in the context of ten-dimensional string theory.
See also [22] for a recent review, including some of the results presented in this
thesis.

Smearing the flavour branes asks also the question of the stability of such a
configuration. Indeed, if one tries to separate the branes, do they not attract
each other, making the whole setup completely unstable? One possible solution
to this problem lies within supersymmetry. Let us suppose that our unflavoured
background preserves some supersymmetry. Then there are particular ways of
putting branes in that space so that they still preserve the supersymmetry. And
branes placed in this manner are stable. So, the way to ensure that the smeared
setup is stable is to start from a supersymmetric background, and to arrange the
flavour branes so that each one preserves the supersymmetry. This can be achieved
practically by using G-structures. Indeed, as is explained in the next section, G-
structures are a way to understand supersymmetry in a geometric context, which

is exactly what is needed to deal with the smearing procedure.

1.3 G-structures

A well-known concept in differential geometry, G-structures provide a natural
framework for talking about supersymmetry in geometric terms. It is very use-
ful in the context of gauge/string duality, where one wants to build spaces in
supergravity that preserve a certain amount of supercharges. In addition, it also
provides us with the concept of calibration, which tells us where to put branes so
that they also preserve supersymmetry. Once again, it is what we need to address
the issue of flavouring, in particular for the smearing procedure. For a review
of G-structures in a physics context, see for example [23] or [24] and references
therein.

Let us first briefly describe what G-structures are in mathematical terms, before

looking at how they relate to supersymmetry. First we need to know what the frame
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bundle over a manifold M is. It is the fibre bundle for which the fibre in each point
of M is the set of all the ordered bases of the tangent space at that point. For
a point of M that belongs to two different patches of the manifold, we have two
different bases given by the frame bundle. The way the two patches are related to
each other defines transition functions that transform one base into the other. The
set of all transition functions is a group called the structure group. Generically, for
a d-dimensional manifold, the structure group is the group of d-dimensional real
matrices GL(d, R). However, if it is possible, by choosing appropriately the bases
in different patches, to have a frame bundle with structure group G (where G is a

subgroup of GL(d,R)), then one says that the manifold has a G-structure.

This mathematical definition is of little help to physicists. So let us now ex-
plain, with some examples, how this idea of G-structure can be used in supergravity.
One consequence of the presence of a G-structure for a manifold is the existence
of certain globally defined non-degenerate tensors that are invariant under G. The
number and type of those depend on the particular structure one considers. Actu-
ally, in all this thesis, when we want to impose a particular structure on a manifold,
we impose the existence of the appropriate globally defined invariant tensors. In-
deed, if such objects exist, one can choose a frame bundle such that the form of all
the invariant tensors is the same in all the patches. Then, only transition functions
that do not modify that form are acceptable, which leads to a reduced structure
group and thus to a G-structure. For example, working with a d-dimensional Rie-
mannian manifold M means that there is a globally defined two-tensor on M, the
metric. So, for reasons we just mentioned, the structure group is reduced to O(d),
which is a subgroup of GL(d,R). If, in addition, one defines a volume form on M,
then the structure group is further reduced to SO(d). Since we always work with
Riemannian manifolds equipped with a volume form, the most general structure
we deal with in d dimensions is SO(d)-structure. That means that if we want to
impose an additional structure, it has to be with a group G which is a subgroup
of SO(d).

Let us now take the example of SU(3)-structure in six dimensions (SU(3) is
a subgroup of SO(6)) to look at how one can practically use G-structures, and in
particular the invariant tensors that come with. To find out what the invariants
are for a given G-structure, one can decompose tensor representations in terms
of representations of the group G and look for singlets. For the case of SU(3)-
structure, we can start with the one-form representation of SO(6), denoted 6. Its

decomposition in terms of representation of SU(3) gives: 6 — 3+ 3, where 3 is the
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one-form representation of SU(3) and the bar stands for the complex conjugation.
It means that any one-form on the six-dimensional manifold can be expressed as a
sum of two one-forms, one in the 3 representation of SU(3) and the other one in
the 3 representation. As there are no singlets appearing in this decomposition, it
means that SU(3)-structure does not have an invariant one-form. If we now look
at the decomposition of the two-form representation 15 and the three-form one

20, we find
15—+ 1+3+3+8,

- _ _ (1.3.1)
20 51+1+3+3+6+6.

In both cases, we notice that there is a singlet 1 in the decomposition. That means
that there is an SU(3)-invariant two-form and an SU(3)-invariant three-form. The
second singlet appearing in the decomposition of the three-form representation is
the complex conjugate of the first one. So there is only one independent invariant
three-form. If one looked at the decompositions of other representations of SO(6),
one would not find any more singlets. So the SU(3)-structure on a six-dimensional
manifold is characterised by the existence of one globally defined SU(3)-invariant
two-form (usually called J) and one such three-form (denoted as ). In addition
to the structure, one can consider integrability conditions, which can lead to hav-
ing a manifold of G-holonomy. For example, in an SU(3)-structure, adding the

conditions

dJ =0, dR=0, (1.3.2)

makes the manifold an SU(3)-holonomy manifold, also called a Calabi-Yau mani-
fold. The way we use G-structures in this thesis is through those invariant forms
and the integrability conditions (that are usually modified in various ways) they
obey.

We now look at how G-structures relate to supersymmetry. The fact that a
manifold preserves some supersymmetry means that there exist on that manifold
some globally defined spinors. The number of those spinors is related to the num-
ber of unbroken supercharges. If we want to talk about spinors, we need to consider
our manifold to be spin. Then we can perform the same type of decomposition
of the spinor representation as we did for the tensor ones. Using again the ex-
ample of SU(3)-structure on a six-dimensional manifold, we find that the spinor

representation decomposes as follows:

4-51+3. (1.3.3)
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This indicates that having an SU(3)-structure imposes the existence of one in-
variant spinor. From this decomposition, one can also immediately see that an
SU(3)-structure preserves one-quarter of the possible supercharges. Notice that
this whole idea works in reverse as well. That is, if one imposes the existence
on a manifold of unbroken supersymmetry, that is the existence of a number of
globally defined spinors, then one is necessarily in presence of a G-structure, since
the spinors constrain the way one can choose bases in the frame bundle. It is also
interesting to notice that the invariant tensors of a given G-structure can be ex-
pressed as bilinears in its invariant spinors. Once again taking the example of an
SU (3)-structure, we have one invariant spinor 7 (normalised such that nfn = 1),
from which we can construct the invariant two-form and three-form as follows:
S =i, (1.3.4)
Qije =17 Vg 1,
where 4, 7, k£ run from 1 to 6 and 7, denotes the antisymmetrised product of
gamma matrices. This relationship between the invariant forms and spinors is
very useful for the flavouring question, since it allows us to easily find the places
where to put flavour branes such that they preserve supersymmetry. Indeed, as we
discuss in more details in Chapter 2, one needs to wrap those branes on calibrated
cycles, whose calibration form is related to the invariant forms. In SU(3)-structure
for example, the invariant two-form J is the calibration form for two-cycles in the
absence of B field.

To summarise, G-structures provide a geometric framework for dealing with
supersymmetry. As we realise all along this thesis, this way of presenting prob-
lems proves very useful in order to find solutions of supergravity, with or without
flavours, that are interesting for gauge/strings duality, but also to improve our

understanding of string theory in general.



Chapter 2

(7-structures and backreacting

flavours

2.1 Introduction

This chapter, based on work done in collaboration with Schmude [7], presents
a first approach to the use of G-structures to address the problem of flavouring
backgrounds in gauge/string duality. As was explained in the introduction, the
study of some aspects of both QCD and supersymmetric gauge theories demands
for a discussion of the Veneziano limit (1.2.2), where in particular the number
of colours N, and the number of flavours Ny are of the same order. So, on the
supergravity side, it is imperative to go beyond the probe approximation and to
take into account the backreaction of the flavour branes. When doing so, one should
keep in mind a fundamental difference between the colour and flavour branes.
While the former undergo a geometric transition and are replaced by fluxes, the
latter are still present in the string dual — whether one includes their backreaction or
treats them as probes — in order to realise the SU(Ny) flavour symmetry (actually
broken to U(1)Nf after smearing) in the bulk. Therefore one needs to consider the

combined action
S = SIIB + Ssources (211)

where Ssources = SpBr + Swz is the brane action given by the DBI and WZ terms.
This method of computing the backreaction was introduced in [25]. The localised
branes become §-function sources in the equations of motion, making the search
for solutions of the above system highly non-trivial. See however [26, 27).

The most successful method for dealing with this issue was first developed in

19
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[20]. See also [21, 28, 29]. By considering a continuous distribution of flavour
branes over their transverse directions, one avoids the problem of the inclusion of
localised sources, making the search for solutions much more feasible. An advan-
tage of the smearing method lies in the fact that the inclusion of localised sources
breaks local isometries on the string-theory side, leading to a violation of global
symmetries in the full dual gauge theory — including the Kaluza-Klein (KK) modes.
Such symmetries are restored after smearing. By now, many examples of string
duals with both massless and massive flavours have been constructed in various
dimensions ([30]-[41]).

The smearing of Dp-branes is usually determined by the use of a (10 — p — 1)-
form =, the smearing form, which is in general interpreted as a distribution density
of the branes. One issue resides in finding a way to construct =, such that it is
possible to find a solution of the equations of motion. This problem is usually
addressed on a case by case basis, and can be quite difficult to tackle when flavour
embeddings cannot be identified with globally defined coordinates. If there is no
obvious choice of =, one uses the physical properties of the anticipated dual gauge
theory, such as the mass of the fundamental fields or the unbroken symmetries, in
order to impose constraints on its forni.

To deal with this issue, we make use of some of the methods of modern string
phenomenology. If one allows for the misnomer of thinking of string duals with
flavours as string compactifications with non-compact internal manifolds, the two
fields become virtually the same. So it is quite striking that, while the set-up of
gauge/string duality with flavours is quite similar to that of string phenomenology,
the methods used are quite different. In particular, the advanced mathematical
methods of modern phenomenology such as the uses of generalised calibrated ge-
ometry, G-structures or generalised geometry, have been absent, before [7], from

any discussion of flavours in gauge/string duality.

Geometric arguments have been used to tackle the question of supersymmetry
conservation, but not to answer the issue of smeared flavours. However geometry
is one of the main techniques used in the study of string compactifications, which

is in many points similar to the search for backgrounds with gauge duals.

So this chapter is a first step towards bridging the gap between string phe-
nomenology and gauge/string duality with flavours, by presenting a systematic
method of finding backgrounds with smeared flavours, using tools from modern
geometry. The main goal is to find the smearing form =, and the strategy is to

use generalised calibrated geometry [42]. The central concept of this field is that
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of the calibration form K, a (p + 1)-form which can usually be constructed as a
bilinear of the supersymmetry spinors of the background. It has the property that
a brane is supersymmetric if and only if the pull-back * (KC) of the form onto the
world-volume is equal to the induced volume form. It follows immediately that one
can write the DBI action of any supersymmetric brane in terms of the pull-back of
the calibration form. As all the backgrounds considered in this chapter are Type
IIB backgrounds with only the dilaton ® and one or two Ramond-Ramond (RR)
fields excited, it is not necessary to make use of the full machinery of generalised
calibrations or G-structures. A more complete treatment of some cases is done in
following chapters of this thesis (see also [43, 44, 45] and references therein).

Let us turn to the central argument of this chapter. In the case of Type IIA/B
backgrounds with Ramond-Ramond flux F{;,3), we can write the action of the

smeared flavour branes in Einstein frame as (see [45])
Ssources = _Tp/ (ezlz_éq)’(: - C(p+1)) AZD. (212)
Mio

As explained later, it is always possible to relate the smearing form to the calibra-

tion form using supersymmetry and the equations of motion as
d [* eIt (e}%gq’IC)] = 42627}, 2, (2.1.3)

giving us a geometric constraint on the smearing form. In the following we shall
study how equations (2.1.2) and (2.1.3) can be applied to address the problem of
smeared flavours.

Proceeding rather pedagogically, Section 2.2.1 introduces the methods outlined
above by studying three different, well-known examples. We show that our methods
are not only capable of reproducing the known results, but they also provide some
new, interesting ones. The examples studied are the N' = 1 SQCD-like dual of
[21, 28, 29], the three-dimensional /' = 1 theory of [36] and the Klebanov-Witten
theory [6] with massless [30] and massive [35] flavours. Following this we shall
turn to the generic case (Section 2.2.2), showing how the action (2.1.2) can be
constructed from purely geometric considerations and proving its equivalence with
other actions used in the field of smeared flavours.

In Section 2.3, we shall finally apply our methods to the problem of flavouring
a background dual to an N/ = 2 super Yang-Mills-like theory, first studied in
[46, 47]. Interestingly, we are able to do so without an explicit knowledge of the
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brane embeddings used. We find new analytic and asymptotic solutions of the
flavoured and unflavoured equations of motion and discuss various properties of
these backgrounds.

Following [48], we show, for the examples considered, how all the constraints
imposed by supersymmetry on space-time can be understood and recovered from

geometric grounds using methods such as G-structures.

2.2 The geometry of smeared branes

In the following, we shall now investigate what generalised calibrated geometry
can teach us about string-theory duals with backreacting, smeared flavour branes.
First we take a detailed look at three examples [21, 36, 30]. For each of these we
briefly summarise the conventional approach to flavouring and then show explicitly
that it can be nicely understood in terms of a suitable calibration form. In Section

2.2.2 we turn to the case of a generic supergravity dual.

2.2.1 Three examples

The string dual to an N =1 SQCD-like theory

Review of the N = 1 SQCD-like string dual As a first example we shall
turn to the string dual to an ' = 1 SQCD-like theory [21, 28, 29]. It is based
on the background of [13] which is given by the following solution of the Type 1IB
equations of motion!:

7 2 ]- . 1 ~ i
ds? = a’g,N, e? [mdxig, + dr? + e*(d6? + sin® 0 dp?) + Z(wi — AN

1 ~, a 1 a ~ a
F(g):_ZA(w“_A)+ZZF A(©Dg — A%,

(2.2.1)
with R _
Al = —q(r)dé, W = cosydf + sinysinfdey,
A? =a(r)sinfdp, @ = —sinydf+ cosysinfdp, (2.2.2)
A% = —cosfdoy, @3 = dip + cos B dp.

The metric describes a space with topology R}? x R x S? x S3, where the three-

sphere is parametrised by the Maurer-Cartan forms @; and the one-forms A* de-

!Except where explicitly noted, we shall always use Einstein frame in this chapter.
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scribe the fibration between the two spheres. It is interpreted as the near-horizon
geometry of a stack of N, D5-branes wrapping an S2, thus describing the dynamics
of a four-dimensional N = 1, SU(NN,) super Yang-Mills theory coupled to some
extra matter. To keep the discussion as simple as possible, we shall focus on the
so-called singular solution which is obtained from the assumption a(r) = 0.

The possibility of adding probe flavour branes to the above background (2.2.1)
was studied in [49]. Using k-symmetry, the authors found several classes of flavour
D5-branes; the simplest of these is given by branes extending along (z*,r) and
wrapping . They are pointlike on the four-dimensional submanifold given by
CA7S g, ) and extend to r = 0, thus describing massless flavours. In what follows,
the most important feature of this embedding is that we are able to identify world-
volume coordinates £€* with space-time ones, (z#,7,1). So even at the level of the
space-time coordinates XM there is a well-defined notion of coordinates tangential
and transverse to the brane.

From the perspective of Type IIB string theory, it is clear that the addition of
a large number of such branes to the system (2.2.1) deforms the geometry of the
background. Given the form of the brane embeddings, it follows that a suitable
ansatz for the deformed background should be of the form

ds? = /(") [d:vig) 4 dr? + 2P (d6? + sin? 0 dp?)

e?g('r) e?k(r)

@+ @)+ ——(@s cosl9d<p)2] (2.2.3)
F(3) — _2Nc e—3f—2g—kel23 + %6—3)"—2}!.—]669503 ,

as the flavour branes are points on the four-dimensional transverse manifold while
singling out the U(1) C S parametrised by 9. When writing (2.2.3) we introduced

a vielbein

. f+g f+g f+k
; : elt9 e’ty e -
e =eldzt, el = 5 @1 62=Tw2, e3=—2—(w3+0059d<,0),

e =efdr, e =efthdh, e =e/Psinfdey,

(2.2.4)
and made use of the convention e414r = A1 A ... A efr,
One can also interpret the ansatz (2.2.3) from the gauge-theory point of view.
The U(1) describes the R-symmetry of the flavoured theory, which one demands
not to be broken classically by the addition of massless flavours.

Studying the dilatino and gravitino variations of the deformed background, one
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obtains the projections satisfied by the supersymmetric spinor €
[ze=€, Tgse=€, €=o03€, (2.2.5)

as well as the BPS equations

4f = o
1 1 1 1
h = _Nc —2h—k Zp2htk _ — 3fF - —2h+k
1 e + 46 26 o3 + 46 ,
g/ — _Nc e—2g—k + e—2g+k — %esfF123 + 6_29+k,
r_ Ly onk “2g-k _ 1 onik 29tk | ok
k'==-N_e — N.e —Ze — e 97F 4 e

1 1
= §€3f(F9(P3 + Flzg) — Z€h2h+k — 6—2g+k + 26_k 3
1 1
® = —ZNC ek L N ek = —§€3f(F0¢3 + Fia3) . (2:2.6)

It is a priori not obvious that the flavour branes mentioned earlier are still super-
symmetric brane embeddings for the deformed background for arbitrary functions
g, h, k. One therefore has to check again that probes with world-volume directions
as before, £ = (z*,1,1)), still preserve all of the backgrounds supersymmetries.

Having deformed the original background one turns to the system given by the
combined action (2.1.1). One can anticipate that the brane action contributes to
the energy-momentum tensor in the Einstein equations, adds a source term for
the three-form field strength and modifies the dilaton equation by a contribution
related to the DBI action.

For the case of Ny flavour branes localised at (6o, ©0, 00, o), the brane action

is (+* denoting the pull-back onto the world-volume)

Ssources = T Z <—/ dﬁée% \/ _9(6 / C(G) )

Ny

(2.2.7)

(80,%0,80,%0)

As these branes are localised in the four transverse directions, the equations of
motion contain d-function sources, making the search for solutions a difficult en-
deavour. The idea is therefore to smoothly distribute the branes over the transverse

directions. If one assumes a transverse brane distribution with density

—
—

N - N
E= (47:)2 sinfsinddd Adp AdiAdLG, (2.2.8)
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the action (2.2.7) may be generalised to

N .
Ssources = 15 ( 1 / dze? sin fsin § —J6) + CeyNE
(47!') Maio
(2.2.9)
2 - -
_ T5 (_/ le:L.ez A /—g(w)l:,l +/ 0(6) A\ :.> ,
Mo Mio
where we have defined the modulus of a p-form = as
1 =M
=] = ~M1 M= (2.2.10)

and have checked the equality of the first and second lines by explicit calculation.

Let us take a look at how the brane action modifies the second-order equations
of motion, starting with the Ramond-Ramond field strength. Here the relevant

part of the total action is

1 e

2
Mio 2K.‘IO

If we vary the potential Cis)

ocS =

(d(SC(s) N *F(7) + F(7) A *déC(s)) + Tx / 50(6) ANZ
Mio 2K:IO 2

= 50(5) A (

Mio

(xe " F7)) + Ty E)

2&10

= dF3) =263, T5 E. ( |
2.2.12

The change in the dilaton and Einstein equations does not take such a nice geo-
metric form. Choosing Ty = ﬁ, 2k2, = (27)7, the complete equations of motion

are

0=dFgz) — (271’) =,

1 N —9(6) . .
0= K/ — 0,9) — F2 — Lt 2 ~+——=sinfsinb,
Vv —9(10 900 3) 8 v 9010
1 1
0=R, — §9uvR — (8 ®9,P — —gu,,c?,\d)a <I>>
1 K 1 vr
- 15 (3FWF,, A 5gWFé)) ",
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N -1 7
Tl?‘\//r — _Tf sin 8 sin 056%9”(,9,}5@&5)%. (2.2.13)

The search for solutions of (2.2.13) is simplified considerably by a powerful
result, found in [50, 51], which states that any solution of the system of BPS equa-
tions satisfying the modified Bianchi identity of (2.2.12) solves also the Einstein
and dilaton equations and is therefore a solution of (2.2.13).

So we turn again to the issue of the BPS equations. As the brane embeddings
are supersymmetric, the projections (2.2.5) imposed on the spinor € remain the
same. However, the three-form field strength F{3y is modified by the appearance of
the source term in (2.2.13). To incorporate this, one makes a new ansatz for the
field strength of (2.2.3)

Fg) = —2N, e -29-ke128 _ fﬂié;fYée-zf—Zh—ke9w3. (2.2.14)

It follows that the BPS equations (2.2.6) change to

Af = ®,

"= (N, — Np)e 2k 4 Zg=2htk _ ~ 3/ 1 oh+k
h 4( r)e + ¢ 5¢ F9<p3+4€ ;
g = —N,e 297k 4 g720+k %ewFle + e 20tk

kl — i(Nc _ Nf)e—Qh—k _ Nc e—2g—k . %€_2h+k . e—2g+k + 2e—k
1 3f 1 —2h+k —2g+k —k
= 56 (F9¢3 + F123) — Ze —e 9 + 2e N

1 1
P = —Z(NC — Nf)€_2h_k + Nc 6_29_k = _§e3f(F9lp3 + F123) . (2215)

It is curious to note that, when written in terms of Fy,3 and Fj23, the BPS equations
of the deformed and flavoured systems are the same — see (2.2.6) and (2.2.15).
The change in the BPS equations stems solely from the modification of the field
strength. This should not come as a surprise, since the brane embeddings are

supersymmetric?.

2Whether the BPS equations are modified by the flavouring procedure is — to some extent —
a matter of taste. It depends on whether one makes a sufficiently generic ansatz for the three-
form field strength to accommodate the source term. From the perspective of a physicist who
is interested in the properties of the dual gauge theory, it is more appropriate to consider the
BPS equations of the flavoured and unflavoured theories as different, as some phenomena, such
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By construction F{3) satisfies the modified Bianchi identity. Thus any solution of
(2.2.15) solves the flavouring problem for the Maldacena-Nufez (MN) background.
For a discussion of these solutions and their physical interpretation see [21, 28, 29].

In the above background, the generalisation of the action (2.2.7) to (2.2.9) is
fairly intuitive and simple, because there is only one stack of flavour branes with
world-volume coordinates that can be globally identified with space-time coordi-
nates. However we can already anticipate the shortcomings of this definition. On
a technical level, the first line of (2.2.9) is inherently dependent on the coordinate
split while the second is non-linear in the smearing form =. From a more formal
point of view, it is also unsatisfying that the formalism of those equations treats
the DBI and WZ contributions to the brane action on an unequal footing. One
should recall that, roughly speaking, the DBI action defines the tree level cou-
plings of the brane to the Neveu-Schwarz (NS) sector of the background while the
couplings to Ramond-Ramond fields are contained in the WZ term. A standard
string-theory calculation shows the cancellation of the effects of closed strings from
the two sectors on supersymmetric branes. So it would be desirable to see an ex-
plicit symmetry between the two terms even after smearing. Adopting once again a
more physics centred perspective, we might also wonder if there are any constraints
on the choice of the smearing form. F.g. one should note that the smearing form
does not agree with the volume form induced on the four-cycle (6, ,0,3). At
first glance it might appear that there are none. After all, the cancellations be-
tween parallel BPS branes allow us to place them at arbitrary separations. As we
later explain, however, there are constraints on = which can be traced back to the

geometric structure of the background.

The perspective of generalised calibrated geometry The properties of gen-
eralised calibrations and their relation to supersymmetry are discussed in detail in
Appendix 2.A. As the backgrounds considered in this chapter are not fully generic,
yet only include dilaton and Ramond-Ramond fields in Type 1IB supergravity, we
do not make use of the most general concept of a generalised calibration. Again
we refer to [43, 44]. For our purposes it is sufficient to think of calibrations as
(p+ 1)-forms K, such that a Dp-brane with embedding X (¢) is supersymmetric

as Seiberg duality, become apparent at the level of the first-order BPS equations [21]. For a
mathematician on the other hand, it might be more important to think about the close link
between supersymmetry and geometry which is evident in this chapter — the fact that the flavour
branes are supersymmetric is then reflected by the invariance of the BPS equations in terms of

Fapc.
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if and only if it satisfies

 (Kpa1) = 1/~ dPIE. (2.2.16)

As discussed in the appendix, this can be understood as a simple rephrasing of the

k-symmetry condition on the supersymmetric spinor ¢,
Ice=¢€. (2.2.17)

For us the most interesting feature of (2.2.16) is that when pulled back onto the
world-volume of the brane, the calibration form is equivalent to the induced volume

form, and one may write the DBI action as
Sppr = -1, / " (K) (2.2.18)
Mpii

Furthermore, if the p-brane couples electrically to the flux given by F(,2), super-

symmetry in Einstein frame requires [42]
d(e"°°K) = Fiua). (2.2.19)
In the case at hand, the calibration six-form is given by

1
K= 5(&03 ® Lyp.as€) €™ . (2.2.20)

The evaluation of the calibration form requires only the chirality of the Type IIB
spinors, € = I'''e and knowledge of the projections imposed on the supersymmetric
spinors (2.2.5). From the last of these it follows that one of the Majorana-Weyl
spinors of Type IIB is fixed to zero, € = (§). Thus there is only one calibration six-
form and we may use ¢ instead of €. In Section 2.3 we encounter an example with
two calibration forms. Combining the supersymmetric projections (2.2.5) with the
definition (2.2.20) yields

ch%lxz:c?’&p = ETFxomlzzzsgtpe = ——ETFT123€ =-—1. (2.2.21)

The second equality makes use of chirality, the third of the supersymmetric pro-

jections and the normalisation efe = 1. Finally we are left with

K=" A (78 — e — e1?). (2.2.22)
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As €3 is the only part of the vielbein containing dt), it is obvious that equation
(2.2.16) is satisfied and we recover the result of [49] that the embedding in question

is supersymmetric. Noting that

_9(6) d6§ — ez°x1z2w3r3 ,
(2.2.23)
== 4Nfe—4f—2g—2h69<p12 ’
it is easy to see that we may write the smeared brane action (2.2.9) as
Ssources = TS/ (_6%,C + 0(6)) ANE. (2224)
Mo

Contrary to (2.2.9), this is independent of coordinates, linear in the smearing form,
and it treats the DBI and WZ contributions to the brane action on an equal footing.

Concerning the supersymmetry condition (2.2.19), we find

d (e%IC) = e[+ ealwle%® [6_29 (2e* — 6% f' — 2e%9g' — *99') ™12

+ eth (lek o 662hfl - 462hh, _ th@l) e’retp:| )
2

(2.2.25)

Using the BPS equations (2.2.6) or (2.2.15), one may verify for the three-form field

strength with (2.2.14) and without sources (2.2.3) that d(e?K) = F(7y is satisfied.

We can exploit the calibration form even further. From e~ F7) = —F3) and

dF) = (27)%E, it follows that

e ®xd (e%IC) = —F),
(2.2.26)
d [e‘q) *d (e%IC)] = —(27)*=.

Again note that these equations hold with or without the backreaction of the
source terms — in the latter case with = = 0. One should think of them rather as a
characteristic of the supersymmetries preserved by the background than a property
of the branes.

When we first introduced the smearing form in (2.2.8), it appeared that its
choice was rather arbitrary. After all supersymmetry allows us to place branes at

arbitrary separations. However, (2.2.26) is not a result of supersymmetry alone yet
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rather an interplay of supersymmetry and the Einstein equations, as the following

illustrates.

d (e%/C> "B Fay, e tFp=-Fy, dFg 2" (2r)E. (2.2.27)

BPS equations and G-structures We showed before that the requirement
of supersymmetry is related to geometry, notably with the calibration form. As
supersymmetry gives us the BPS equations of the system, it is logical to think
that one can retrieve those equations through geometric considerations, namely
G-structures. When looking at the supersymmetric gravitino equation, we can
identify F(3y with a torsion (straightforward in string frame), defining a new co-

variant derivative 6“ such that

V,e=0. (2.2.28)

This means that we have a covariantly constant spinor satisfying certain projections
(2.2.5). € = o3¢ states that there is only one structure. The other two tell us that,
in the six-dimensional internal manifold, there is a covariantly constant complex
chiral spinor 7 obeying

Vi) =T, Yeopall =10, (2.2.29)

where ; are the gamma matrices of the six-dimensional internal manifold. We can

choose the chirality of 7 to be

@ Yr1230,7 = 1] - (2.2.30)

Then we recognise that the six-dimensional manifold has an SU(3)-structure. It

has a fundamental two-form J and a holomorphic three-form 2 defined as

Jmn = inT/Ymnn P (2231)
Qurp = 1" Yo" - (2.2.32)

Supersymmetry imposes the following conditions on the forms (see [48}):

d(e®*J) =0, (2.2.33)
d (e%m) =0. (2.2.34)

From those equations, plus the generalised calibration condition (2.2.26), we can

retrieve the BPS equations of the system, imposing 4f = .
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An N =1, three-dimensional example

We turn now to the string dual of a three-dimensional N' = 1 theory that was dis-
cussed in [36]. We leave the discussion rather brief, only exhibiting the equivalence
of the actions (2.2.9) and (2.2.24) for this example. In comparison to the N’ =1
SQCD-like dual of the previous section, the situation is complicated by the fact
that there are three stacks of branes. While it is possible to find coordinates such
that the world-volume of one of these stacks may be identified with space-time
coordinates, it is not possible to do so for all three stacks simultaneously. The
system has the topology R%? x R x S3 x $3. As in Section 2.2.1, we shall work

with a simplification, the truncated system, for which the background is given by

. Jf+h . f+g
i : . e . > e . 1 .
e =eldat, e =efdr, €= —2—a’, e = 5 (w’ — —o’) ,

Fig = —2N, e—39-3f 128 ‘;‘Nc o—9-2h—3f (elsi _ o128 _ ezzi) ‘

o' and w' are sets of Maurer-Cartan forms parametrising the two three-spheres.

The projections satisfied by the supersymmetric spinor n are

Ditgsm = —m, Dyssn=-n, Tupn=-n, Lixn=n, n=o3m.

(2.2.36)
And the BPS equations take the form
/ -3 3 —g—2h

®" = N.e g—ZNce g
hl — leg—2h + lNc e—g—2h’

2 2 (2.2.37)

1 N,

g=e9— Zeg_zh + Te_g"% —~ N.e™%9,
d=4f.

Once more, it follows from 1 = o3m = ({) that there is only one calibration

six-form which is given by (assuming I'''n = —n)
IC = 012 A (erli L2y 88 123 ik 218 6123) _ (2.2.38)

From the calibration condition for supersymmetric branes, ¢* (K) = d€®,/—g),
one can see immediately that there are supersymmetric D5-brane embeddings
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with tangent vectors® (8,0,0,1, 0.2, By, B, F;), 1 € {1,2,3}. We also learn from
(2.2.38) that these embeddings are absolutely equivalent. They were originally
derived in [36] using k-symmetry. There the authors introduced a standard set of
Maurer-Cartan forms w,o to parametrise the two three-spheres, and then found
a coordinate representation of the (0,,0;, Es, E3) branes given by (z#,7,11,v,).
Subsequently they argued from the symmetries of the space that there are also 11
and 22 embeddings, whose coordinate representation would become apparent upon
using different Maurer-Cartan forms. As we mentioned earlier, it does not seem
possible to find global coordinates for this system in which all three flavour-brane
embeddings have good coordinate representations — thus this is an ideal setting for
using the calibration form (2.2.38).

Our analysis here shall start with the 33 embeddings. In [36], the smeared
action was given by

Sps =T5 <_ d'0ge? v —Gho |E(1)l +

C(g) A E(l)) ,

Mio
=(1) — _j_vie—4f—2h—2g612ﬁ,
2
iz = N1 —ar-an2g (2.2.39)
2 ’
1 -
V—=Gio = — !0 +39+3h gin O sin 6 ,
64
_GB _ _1_66f+g+h'
4
Now
— Ny 45 on_ =
KAZW = —7r—2fe 4f=2h 29/ —G1p Az = d*%2+/—G1o l:(l)l . (2.2.40)

3 When labelling brane embeddings in terms of their tangent vectors, one should think of the
brane being along the submanifold spanned by the integral curves of the tangent vector fields.
That is, if one were to find coordinates y™ such that

310‘—'(93;0, O =3y1, 612281!2, E,«Zays, E1=(9y4, Ei=(9ys,
the corresponding 11 brane embedding would be given by
Y*(¢)=¢* Y®=const. a«€{0,...,5} a€{6,...,9}.

One should note, however, that it is necessary to verify that the distribution given by the tangent
vectors is integrable, i.e. to verify that the coordinates y™ exist. One can do so using Frobenius
theorem, which states that a distribution given by vectors T, is integrable if and only if it is in
involution, that is [Ty, Ts] = fascTe-
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Thus again, we may write the action of one stack of (33) branes as
_ 2 =(1)
Sps =T / (~efK+Cg) AED. (2.2.41)
Mio

The above may be easily generalised to the case of three stacks of D5-branes as

the expression is linear in =:

SD5 = T5/ (~8%K+C(6)) /\E,
Mio

2=20 420 4 =26)

(2.2.42)
=(2) — _Nf e—4f—2h~2g613ié
EY = —— ,
T
N -
=0) = _ fe—4f—2h—2g62323’
2

where 2 is the smearing form for branes extending along 22 and Z®) smears the
11 embedding. The linearity of the above expression gives a good motivation for

the use of >_, |Z(| instead of |Z| in the original action of [36]

3
SDS = T5 (—/dloxe% vV —G10 Z |E(1)l + / 0(6) AN E) E (2243)
i=1 Mio

Independently of whether one uses the action (2.2.42) or (2.2.43), the Bianchi
identity is modified to dF(z) = 2x%,T5 Z. Accordingly, one changes the ansatz for
the field strength by adding a term f(3) which is not closed,

Fay— g+ fi3),

f3y = 2Nje 97237 (612:3, LB 613Q> . (2.2.44)
The BPS equations (2.2.37) change to
' 39 _ 3 —g—2h
o= Nce g"Z(Nc—Nf)eg ,
h, _ 69—2h + NC - 4Nfe—g—2h
? : ’ (2.2.45)
g/ — e_g — }_69—2}1 _ Nc 6—39 + Nc - 4:.[\7)06_‘9_2}7'7
4 4

o =4f.

Let us now turn to the supersymmetric condition (2.2.19). A straightforward yet
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tedious calculation yields

d (B%IC> — e%—f6012 A { (26—3] _ 6fl _ 2g/ _ h/ _ (I)I) (61‘123 _ e‘rZié + eTSié)

+ e—; (=3¢ + 12 f' + 6> + @) 6“23} :
(2.2.46)
Using the BPS equations (2.2.37) or (2.2.45) respectively, one can verify that
e~® xd (e%C) = —F{3) is satisfied in both the deformed and flavoured cases.

Furthermore we know that dFi3 = (2m)?E, thus we are again able to obtain a

constraint on the smearing form as
d [e-‘1’ xd (e%/c)] ~ _(27)’E. (2.2.47)

We immediately see why there has to be three stacks of flavour D5-branes in
the backreacted solution — the calibration form respects the symmetries of the two
three-spheres and from (2.2.47) it follows that the same holds true for the smearing
form. It would therefore not be possible to obtain a smeared system with only one

or two of the three stacks.

We can again use G-structures to derive the BPS equations for the system. In
this case the internal manifold is seven-dimensional, with a covariantly constant

spinor which satisfies

Mi2s" = =M,  Miss" = ~N,  %i3N =17 (2.2.48)

We recognise here a manifold with Gs-holonomy. Its associative three-form ¢ is
defined as

The condition imposed by supersymmetry is
d(e®*7¢) =0. (2.2.50)

Together with the generalised calibration condition, and assuming & = 4f, this
condition provides us with a method to rederive the BPS equations (2.2.37),
(2.2.45).
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The Klebanov-Witten model

Finally we take a look at the Klebanov-Witten model for the cases of massless [30]
and massive flavours [35]. The Klebanov-Witten model [6] is based on D3-branes
at the tip of the conifold and is dual to a certain N’ = 1 gauge theory. So apart
from the dilaton and the metric, there is self-dual F{5) flux due to the D3-branes.
In contrast to the previous two examples, one uses D7-branes to introduce flavour
degrees of freedom into the system. These source F{;), so the suitable ansatz for

the relevant deformed, flavoured background is

2 __p—142
ds® = h™2dzy,

29 2f
+h2 |e¥dp® + % Z (d6? + sin® 0; dp?) + %(dw + Z cosf; dp;)?|
i=1,2 i=1,2
F(5) — 277TNC e*4g—fh—5/4 (610x1¢2x3p _ 801Lp102<p2¢) ,
N
Foy = #(dd) + cos 01 dyy + cos By d(pg) ,

(2.2.51)
with ¢ € [0,47], 6; € [0, 7], v; € [0,27] and p € R. There is an obvious choice of
vielbein }

e® = h~V/%dgt e? = ht*efdp,
6 _ 1 41/ o _ L 14 g
e’ = %h eddb; , e¥t = %h e?sin6; dy; (2.2.52)

1
eV — §hl/‘lef(dg[; + cos 0y dyy + cosfs dys) .

The flavour branes behave differently in the massless or massive case. In the for-
mer, the authors of [30] used two stacks of branes whose world-volume coordinates

may once more be identified with space-time ones:

= (2", p, 02, 02, #1 = const. = const.
& = (2", p,02,00,9) 61 P1 (2.2.53)

§2a = (a:M?pa 917(»017’9[}) 92 = const. (pg = const.

So prior to smearing, the system has a global U(Ny) x U(Ny) flavour symmetry —
one group for each set of D7-branes. This is obviously a four-parameter family of
embeddings, which can be smeared over the transverse (6;, ;) directions. In the
massive case, the embeddings are more complicated. In the field theory, the mass
term breaks the global symmetry to the diagonal U(Ny) x U(Ny) — U(Ny), which
corresponds to the two stacks joining into one on the string-theory side. There is

again a four-parameter family of brane embeddings, yet as the generic embedding
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is much more complicated than those of (2.2.53), we shall only look at one repre-
sentative, trusting that the calibration form ensures that we make use of the whole
family of branes. Choosing world-volume coordinates £ = (z*,6;, 1,02, @2), this
is given by

2 .0 2 .0
XM(é) = <IH7 Pq — glOgSlHEI - glogsm '527 017 ()017027 Y2, ¥1 + ©Y2 + 26)

Pq. B = const.
(2.2.54)

The constant p, denotes the minimal radius reached by the brane and may therefore
be identified as the mass.

The branes have an eight-dimensional world-volume and we therefore need to
construct the calibration eight-form. In the case at hand, this requires the knowl-
edge of the supersymmetric spinors on the conifold. These were discussed in [52].
Our conventions however are those of [30]. The supersymmetric spinor ¢ is related

~1/8

to a constant spinor n as € = h e”%wn. Both satisfy the projections

’iO’z ®Fm011m213'{] =", Frw = iUQT],
(2.2.55)

Lo,p, = —109m, Loyp, = —1097.

From equation (2.A.5), it follows that the calibration form for D7-branes is given
by )
K= g(77“2' o2 ® I“aom,”n)e““““’7 , (2.2.56)

which we may evaluate using (2.2.55) to be

1.2

K = e’ A (epe“"“/’ + ePfrerd _ eel"‘”oz“"z) : (2.2.57)
At this point we may calculate the pull-backs ¢* (K) for both embeddings (2.2.53)
and (2.2.54). Finding +* (K) = /=g d%, we do thus verify that the brane
embeddings are indeed supersymmetric.

In Einstein frame, the integrand of the DBI action is e®/=§(s) 43¢ = e®+* (K).
As before, supersymmetry requires this to satisfy d (eq’lC) = Flg). Making use of
the definition F{;y = e 2% Flg) and the modified Bianchi identity df(;) = —Z, we

arrive at the following:

F(g) = d(e{)]C) = 3h‘%e"‘f Nifrp) 6x0m1x2x3p01<p102¢2 ’
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N
F(l) = e 2% 4 F(g) —3h-_ -f Z;frp) e¥ R

== —dF(l) = Ni(p) (sin 81 d91 VAN dl,Dl + sin 02 d92 A d(pz) (2258)
Ni(p)

+ f I dp A (dip + cos by dipy + cos 8, dgy)

47 o209

5 (4629 g + e —4e*) .

Ng(p) =
The name for the function N¢(p) has been chosen in anticipation of what is to come
— it denotes the effective number of flavours at a given energy scale. It should not
be confused with Ny, the number of flavour branes.

One should notice that the only assumptions made in deriving (2.2.58) are the
form of Fi5) and the vielbein describing the deformed background (2.2.52). That
is, the above relations hold for all types of D7-branes one might want to smear,
massless or massive. They allow us to write down the BPS equations of the system,
which can be derived from the supersymmetric variations [35] or using geometric

methods:
g — 2% f/:3_262f—29_ 3]\2;)‘(/))6@,
4 (2.2.59)
N
o' = 3Ny(p) s(p) e?, h = —27nN e % .
4
Note that there are four first-order equations for the five functions @, f, g, h, Ny.

Furthermore, the smearing procedure always uses the same action,
Ssources = T7/ (_€<I>K: + C(S)) ANE. (2260)
Muio

The authors of [30, 35] used an action of the type encountered in (2.2.9) and
(2.2.43), yet once more the equivalence with (2.2.60) may be shown explicitly — we
also present a general proof of the validity of (2.2.60) in Section 2.2.2.

Given that the discussion up to this point is completely independent of the
type of brane one wants to smear, one might ask how to distinguish between the
different classes of potential flavour branes. The answer to that question lies in the
choice of the function Ny (p).

However, even before looking at specific choices of N¢(p), the generic form of
= in (2.2.58) tells us quite a bit about possible smeared-brane configurations. For
once, it is not possible to break the SU(2) x SU(2) x U(1) x Zy symmetry of the
background, as this is the inherent symmetry of = (The Z, describes the exchange

of the two spheres). So, for massless branes, we are only able to smear both stacks
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simultaneously.

The massless branes may be identified with the coordinates given by (2.2.53).
Thus they are smeared by the terms proportional to df; A dy;. As the smearing
form is symmetric under the exchange (6, @) <> (62, ¢2), it is clear that we have
to smear both stacks of branes. I.e. one cannot assume =y, to vanish without
E6,0, vanishing as well. The term involving dp on the other hand is not transverse
to the world-volume defined by (2.2.53). In order to smear only massless branes,

one needs this term to vanish. I.e. massless branes require
Ni(p) = 0. (2.2.61)

Using this constraint the system (2.2.59) is fully determined and can be solved.
In that case, we can see from (2.2.60) that the last term in (2.2.57) — which does
not contain e” — does not contribute. Interpreting the smearing form as a brane

density, we may identify the overall factor with the number of flavours,
Ny =4mwNs(p) . (2.2.62)

That is, our decision to smear Ny massless branes with a constant number of
flavours imposes two constraints on the system, namely (2.2.61) and (2.2.62).
Our choice for N¢(p) may also be interpreted using the local geometry of the

brane embeddings instead of their global coordinates. The vectors
(Ogs, 05, Oyp) (2.2.63)

are tangent to either stack of branes. As the smearing form should — locally —

define a volume orthogonal to these vectors, we demand*
19,0 = 'LaPE = 13¢E =0. (2.2.64)

It follows that 4w N¢(p) = const. = Nj.

Turning to the massive case, the authors of [35] used

Nj(p) = 3Ny e*7%(3p — 3p,). (2.2.65)

4Interior multiplication of forms with vectors is defined as

(xw)ny.. Ny = XMWy, N,y
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In principle, one would expect that one can combine the knowledge of the embed-
ding (2.2.54) together with the general form for Z in order to derive this form for
N(p), as we did for massless branes, yet we were unable to do so. The reason
might be that the authors of [35] considered not just the single representative of
the family of massive embeddings, yet a complete distribution. Our analysis con-
tributes to the construction of Nf(p) in so far, however, as the derivation in [35]
requires the assumption that the SU(2) x SU(2) x U(1) x Zy symmetry cannot
be broken, while we have shown that this is not an assumption, but an innate
property of the background. More on that topic is discussed in Chapter 7.

Once more, one invokes [51] and needs only to study the BPS equations (2.2.59)
together with the modified Bianchi identity to find solutions of the second-order
equations. We refer to the original papers for a discussion of the solutions.

Anticipating the possibility of using the formalism presented up to this point
in order to smear branes whose coordinate representation is unknown, we shall
now discuss the problem of correctly interpreting the smearing form =. Using the

vielbein it takes the form

(1

6Nf(p) —2g( 619 0 GN}(;O) -2
e 29(ether y QPapay T TN o =2f opd 2.2.66
Vvh ( ) vh ( )

In the case of massless embeddings (2.2.53), the second term disappeared and it is
straightforward to interpret the first as a distribution on the space transverse to
the two stacks of D7-branes. If we did not know about the massive embeddings
(2.2.54), it would be tempting to interpret the term including N} as the distribu-
tion of a third stack of branes extending along z*, wrapping (61, 1,02, ¢2) and
positioned at fixed (p,9). That is, we would think of this term as a contribution
of compact, smeared D7-branes. The presence of such branes is potentially disas-
trous as the gauge theory in their world-volume could remain dynamical from a
four-dimensional point of view. In the case at hand, the eight-dimensional gauge
coupling behaves as gym ~ gsa’2, which vanishes for o/ — 0, the decoupling limit
of the D3-branes. When using D5-branes on the other hand, this does not have
to happen. For the massive Klebanov-Witten model, we know that our interpre-
tation in terms of compact D7-branes is wrong as we are smearing a single stack
of massive ones. Keeping this in mind, we conclude that it is not straightforward
to know which branes have been smeared by simply investigating =.

Again we would like to carry on the procedure we used previously to find the

BPS equations (2.2.59) through geometric properties. However, in the previous
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examples, the starting point was to identify F{3) with a torsion. In the Klebanov-
Witten model, there is no Fi3) but instead F{;) and Fi5). As a consequence, it
is not straightforward to transform the supersymmetric gravitino variation into
a covariant derivative. In this case as in the other ones, supersymmetry should
nevertheless impose conditions on the geometry of the internal manifold. This in-
formation is encoded in the formalism of G-structures, which we use more formally

in following chapters.

2.2.2 The generic case

The three examples of the previous section provide us with all the intuition needed
to understand the relation between generalised calibrated geometry and supergrav-
ity duals with backreacted, smeared flavours. For a Type IIA/B background with
Ramond-Ramond flux Fi,,,y and arbitrary dilaton, we expect that we should al-
ways be able to write the action in terms of the calibration and smearing form

as
Ssources = _Tp/ (e});—stblc - C(p+1)) ANZ. (2267)
Mio

Now, as we discuss in Appendix 2.A, supersymmetry imposes
d (e%%/c) = Flpag). (2.2.68)

Combining this with the modified Bianchi identity dFjio_p—2) = £2k3,T,E, as
derived in (2.2.12), we may link the calibration and the smearing form

d [+ 2 (e"—?‘l’/c)] = +2x2, T, =. (2.2.69)

The overall sign depends on the dimension p+1 of the branes used for the flavouring.
In what follows, we shall give a more formal argument why the action (2.2.67) is
appropriate to describe smeared branes, show that it is equivalent to the actions
previously used in the literature and finally examine some of the consequences of

the above relations.

The smeared brane action

The problem of smearing a generic DBI+WZ system takes a rather simple form
from a mathematical point of view. Here we are dealing with two spaces, the

world-volume My, and space-time Mo, which are related by the embedding
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map

X . Mp+1 — M]O

(2.2.70)
£ XM(g).

As integrals of scalars are ill-defined on manifolds, it is mandatory for this dis-
cussion to think of the brane action as an integral of differential forms. For the
WZ term, the integrand is the pull-back of the relevant electrically coupled gauge

potential onto the world-volume,

/ o (C(p+1)) . (2.2.71)
Mp+1

Whereas we integrate over the induced volume form and the dilaton in the case of

the DBI action®,
[ et S, (2272)
Mpi1

The crucial point is that there is no way to a prioriidentify the DBI integrand with
a (p+ 1)-form in space-time, as the induced volume form is usually not thought of
as the pull-back of a differential form. Indeed, we were rather careless in Section
2.2.1 as we did not discriminate between the set of form-fields in the world-volume
of the brane, 2(M,41), and that defined on all of space-time, Q(M;y).

One might argue that we should be able to somehow push the induced volume
form forward onto space-time. This is certainly the case if we are able to identify
world-volume with space-time coordinates. In the case of the string dual of the
N = 1 SQCD-like theory, this was strikingly obvious. As a matter of fact, the
action written in the first line of (2.2.9) is exactly of the form (2.2.67). In a
generic situation however, we cannot expect to be able to find such a set of global
coordinates. Moreover the natural operations induced by maps between manifolds
are push-forwards of vectors and pull-backs of forms. And as they connect spaces
of different dimensions, they cannot be assumed to be invertible.

This is where calibrated geometry comes in. As we have seen before, supersym-
metric branes satisfy +* (K) = \/——Q(;T) dP+¢. Making use of this fact allows us
to treat the DBI and WZ terms on a democratic footing, as both integrands can
now be written as pull-backs of (p + 1)-forms defined on space-time.

We shall now show that the action (2.2.67) can always be written in the form

used in [30, 36]. Essentially the whole discussion boils down to the fact that we

5The discussion in this section considers branes without world-volume gauge fields or the NS
potential Bz). The presence of a By field is discussed in Chapter 5. See also [34, 43, 44].
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may locally choose nice coordinates. Let us assume that we have a single stack
of supersymmetric p-branes. Locally, we may choose coordinates ™ = (z#,y™)
such that the branes extend along the 2#; that is for worldsheet coordinates £# and
embeddings X (£) we have

oM M e/o,...,
o, XM = { P} (2.2.73)

0 M¢{o,...,p}

The vectors 0, are tangent to the brane. They span a subset of T'M;, which may
be thought of as the embedding of the tangent space 7'M, of the brane into that
of space-time. Orthonormalising the 8,, we obtain a new basis of T'M,,, given
by some E,. Le. span(Ey) = TMpi1 C TMyg. It follows from the construction
that the F, are closed under the Lie bracket, i.e. [E,, Eg] € span(E.,). Therefore
E7' = 0 and the matrix E¥ is invertible. We may complete the set E, to a basis
of the whole tangent space, B4 = (Fq, F,). Naturally, there is a dual basis of
covectors, e = (e%, e?) which we may use as a vielbein.

Having constructed a vielbein suitable for our purposes, we shall now express

the DBI action in terms of that vielbein. As the two bases are dual we have

0= E,e’ = EMe, (2.2.74)
Contracting with (E%)~! = €%, we obtain
=0 (2.2.75)

This is quite important. It means that the components e of the vielbein are not
pulled back onto the brane world-volume whereas all the e* are. After all, the
pull-back acts as ¢* (dexM ) = w,dg”. It follows that the volume form induced

onto the brane world-volume is given by the pull-back of the forms e*

\/ Oy dPTE = /\Z* (e”) . (2.2.76)

The DBI action in this frame is therefore given by
Sppr = —Tp/ "5 ? /\z* (e*) . (2.2.77)
Mypi1 a

In the final part of our discussion, we impose some constraints on the calibra-
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tion and smearing forms, and show that an action of the form (2.1.2) can always
be rewritten in the form (2.2.9). For the calibration form to satisfy * (K) =
\/jém dP*1¢, it has to include A\ e®. So we may assume it to be of the form
K=Ae*+ l@, where K is a (p+ 1)-form which does not depend on all the indices
a simultaneously and therefore includes some of the e®. It follows that ¢* (16) = 0.
The smearing form is defined on the space transverse to the branes. This space
has a one-form basis given by dy™. As we saw above, e; = 0 and it follows that

we may write the smearing form in this basis as

1 =
m:ml...mlo_p_ldy
1 =

—
— —
= =

LA oA dymw—p—l
(2.2.78)

a1...610--p—1 _ =
==

— 98(1o+2)...9 ‘

(p+2)...

That is, locally the smearing form is defined by a single scalar function Zg,49). 9
and includes the wedge product over all the transverse components of the vielbein,
A, e*. We see immediately that K A Z = 0. Moreover

KANZE = 60”'9 E(p+2)__g . (2279)

The trick is now to associate the indices of the function Z(,2)..9 with something
other than those of the relevant components of the vielbein, as we need those for
the overall volume form €% = V=900 dz. As the form reduces to a function

and we are working in flat indices, we may resolve this as follows:

KAE =S 0.0 = 60..A9\/E(p+2)m9 =(p+2)...9
= v/ —900) d1033|51 )

with the modulus of the smearing form defined as in (2.2.10). As the wedge product

(2.2.80)

is linear, one may immediately generalise our argument here for multiple stacks of
branes, thus proving our initial assertion.

As an immediate application of the results of this section, we shall take a
brief look at central extensions of supersymmetric algebras. From the equations of
motion (2.2.13), it follows that the smearing form is exact, dF{19_p—2) = 2k}, Tp E.
In addition, supersymmetry requires (epz_aq’lC —Cp+1)) to be closed. It follows that

we may write the smeared brane action (2.2.67) as a surface integral at infinity,

1 -3
Ssources = BOYR <o (eﬂ‘*_q)’C — Cp+1)) A Fao-p-2) - (2.2.81)
10 /S,
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This takes the form of a charge. From the original discussion of generalised cali-
brated geometry in [42], we recall the fact that probe-brane actions relate to central
charges in supersymmetry algebras — as one would expect for BPS objects. We
conjecture that the charge defined by (2.2.81) has the same interpretation.

2.3 N = 2 gauge/string duality in three dimen-

sions

Let us now apply the methods described in the previous section to the flavouring
of an N' = 2 super Yang-Mills-like dual in three dimensions. A string dual can
be found in the unflavoured case by constructing a domain-wall solution in seven-
dimensional gauged supergravity and then lifting it to ten dimensions. It then
describes a stack of NS5-branes wrapping a three-sphere. Details and physical
interpretation of this solution can be found in [46] and [47]. We first describe
the unflavoured solution using notations from [47] before studying the addition of

flavours.

2.3.1 The unflavoured solution

In the unflavoured case, we consider only NS5-branes wrapping a three-sphere. So
the non-zero fields in Type IIB supergravity are the metric g,,, the dilaton ® and
the NS three-form field strength H(s). The solution found in [47] is, in string frame,

2 2z 1
ds” = dgl, + —d0 + Z5(d2 4 dy?) + —sin? (B} + E3),
' g g 72Q
3/2 ~2A+zx
020 _ 2z e |
g9’ Q
96—21 124 236 135 2z _: 127
H(S) 220172 [coszp(e —e“? — ) —e“Tsine ]
—QZE . )
— %@ {661' Sinz’d) + 623:(4 COSZQJJ + 1) _ 36_21- COSQ’M) _ COS ¢:| 6567
z
_ w 641 sinz 'lﬂ — 34+ 6—4z (3082 71/} _ M 6456 )
03/2 .

(2.3.1)
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A and z are functions of z defined as
2o _ 13/a(2) — cKyp(z) ,
I_174(2) + cK1a(2) (2.3.2)
eA+3:1:/2 =z (1_1/4(2) + CK1/4(Z)) N

where I, and K, are the modified Bessel functions and c is an integration constant.

In the previous equations, we used the vielbein

V2z

e“zTSa a=1,2,3, e’ = Ql/2(0os¢dz—e sin dip),
et = 91/2 (e* sin) dz + costp dy)) e® = det,
1
e’ = g1 sinyFy , ed = de?,
1
e = S sinEs , e’ =de°, (2.3.3)
with o L
o' = cosBdf + sinfsinfdp,
o? = siané—cosBsinédcﬁ,
0% =df + cosfdg,
1 2
St = cosgo%— — singo% ,
3 1 2
5% = sin 922— —cosf (sin (,0%- + cos cp%) ,
3 1 2 (2.3.4)
S% = —cos 9% —sinf (singo% + cos cp%—) ,
1 o2

E,=d0+ coscp% — sincp? ,
3 1 2
E; =sinf dgo—l—a— —cosf sin<p0—+cos<pg— ,
2 2 2
Q=e*sin®Y 4+ e ¥ cos’ P,

00,9 €lo,n, o pel0,2n], BEJ0,4n],

and dQ2 = o'o*. We know that Type IIB supergravity contains thirty-two super-
charges that can be described by an SO(2) doublet of chiral spinors € = (¢7,€™").

Their chirality is expressed as

I'11€ = I'i234567890€ = —€. (2.3.5)
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This background preserves four supercharges, corresponding to N' = 2 in three

dimensions. This means that € has to verify the projections
['1256e — ¢ [1346e = ¢, [%7¢ = o3¢, (2.3.6)

where o3 is the third Pauli matrix.

2.3.2 Deformation of the solution

We now work again in Einstein frame. We first notice that, in the solution of the
previous section, e* and e’ mix the z and v coordinates. In order to simplify this,

we make a common change of coordinates, first proposed in [53]:

eA—J;/2

P gy
059 roe (2.3.7)
. +3x/2
0—\/5———(22)3/46 )

We then get that e* = h;(p,0)dp and " = hy(p,0)do. Let us now deform the
metric by modifying the vielbein in (2.3.3)

e“=e_f/2\/j(p_J)S" a=1,2,3, e’ =e %\ /hy(p,0)do,
e4=e_f/2mdp, 8 = e I/%d¢! |
e* = e 2\/h(p,0)k(p, o) i, e® = e 11%de?,
66=6_f/2WE2, e® = e ¥/24¢0 .

It gives us the following ansatz for the metric:

(2.3.8)

ds? = e7/(p?) (déf,z +35(p,0)dQ3+ i (p, o) [dpz +k(p,0)(E: + Ei)] +ha(p, 0)d02)
(2.3.9)
It is straightforward to see that this ansatz leaves the topology of the previous

solution invariant.

2.3.3 Calibration, smearing and G-structures

We are now interested in adding flavour D5-branes to the background. Following
the usual method, we first deform the unflavoured solution for D5-branes. Then
we find calibrated cycles where we can put supersymmetric D5-branes. We finally

smear them and find a solution that includes their backreaction.
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The solution in the previous section describes NS5-branes. As we are interested
in the infrared (IR) behaviour of the gauge dual, we want to consider D5-branes.
So we first perform an S-duality on the solution. It gives a new solution of Type
IIB supergravity describing D5-branes, for which the non-zero fields are the metric,
the dilaton and the Ramond-Ramond three-form such that

g =gy, eV s e HEP S FR,  os—o o (2310)

As we want to keep the same number of supercharges, and just deform the
previous solution, we impose the same projections on the supersymmetric spinors
as (2.3.6). We then define a new SO(2) doublet

- € +et

n=|"|= , (2.3.11)

nt e _ et
such that (2.3.6) becomes
1256 ) _
n=nmn,

3y =n, (2.3.12)
R —

Notice that n is still a doublet of chiral spinors that satisfies

From the third projection, we see that n~ and n* are both non-zero, but behave
differently under the action of gamma matrices. So for each spinor we can construct

a six-dimensional generalised calibration form

K- = n_TF089abc - 6089abc,
2.3.14
K:+ — 77+TF089 b 77+ 6089abc ) ( )
Those forms can be written as
K- =e"® Ao,
(2.3.15)

Kt = e A gt

where ¢t and ¢~ are three-forms. Using the supersymmetric variations of the

gravitino and the dilatino and identifying F(3) with a torsion term, it is possible to



48 CHAPTER 2. G-STRUCTURES AND BACKREACTING FLAVOURS

define two covariant derivatives V+ and V— such that

(2.3.16)

So the existence of n* imposes that the internal manifold admits a G-structure.
With both spinors satisfying the projections (2.3.12), it is possible to define two dif-
ferent Go-structures in the seven-dimensional space with tangent directions {1, 2, 3,
4,5,6,7}. The corresponding associative three-forms are ¢+ and ¢~. We want the
flavour branes we add to preserve the same supercharges as in the unflavoured so-
lution. From [48], we know that there is in fact an SU(3)-structure in that space,

for which the three-dimensional calibration form is

- %(qﬁ_ — ). (2.3.17)

So the calibration form for D5-branes in this geometry is

K=e"AT. (2.3.18)
We have
¢ = el | M5 16T 4 26 4 25T | 34T 356
2.3.19
¢ = —e1B _ QM5 _ GI6T _ 26 | 257 | 347 4 356 ( )
So,
K = 989 A (128 4 145 4 246 _ o356) (2.3.20)

In order to find solutions for the deformed background, we first need to provide

an ansatz for the Ramond-Ramond form Fis):
Fg = e/ (F124(/0, o)e' + Fizs(p,0)e'® + Fae(p, 0)€**® + Fiar(p, 0)e'*

+ Fuse(p, 0)e*™ + Fser(p, 0)6567) ;

(2.3.21)
and we assume the dilaton depends only on p and 0. As mentioned previously,
we know from [51] that the conservation of supersymmetry gives us first-order
differential equations that, in addition to imposing the Bianchi identity for Fis),

solve the equations of motion. One way to find those equations is to study the
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Type IIB supersymmetry transformations of the dilatino and the gravitino

1 1
o = ST¥5,8n + ﬁ.e‘wzﬁu,,,l“ﬂwpogn =0,
) (2.3.22)

&, =V, + 9—66‘1’/2&,,,,(1‘;” — 98I )osm = 0.
Another way is to use the geometric properties of the space, using G-structures and
generalised calibration conditions. We need to assume that & = 2f. Otherwise,

we can look at the dilatino variation to get an additional condition. From it we

get
L2I-)/4 /T,
9,® = -——2~E(F127 — Fse7),
s (2.3.23)
0, ® = #(Flfﬁ + Fisg + Fise — Fla4) .

Then we remember that K~ is a generalised calibration and ¢~ defines a Gs-

structure. So we get two conditions on those forms

d (e*2K™) = —e® %10 F3),

(2.3.24)
d(e?*7¢7) =d(e®*10K7) =0.
Using the conditions on the dilaton, those two equations give us
) Vhik
f= E ) Fio7 = — .1 , (2325)
J
Fizs = —Fi24, Fose = —Fioa. (2.3.26)
8,0 = __j\/h—lF567.+ vk , 0,d = Vho(Fase — 3F124) . (2.3.27)
27 2
8§ = 2mVk, 85§ = 2§/ hoFioa, (2.3.28)
mk3? B2 Fy — 8,k
8k = 2Vk — lj + k-2 56}: Pl 9,k =0, (2.3.29)
1
Vi Fser + hivk
Ophs = 1Y S Brha = hy\/ha(Frzs — Fise)
(2.3.30)
Moreover, we must have
0,0,® = 0,0,®,
(2.3.31)

0p05] = 050,7 .
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So we get
GvVP1 FioaFser + hiVk(3Fi04 + 2Fys6)
27 ’
0pFys6 _ _OgFser v h1k(4F 124 + 5Fy56) + jF124 Fs67
Vhy Vho 2j '

Let us now eliminate the components of F(3) in (2.3.27) to (2.3.30) and try to solve

8pF124 = -

(2.3.32)

those equations. We get

—2&
By = S _ealo)
J
hy = e—2<1>6b(a') :
2 2\/E a
e = ——€,
70,3
e(“‘b)/zkl/“&,j
124 = ——F/—— 75 > 2.3.33
28,;]_73/2 ( )
s e@=0/2k14(0, 50,5 — 27850,5)
V2(j8,5)%/? ’
r _ VE93)* = j((2+ Vka')3,5 — 2vk}5)
" VZEV45(8,)%? ’
O,k = 2Vk — ka'.

We notice that b(o) is arbitrary, which corresponds to the fact that it is always
possible to redefine the o coordinate. To simplify the problem, we are taking b =0

in the following sections.

2.3.4 Addition and smearing of flavour branes

In order to add and smear flavour branes, one needs to find the smearing form
=. Following the prescription presented in the first part of this chapter, we know
that this form is related to the calibration form of our background K (see (2.3.20))

through (we reabsorb factors of 27 in the definition of =)

1

=dF = —d (e"® xd (e*?K)) . (2.3.34)

Using this, the ansatz for the metric and for F{3) and the equations found in the

previous section ((2.3.27) to (2.3.32)), we can deduce that the most general form
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of Z is
==e? (Nfl(p, 0)[e257 + 1357 — e1247] 4 Ny (p, 0)64567) , (2.3.35)
with
8, Fipy = \/h_zj(F124F456 —5Fh, + 2];’;1624)) — 2 —2v/hikFse7 ’ (2.3.36)
9o Fass _ OpFser + 3F%: | Fser(47 — k) n 3Fuse(Fuse — Fiaa) PPN
Vh VA2 2jVhik 2 ”
(2.3.37)
Consistency between those equations and (2.3.33) imposes that
Npp=Np+—L-8,N,, ' (2.3.38)

hVk
0 = 25°0%5 + 2e%j025 + §(8,4)* — €*(8,5)? — 5°(a'0,j + 4e*Np1) . (2.3.39)

We now see that the only unknown we have is Ny;. Any function of p and o is pos-
sible and gives first-order differential equations that solve the modified equations
of motion for Type IIB supergravity plus flavour embeddings. Finding a solution
then consists only on solving the second-order differential equation (2.3.39). How-
ever, while the choice of the function Ny, determines which branes are smeared, we
are unable to derive the embedding of the supersymmetric branes that have been
smeared. One might want to recall the discussion at the end of Section 2.2.1.

Different possibilities for the smearing form

As it was stated before, the starting point of adding smeared flavours is to choose
a smearing form, which, in the case at hand, corresponds to choosing a function
Ngi1(p,0). A first possibility would be to take Ny independent of p. It follows
from (2.3.38) that

Np1 = Ngy = Ng(o). (2.3.40)

Then we can try to solve (2.3.39) by making the following ansatz for j:
3(p,0) = G(p)H (o) (2.3.41)

We obtain
H _

GI — a/2
cle Y H

Ny, (2.3.42)
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where ¢, is a constant. In the case where a = 0 and Ny is a constant, we can solve
this and find

k=(p+po), (2.3.43)

and
§ = (c1p+ c2)?Pcos(\/—Njo + c3)? if N; <0, (2.3.44)
j = (c1p+ c2)® cosh(y/Ny o + c3)? if Ny >0, (2.3.45)

where ¢y and c3 are integration constants. These provide analytic solutions of
the equations of motion of Type IIB supergravity with modified Bianchi identity.
When looking at the dilaton behaviour, we find

3(p + po) .
e?® = if Ny <0, 2.3.46
c1(ca + c1p)/3 cos(cs + /—N; o) ! ( )
2 = 3(p+ po) if N;>0. (2.3.47)

c1(ca + c1p)V/3 cosh(es + /Ny o)?

When Ny < 0, in (2.3.46), it is remarkable that there are singularities for
c3 + \/——,: o = 4 mod (27). Those singularities may be a sign of the presence of
the smeared flavour branes.

Another possibility would be to try to have a smearing form independent of
one of the radial coordinates, instead of just the function Ny as in the previous

paragraph. For = to be independent of o, we have to take

N
Ny = V) (2.3.48)

7

Then (2.3.39) becomes
0 = 25282) +2¢%j02) + §(8,§)® — €*(0rd)* — 5°a/'Bpj — 4e"N(p)5* . (2.3.49)

Taking here N(p) to be constant, we get N, = 0 which suppresses one of the terms
in the smearing form. Nevertheless, it is not obvious how to find a solution of the
equation for j.

For = to be independent of p, one needs to impose k to be a constant. Then

a(p) = 2a1p,
e—a1p : (2.3.50)

7 N(o),

Nflz
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where a; is a strictly positive constant. We now have to solve:
0 = 25°025+2e*2§02j+75(0,§)* — € (0,§)* — 257010, — 4" N (0)j* . (2.3.51)

In the case where N(o) = Ny is a constant, the smearing form is independent of
any radial dependence. Then, we can find asymptotic solutions, considering p as
the energy scale. One interesting fact is that it does not seem possible to ignore
the term involving Ny in the IR, that is when p goes to zero. In the IR (p — 0),
we find that

3N 2/
s _2a1p/3 f (1—a1)p :
=e —— 4 e if a 1,
g (a% —a ) 17 (2.3.52)
j= g201/3 (3pr + 026"’)2/3 ifa; =1.

In the ultraviolet (UV), we have two possibilities: we can decide that the term in

Ny is suppressed or plays a role. The two cases give

j = cze?1P/352 if we neglect the term in Ny,
. —2a1pN.?U4 (2.3.53)
]=c¢€ T .

Comments on the solution

Firstly one can notice that none of the solutions presented in the previous section
goes to the solution found in [47] in the limit where Ny and Ny, go to zero, as
expected from the dual gauge theory point of view.

We try to find a solution that describes a stack of IV, colour branes plus one or
several stacks of smeared flavour branes. The number of colour branes is related
to the Ramond-Ramond field F{3) through

/ Fsy = 263, Ts N, (2.3.54)
53

where S% is a three-sphere around the point where the colour branes are placed
in the four-dimensional space transverse to their world-volume. We were not able
to find a constant when calculating that integral for the solutions of the previous
section. It means that either we did not find the right transverse four-dimensional
space, or these results cannot have the usual interpretation of stacks of branes.

This relates to the most prominent problem of the method presented in this
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section. As we mentioned in Footnote 3, it is necessary to verify the existence of a
cycle wrapped by the branes. As we explicitly avoided the issue of considering the
embedding smeared, one cannot be certain that the above solutions do describe
smeared branes. In simple cases, when the smearing form does not have a term
along the radial direction of the space, each component in the vielbein basis can
usually be interpreted as the volume form of the space orthogonal to the brane
smeared. In the case studied above, = has to have a term in dp. So by analogy
with the Klebanov-Witten case, it seems that we smear massive flavour branes.
But we were not able to determine their embedding. However, the form of = tells
us it is not possible to smear massless flavour branes in this background. Moreover,
knowing the explicit embedding of the flavour branes is not necessary to look at

some properties of the gauge theory dual.

2.4 Conclusion

In this chapter, we applied generalised calibrations and G-structures to address
the problem of adding smeared flavour branes to a supergravity background. In
doing so, we made a first step towards a systematic study of backgrounds with
a large number of smeared flavour branes. In Section 2.2, we showed that the
smeared brane action of [45] is equivalent to those used previously in the literature
on smeared flavour branes. This makes the symmetry between the DBi and the WZ
terms apparent and the linearity in the smearing form = manifest. Furthermore we
were able to link the complete brane action to a conserved charge and to impose
strong constraints on = by relating it to the calibration form. While the explicit
form of = depends on the embedding smeared, this allowed us to explain various
features of the examples in Section 2.2.1; in particular why the smearing has to
preserve certain symmetries, which again implies that it is often only possible to
smear several stacks of branes at once.

We exhibited the potential of our methods not only by studying known ex-
amples, yet by also flavouring a background dual to a three-dimensional N = 2
super Yang-Mills-like theory (See Section 2.3). Here we found several solutions and
some interesting features, notably the fact that it is not possible to smear massless
flavours — a property which it would be nice to understand from the point of view
of the dual gauge theory.

The formalism introduced in this chapter unifies the treatment of different

possible embeddings for any single background, enabling for a general study of the
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smearing procedure in a given background, instead of the case by case methods
previously used. Even if it remains necessary to verify the existence of the cycles
wrapped by the branes, their knowledge is not necessary for the actual calculation.
However, as we have seen in the case of the three-dimensional N' = 2 duality,
backgrounds constructed without any knowledge of the embeddings might be very
difficult to interpret.

In the following chapters, we build on the results presented above, trying to
improve our understanding of the flavouring procedure in the language of G-
structures. In the next chapter, we apply our technique to the flavouring of a Type
IIA supergravity background with an SU(3)-structure. We also ask the question
of the lift to eleven dimensions of such a solution including sources, and see how

G-structures can help in the understanding of such an issue.
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2.A A review of generalised calibrated geometry

We shall give here a short introduction to generalised calibrated geometry [42] in
relation to supersymmetric brane embeddings. The discussion given ignores the

case of world-volume fluxes and follows that of the review [54].

Calibration forms and supersymmetric brane embeddings The standard
method used when studying supersymmetric brane embeddings is k-symmetry [55].

A brane embedding X (£) is supersymmetric if it satisfies the equation
Ike=c¢, (2.A.1)

where € is a supersymmetric spinor of the background while T, is a linear map
depending on the form of the embedding. For a D-brane of Type II string theory
with world-volume gauge fields such that F = 2ma'F' — B(g) = 0, it reduces to

) ()% Yagap  (ITA)
- €20+ (2.A.2)

I =
1+ )/ =9p+1) e (1IB)

g3 iUg ® ’Yao...ap

which is invariant under Weyl transformations and therefore valid in string and
Einstein frame. The definition uses the pull-back of the space-time gamma matrices
onto the brane world-volume, v, = 0, XMTIy,.

I'x is hermitian and squares to one. It follows that

2
>0

— 7

(2.A.3)

Etl—FKG_efl—I‘Kl—I‘n 3 1—F,i6
2 N 2 2 - 2

which implies that efe > €T, with equality if and only if the embedding is
supersymmetric. Normalising the spinor such that efe = 1 and using (2.A.2), we

may rephrase this as

(MM T Yay e (ITA)

~ 1 Q...

€037 103 ® Yag..ape  (IIB)

Equality holds if and only if the embedding is supersymmetric. Now the right-
hand side of (2.A.4) may be written as the pull-back of a differential form defined
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in space-time:

1 (T "7 Ty o€ ITA
K= 'eao...ap ( Lﬁ‘) 0---ap ( ) (2A5)
(p + 1) GTU3 2102 ® Fao...a.p€ (IIB)

where K is known as the calibration form. An alternative criterion for supersym-

metry of an embedding to the one of (2.A.1) is then given by

’l,* (IC) = 4 /—g(p_,_]) dp+l§ , (2A6)

that is, the pull-back of the calibration form onto the world-volume is equal to the
induced volume form. One may obtain K directly from its definition (2.A.5) and

the knowledge of the projections imposed onto the supersymmetric spinors.

A more formal definition Formally one defines a calibration on a Riemannian

manifold as a (p + 1)-form K satisfying
dK = 0, ](:Ié“p+l S n(p+1)|§p+1 . (2A7)

Here £P*! is a set of vectors specifying a tangent (p + 1)-plane to a (p + 1)-cycle
Yp+1 while npy1) = \/m dP*1¢ is the volume form induced on that cycle. The
cycle Xpyq is calibrated if the above bound is saturated, i.e. if K|epr1 = npi1)|epsr.
As we have seen above in (2.A.6), k-symmetric brane embeddings satisfy the
volume bound, which can be thought of as a BPS bound. In this and in the next
paragraphs, we shall turn to the issue of the closure of (2.A.5). For a background
without fluxes, the issue is rather easily resolved. From the gravitino variation

5€¢M = DM€ = O, (2A8)

it follows that the supersymmetric spinor ¢ is covariantly constant. As the covariant
derivative of both the vielbein and the tangent-space gamma matrices does also
vanish, it follows that

dC=VAK=0. (2.A.9)

VAK is to be thought of as a formal expression: the wedge product antisymmetrises
over the relevant indices and, as the Levi-Civita connection is symmetric in two
of its indices, it follows that the first equality holds. Since all the ingredients of

(2.A.5) are covariantly constant, the exterior derivative is closed.
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There is a nice interpretation of the closure of the calibration form. Let us
assume that we deform the calibrated cycle ¥, to 2, ,,. The two cycles differ by
a boundary Xp,41 — E;, 41 = 6242, More formally we would not consider %, as
a deformation, yet as a cycle within the homology class defined by £,;,. We use

Stokes theorem to establish

Vol(2,11) = / K= dKC +/ K= K< VOI(Z;,H). (2.A.10)
Zpt1 Zpt2 .

!
pr1 Tom

The final inequality uses (2.A.4). It follows that the calibrated cycle ¥,,; is a
minimal-volume cycle. This matches nicely with our experience from string theory

where, in the absence of fluxes, branes wrap cycles of minimal volume.

Generalised calibrations The k-symmetry matrix (2.A.2) does not change in
the presence of Ramond-Ramond background fields and thus neither does the defi-
nition of the calibration form or the supersymmetry condition (2.A.6). Background
fluxes however deform branes such that they do not wrap minimal-volume cycles
any longer. Therefore, for a background with fluxes, we do not expect the calibra-
tion form (2.A.5) to be closed. Rather, its exterior differential should be related
to the flux. Indeed, in all the examples studied in Section 2.2.1, the calibration
satisfied

d (0K = Fopua) (2.A.11)

In this case, one speaks of a generalised calibration, a concept which was first
introduced in [42].

There are several ways to prove (2.A.11). For all the examples of Section 2.2.1,
the equality held after we imposed the BPS equations, so it should be no surprise
that (2.A.11) is intimately linked to the supersymmetry of the background. The
original proof [42] showed that the expression (ep;_%lC — Cip4+1)) appears as the
central charge of a supersymmetry algebra and must therefore be topological and
thus exact. It is also possible to verify (2.A.11) in terms of the dilatino and gravitino
supersymmetry transformations.

Let us now take a look at the appropriate generalisation of (2.A.10). To do
so we shall assume that both the brane and the background fields are static. It
follows that the energy of the system is proportional to its action — with the
proportionality constant being infinity. Minimum energy configurations therefore

minimise the brane action. Let ¥,;; be the supersymmetric cycle wrapped by the
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brane and ¥, = %41 + 0X(p49) a deformation. Then (setting T, = 1)

AF x SE;»H - Sng

B / - (e?;—%,c - C<p+1>) - /zpﬁ (epz_%'c - C@“))

L ()
0Zpt2

= /Zm d (K ~ Cpany) = 0.

The inequality in the second line used again (2.A.4). It follows that supersymmet-

(2.A.12)

ric, static embeddings are minimum energy configurations.



Chapter 3

Flavour D6-branes and lift to
M-theory

3.1 Introduction

This chapter deals with two issues: the flavouring of some Type IIA supergravity
background, and the understanding of how the link between Type IIA string theory
and M-theory can be made compatible with the presence of smeared sources. It is
based on [8], done in collaboration with Schmude.

In the context of M-theory, the relations between Type IIA string theory and
eleven-dimensional supergravity are by now standard textbook material (see for
example [56, 57, 58, 59]). The M2-brane gives rise to the D2-brane and the fun-
damental string, the M5 to the D4 and NS5-branes. The DO and D6-branes on
the other hand have a slightly different origin. Not being related to any brane-like
object in eleven dimensions, they result from the Kaluza-Klein (KK) reduction
relating the two theories; the former being a particle-like, localised gravitational
excitation on the KK-circle, the latter a peculiar fibration of said circle over the
ten-dimensional base, known as a Kaluza-Klein monopole (a good review is given
by [60]). In this chapter, we are concerned with a small gap in this formalism
that becomes apparent when one tries to consider the M-theory lift of smeared
D6-branes.

The problem can be explained quite easily. The bosonic sector of eleven-
dimensional supergravity contains only the graviton gyny and a four-form field
ﬁ‘(4). Upon KK reduction, ﬁ'(4) gives rise to the Kalb-Ramond three-form field

H sy as well as the Ramond-Ramond four-form F(4). From §pn, one obtains the

61
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ten-dimensional metric g,,, the dilaton ®, and a one-form gauge potential C(yy,
with an associated field strength Fi3) = dCyy. If we assume the KK circle to be

parametrised by z, the standard KK ansatz relating the two geometries is*

dsy = e_%‘bdsfm + e%q’(C’(l) +dz)?,
’ (3.1.1)
F(4) = F(4) + H(3) Adz.

Given any solution of the equations of motion of Type IIA supergravity, one can
use (3.1.1) to lift to eleven dimensions and vice versa. However, as C(y) plays the
role of a gauge potential, it is actually F(s) = dC(;) that contains the physically
relevant degrees of freedom. Thus, given a set {g,.,, ®, Fio), H(s), F4)}, one first
has to find a gauge potential prior to lifting. Now assume that for some reason
dF(3 # 0. Clearly Cy) cannot be globally defined and we are unable to find a
gauge potential. Therefore we cannot use (3.1.1) to perform the lift. This is the
apparent gap in the standard formalism we alluded to earlier.

The problem is not a purely formal one. D6-branes couple magnetically to Cy).
As seen previously, the inclusion of sources - in this case D6-branes — violates the
Bianchi identity dF(s) = 0 at the position of the sources. While this is not a
problem for localised sources — as a matter of fact it is the reason why the KK
monopole is a gravitational instanton — one encounters the problem at hand once
one distributes the branes continuously and thus violates the Bianchi identity on
an open subset of space-time.

As an aside it is worthwhile to point out that the relation between D6-branes
and the RR two-form is much the same as that between magnetic monopoles
and the Fggym in standard electro-magnetism. The inclusion of magnetic sources

restores the symmetry of the Maxwell equations. Schematically
d * Fpem = *Jg , dFeeM = *jm - (3.1.2)

Thus, the Bianchi identity is violated by the magnetic current jy.
In this chapter, we do not resolve the issue in full generality, but we focus on

the inclusion of D6-sources in Type IIA backgrounds of the form

Mo =R x Mg, (3.1.3)

Where the distinction is necessary, hats and tildes denote eleven-dimensional quantities.
Capital letters describe eleven-dimensional indices. The M-theory circle is parametrised by either

2, ¢+ or ’lwb
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without three of four-form flux, that preserve four supercharges. More precisely,
we are interested in the construction of string duals to four-dimensional SU(N,)
gauge theories with A/ = 1 supersymmetry and Ny flavours using D6-branes.
This work was originally born out of an interest in studying the addition of
flavour branes to Type IIA backgrounds dual to N' = 1, SU(N,) super Yang-Mills.
Before flavouring, the geometry we start with is that of N, D6-branes wrapping a
three-cycle in the deformed conifold?. In the limit N, g%, > 1, the backreaction of
the colour branes causes the system to undergo a geometric transition. The system
is now best described in terms of the resolved conifold with the branes having been
replaced by IV, units of two-form flux over a two-cycle. This was originally studied
in [61, 62] and the geometric transition is based on the work of [63, 64]; an attempt
at generalising the duality to include finite-temperature duals was made in [65].
The resulting ten-dimensional background consists of metric, dilaton and RR two-
form (g, ®, Fi2)). Referring back to (3.1.1), one sees that it lifts to pure geometry
in M-theory, as both H(3 and F4) are set to zero. It is for this reason that it
is particularly simple and interesting to study these geometries and dualities from
the perspective of eleven-dimensional supergravity. There, the equations of motion

and supergravity variations simplify to
Ryn =0, S:thn = Omé + iaMABfABe. (3.1.4)
The eleven-dimensional geometry is of the form
My =R x M. (3.1.5)

As the seven-dimensional manifold M7 preserves one-eighth of the supersymmetry
and is Ricci flat, it is a manifold of G5-holonomy. The concept of M-theory com-
pactifications on such manifolds (see [66]) is pretty much the same as that of the old
heterotic string models on Calabi-Yau three-folds used in string phenomenology.
Mathematically this is reflected by the presence of a three-form ¢ that is closed
and co-closed

d¢ =0, d(+7¢) =0, (3.1.6)

2To be precise, we are dealing with conifolds deformed by the presence of branes or Foy
flux. They do carry an SU(3)-structure but are not of SU(3)-holonomy. Therefore, they are not
Calabi-Yau and strictly speaking we should not refer to them as (deformed/resolved) conifolds.
For the lack of a better term however, we shall refer to the internal six-dimensional manifolds
in this chapter by that name though, as their topology is the same as that of their Calabi-Yau
cousins.
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where *7; denotes the seven-dimensional Hodge dual on the internal space.
From the point of view of Type ITA string theory, the flavouring procedure is

reasonably straightforward. Following Chapter 2, we consider the action
S = SIIA + Ssources . (317)

The brane action can be written as
Ssources = *T(S/ (e-q)}C - 0(7)) A E, (318)
Mio

where K is the calibration form and = takes the role of a source density for the
Dé6-branes. The presence of Ssources in the modified action (3.1.7) gives source term
contributions to the equations of motion. Most prominent among these is the

appearance of a magnetic source term for the RR two-form,
dFp) = —(263,T6)=, (3.1.9)

that violates the standard Bianchi identity. In Type IIA, one accommodates for

this simply by adding a flavour contribution to the RR form,
Flgy =dCu + Gy, (3.1.10)

with G(g) — 0 as Ny — 0. As it was shown in Chapter 2, the choice of smearing
form is not arbitrary, as supersymmetry and the modified Bianchi identities require
it to satisfy

d*10d (e7%K) = — (23, T5)E . (3.1.11)

It is a priori not obvious how to accommodate the violation of the Bianchi
identity (3.1.9) in M-theory. However, as the sources do not only modify the
Bianchi identity, yet also the dilaton and Einstein equations, it is reasonable to
expect that the eleven-dimensional geometry is not Ricci flat. Instead, the Einstein

equations should be supplemented by the presence of a source term,
. 1. o~ -
Ryn — §gMNR =Tyun. (3.1.12)

From the loss of Ricci flatness, it follows that the manifold can no longer be of Go-
holonomy; as it preserves the same amount of supersymmetry however, it is fair to

expect it to carry a Ga-structure. Therefore, there is still a three-form ¢ that now
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fails to be (co-)closed. One can anticipate that the failure of the manifold to be of
G2-holonomy is parametrised by Ny and thus ultimately by the G () contribution
to F(g), 1.€.

d¢ ~ (Fig) —dCy),

(3.1.13)
d (¥7¢) ~ (Fg) — dCpy) -

These expressions, relating forms of different degrees, are to be understood in
such a way that the left-hand side vanishes when the right-hand side does, and
vice versa. Now for a manifold carrying a G-structure, its failure to be of G-
holonomy is measured by its intrinsic torsion®. Therefore, we expect the flavours
in eleven dimensions to appear in the form of intrinsic torsion. A detailed study
of the relation between the eleven and ten-dimensional supersymmetry variations
prompts us to consider eleven-dimensional backgrounds with torsion 7, where the
torsion is related to Fig) — dC1) = G(g).

Finally, we see that an uplift of our ten-dimensional equations of motion is

given by the relation
RO+ 1RO (g, KER = 0 (3.1.14)
MN T 5 UKLRN\*1P) M =Y, L

which is the solution of our initial problem. R(7 is the eleven-dimensional Riemann
(Ricci) tensor with torsion — we have discarded the use of hats to avoid an overly
cluttered notation. As one can always rewrite the Riemann tensor as a combination
of a torsion free Riemann tensor with additional terms depending on the torsion,
it is possible to recast the above equation in the form of (3.1.12) with the energy-
momentum tensor depending only on the torsion.

At first glance, equation (3.1.14) appears like a modification of M-theory and
violates all intuition that eleven-dimensional supergravity is unique. However, one
must not forget that we never pretended that we would solve the problem in its full
generality. As a matter of fact, (3.1.14) has to be taken cautiously — which might
not be a surprise, as the inclusion of source terms in theories of gravity is always
a rather difficult business. First of all, (3.1.14) assumes the background to be of
topology M;; = RY3 x My, with the internal manifold carrying a Ga-structure.
Furthermore, this means that we are not dealing with maximal eleven-dimensional

supergravity, but with a situation with reduced supersymmetry — 1/8 BPS — in

3For intrinsic torsion in the context of string theory see [48].
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which case the theory is no longer unique. Still, equation (3.1.14) manages what
the standard KK ansatz (3.1.1) does not. It gives the correct source-modified

equations of motion in Type IIA supergravity.

The structure of this chapter is as follows. In Section 3.2, we begin with a review
of the unflavoured geometries in ten and eleven dimensions and then continue
by studying the flavouring problem from the perspective of Type IIA. Following
this, we turn to the issue of the M-theory lift in Section 3.3. For illustrative and
motivational purposes, we use a specific case of an M-theory G5-holonomy manifold
and its Type IIA reduction in Section 3.2. However, the results of Section 3.3 on
the M-theory lift of smeared D6-branes do not depend on this example or the
Type ITA reduction chosen. They only depend on the presence of a Gs-structure,

four-dimensional Minkowski space and the absence of M-theory fluxes.

Note that (3.1.14) is not the only result presented here. As we are studying the
flavouring problem in Type IIA in order to find an answer to the issue of the M-
theory lift, this chapter makes also considerable progress towards the construction
of a dual to four-dimensional, N'= 1 SU(N,) super Yang-Mills with backreacting
flavours. For the specific ansatz of Section 3.2, we are able to derive a set of
very generic first-order equations — (3.2.32) and (3.2.36) — that have to be satisfied
by smeared D6-sources in this geometry. We proceed to derive an analytic one-
parameter family of solutions in Section 3.2.3. While the fluxes in this solution
satisfy the flux quantisation necessary for a string dual, the geometry is that of a
cone over S? x S% with a singularity at the origin. So we expect the interpretation

of this solution as a suitable dual to be difficult.

3.2 Flavoured N = 1 string duals from D6-branes

In this section, we review the source-free string duals in their ten and eleven-
dimensional formulations. Subsequently, we turn to the issue of adding sources
to the Type IIA background. Let us once more emphasise that the particular
choices of eleven-dimensional geometry (and its dimensional reduction) are of no
direct consequence for our results concerning the M-theory lift of smeared D6-
branes. The concrete geometry presented here is chosen due to its relevance to the

flavouring problem in Type IIA.
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3.2.1 The eleven-dimensional dual without sources

Building on the work of Brandhuber [67] (see also [68, 69]), we consider the purely
gravitational M-theory background given by the vielbein

& = do*, & = E(p)dp,
e = A(pora, &t = C(p)[Brz — f(p)ory], (3.2.1)
& = B(p)os, &® = D(p)[Zs — g(p)os] .-

05, 2; are left-invariant Maurer-Cartan forms which we choose to be

o1 = cosydf +sinysinfdy, S = cosydf + sinpsin d,
09 = —siny df + cosysinfdyp, ¥y = —sintpdf + cosPsinfdg, (3.2.2)
o3 =dip +cosfdy, Y3 = dy) + cos0dp.

The solutions we are interested in are 1/8-BPS; therefore, one can impose the
following constraints onto the supersymmetric spinor €:
M#P4e=¢,  Ic=_¢g  I"'Pe=_¢, (3.2.3)

As a direct consequence, we can calculate the following spinor bilinear, which turns

out to be the Go-structure form:

=T ~\ ~AgAi; A
¢ = (€L ap4,4,€)€7°
(3.2.4)
— é‘p13 + é’p24 + ép56 4 ’él46 + é345 _ é]25 _ 6236 .

In the absence of four-form flux, the preservation of four supercharges is equivalent
to the manifold being of Ga-holonomy. A necessary and sufficient condition is
the closure and co-closure of the Gy-structure form. By imposing d¢ = 0 and
d(*7¢) = 0, we obtain the BPS equations

_ E[BD(g - f*) + ACf(1—g)] _ ECf1-g)

A 2AB ’ B A ’
- E[A%(2C? — D?) + C?D*(f? — g)] o = E[ABD — C®f(1 — g)]
N 24202 ’ - 2ABC ’
_ BC _ 2
f= 94D’ g=1-2f*%.

(3.2.5)
The same BPS system follows from demanding that 551/~)M = 0.
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The best known solution of (3.2.5) is the Bryant-Salamon metric [70]. With

A2=BQ=fﬁ C2=D2:£3<_p_8)

12”7 9 )

I 1 (3.2.6)
2= (1-8 —g=

the metric takes the form

dﬁ:dﬁ3+< %) dp +§:

3 2

G (-9

(3.2.7)
The seven-dimensional Gy cone actually turns out to be the cotangent bundle 7*53.
The geometry is that of a cone over S x S3, with each sphere being parametrised
by a set of Maurer-Cartan forms. At p = pp, the minimum of the radial parameter,
one of the spheres () collapses, while the other (¢) remains of finite size. M-theory
dynamics on this type of manifold were discussed in [66]. Fluctuations in pg and
the gauge potential C(3y can be combined into a complex parameter. However,
as these fluctuations turn out to be non-normalisable, they do not parametrise a
moduli space of vacua, yet rather a moduli space of theories.

There are three U(1) isometries in (3.2.1) given by 0,, 0 and 0y + 0y and there
are therefore three different dimensional reductions to Type IIA supergravity. In
each case, one obtains a conifold geometry with flux, with the conifold singularity
being resolved by a deformation or resolution. ILe. there is a cone over S? x S3
and one of the spheres vanishes at the minimal radius while the other remains of
finite size. Furthermore, if we choose to reduce along an isometry embedded in
the vanishing sphere, we need to recall that the vanishing of the M-theory circle
indicates the presence of D6-branes. Thus, the reduction along 9; yields a deformed
conifold with a D6-brane at p = py extending along the Minkowski directions and
wrapping the non-vanishing S3. If one mods out the U(1) by Zy, before reducing,
the corresponding geometry is that of N, branes. The other two reductions include
non-singular U(1)’s, so we end up with resolved conifolds. As the M-theory circle
is non-singular, there are no D6-branes. There is F{y) flux though on the finite-
size two-sphere. The different geometries are related by a flop transition between
the resolved conifolds and the conifold transition between the deformed and the
resolved ones.

In the context of gauge/string duality, the deformed conifold corresponds to

the weak 't Hooft coupling regime, while the resolved one is to be considered for
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large 't Hooft coupling. Thus the latter provides the appropriate supergravity
dual. M-theory realises the conifold dualities via the aforementioned moduli space
of solutions. See [61, 62, 66].

Scherk-Schwarz gauge In what follows, we study the reduction along 0y + 9.
In the context of the flavouring problem of Section 3.2.2, one expects the system to
be best described by one of the resolved conifold geometries with additional flavour
branes. Therefore, out of the three isometries discussed, 0, and 0y + 8113 are the
obvious choices. We selected the latter as it leads to simpler equations in Type ITA
supergravity. The choice made here does affect the flavouring problem, yet not our
results on the M-theory lift. As we are interested in the reduction of tangent-space

quantities, we need to transform the vielbein to Scherk-Schwarz gauge

-1 o0 20
4 [€73%en e3T A
€ = 25 )
0 es A
(3.2.8)
1 1
lg lg
ey [€3TEE —eitA,
A T 2
0 e 3%
AM

To obtain the gauge (3.2.8) from (3.2.1), we perform the following gauge transfor-

mation:
A =AOADAQ

with the individual transformations A®, A® A®) being

A(l) = (][ng cos o —sina)

sina cosa

]I5x5
cos w% —sin ﬁz"—

sin%t cos%"—
z:os%i — sin dﬁz'— ’ (329)

in ¥+ Yt
sm 3 cos 2

AQ) —

Iax2
Isxs o«
(3) _ cos o simmo
A - ( —s(i)nafl)coga ) !
][2x2
and all other entries zero. Here we defined
D(l—-g¢g ~
cosa(p) = ( ) V=9 +19,

VB +(1- gD’
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B ~
- T b= — . (3.2.10)

sin a(p)

In principle one needs only A® and A® to obtain Scherk-Schwarz gauge; yet,
without A®, the new projections satisfied by the supersymmetric spinor would be
linear combinations of the old ones (3.2.3) with coefficients cos @, sina. As it is,

the form of the supersymmetric projections remains invariant under A. ILe.

1‘\1234€ — é,
[13%6e = ¢, (3.2.11)
[P12%0e = —¢.

Thus the G-structure (3.2.4) remains formally the same, with the vielbeins €4 now

replaced by é4. A disadvantage of the reducible gauge is that the new vielbein is

rather complicated.

Dimensional reduction and Type IIA string theory The resulting ten-

dimensional vielbein is given by

et = e%q’dx”,

ef = e%q’Edp,

el = e3%A (cos % df + sin f sin %—— dap) ,

e? =ei®Acos o (cos % sinfdy — sin 1’b—2— d0>

b

+e3%Csina [cos Q%(sinédg& — fsin@dy) + sin —2—(d§ + de)} ,

(3.2.12)
e = eiC [cos w—Z_(dé — fdf) — sin %(fsin@dgo + sinédg&)] :

et = —e3®Asina (cos %_— sin 6 dp — sin -1’[}2—_ d0>

+e3%Ccosa [cos 2g—_(sinédc[) — fsin@dyp) + sin 7’[)—2_(d0~ + fd@)} ,
e’ = e3®Dsina (cosﬁdcp —cosfdg + dw_) ,
while the dilaton and gauge potential are

29 B _ D(1 - g)

e - =
2sino 2cos o
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B? — D(1 — g°)
B2+ (1—g)?D?

. 1 -
= cosdy + cos0dp + (sinza 1 tgcosza> (cosfdp — cos@dp + dyp_).
(3.2.13)

Cy = cos @ dy + cos 0dg + (cos@dyp — cos 8@ + dy_)

Using ['® = I'!, the reduction of the supersymmetric projections takes a more

pleasing form:
M2 =¢  THTHe=—¢, TIPTe=—. (3.2.14)

This allows us to calculate the generalised calibration form for D6-branes in this

background:

K = (.. as€)e™ % = PN (e1?® — 345 — P2 _ eP13) (3.2.15)

Note that the internal three-form part of this is, up to some overall dilaton factor,
identical to that part of the Go-structure (3.2.4) independent of €°.

G-structures In terms of G-structures, the situation in Type IIA supergravity
is the following. Because we preserve four supercharges, we expect space-time to
carry an SU(3)-structure. As it was shown in [71], it can be directly derived from

the Go-structure of the KK lift. Centrepiece of that reduction are the relations
‘] = ¢ab6 eab ) \Il == ¢abc eabc . (3.2.16)

For the six-dimensional internal manifold, J defines an almost complex structure,

with respect to which we can define from ¥ a (3,0)-form Q as
Q=U—ix V. (3.2.17)
These satisfy the equations
JAQ=0, JAJ/\J:%Q/\Q. (3.2.18)
In the case at hand, we have

J=e" et —eB

13 24 345 125 (3'2'19)
U=el 4 e’ —e™,



72 CHAPTER 3. FLAVOUR D6-BRANES AND LIFT TO M-THEORY
which gives
Q=0 —ix ¥ =_(e +ie°) A (e' +ie*) A (e +ie?). (3.2.20)

Thinking about lifting from ten to eleven dimensions, we can invert equa-
tions (3.2.16) to express the eleven-dimensional Gy-structure in terms of the ten-

dimensional quantities:

¢ = e 2y + 6_%¢J A é8 5
1 (3.2.21)
s’y = _56—4‘1’/3J ANJ+ e—‘b(*ﬁ\I!) Aés.

As previously stated, Ricci flatness, preservation of four supercharges and absence
of four-form flux in eleven dimensions guarantee the GGo-holonomy of the internal
manifold. This translates in the closure and co-closure of ¢. As the fibration
of the M-theory circle over the ten-dimensional base is non-trivial, one obtains
non-vanishing two-form flux upon reduction to Type IIA supergravity. Hence the
internal six-dimensional manifold is not of SU(3)-holonomy due to its intrinsic
torsion. This means that the forms J and 2 are not both closed. The relations

they obey can be derived from the closure and co-closure of ¢ thanks to (3.2.21):
0=dg=d(e™®¥) +dJ A (Cuy+dyy) +J AdChy,
1
0=d#¢=—zd (eBPINJT) +d (e P #s V) A (Coy +dipy)  (32.22)
— %3 (W) A dCpyy .

We know that none of the ten-dimensional quantities depend on 1,. Hence, the

contribution to the previous equations coming from di), must cancel by itself. It

gives
1
0=4dJ, 0=—5d (eT*®BTAJ) — e (xgT) AdCy .
0=d(e®*x7T), 0=d (e ®¥) + J AdCyy,
(3.2.23)
These equations can be rephrased (following [71] for example) as
dJ =0,
3
dd = Zeq’do(l)J(*ﬁqf), (3.2.24)

J_ldC(l) - 0,
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where

1
Gp)+Hprg) = HG"""“”Hm...upupﬂ...up+qd$“”“ A ... Adzhete (3.2.25)

We described in this section the construction of a Type IIA supergravity back-
ground from the reduction of eleven-dimensional supergravity. We also derived
the equations imposed on the structure by supersymmetry. Now we turn to the

problem of adding backreacting flavours in this ten-dimensional context.

3.2.2 Smeared sources in Type IIA supergravity

The source-modified first-order system

Applying the method developed in Chapter 2, we now address the problem of
flavouring the Type IIA supergravity background obtained in the previous sec-
tion. It means that we look for a solution of the following action, describing the

backreaction of smeared D6-brane sources in a ten-dimensional background:
S = Sira— T6/ (e7®K —Cm)) AE, (3.2.26)

where Syr4 is the Type IIA supergravity action, K is the calibration form corre-
sponding to supersymmetric D6-branes, C(7) is the seven-form potential and = is
the smearing form, representing the distribution of sources. The sources in (3.2.26)
modify the standard Type IIA equations of motion and Bianchi identities to

dF(o) = —(263,T6)E,

0=d *10 Flg,
0= 1 aﬁ(\/_—ggnxe—%ba)\cp) _ §F22 — §e*‘1’5_,(*101C)
= 3 @ g ! (3.2.27)

e?® 1 2
Ry = =2V,u0,2 + ——(FunF," = 200 F ()

e@

+ I((*]-OIC)HKAEWK)\ - g/,u/E_J(*IOIC)) .

Fortunately, the flavouring procedure does not require us to explicitly solve the
complete second-order system. Due to the standard integrability arguments ([50,
72, 51]), it is sufficient to satisfy the Bianchi identities along with the first-order
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BPS equations?. However, in Section 3.3, we show how to derive the second-order
system directly from M-theory.

The metric ansatz is given by the vielbein (3.2.12) and the dilaton is assumed
to depend only on the radial coordinate p. The calibration associated with x-

symmetric D6-branes is given by (3.2.15) which is
K=" A v (3.2.28)

Supersymmetry requires the two-form flux to obey the generalised calibration con-
dition
& .
*10d (67°K) = Fy). (3.2.29)

This tells us that the most general ansatz for F{y) is
Flg) = et (FpS(P)eps + Fia(p)e'? + Fia(p)e™ + Fs(p)e™ + F34(P)€34) - (3.2.30)
The conditions given by supersymmetry on this SU(3)-structure geometry with

intrinsic torsion are still given by (see end of Section 3.2.1)

3
dJ =0, d® = Ze‘I’F@)J(*G@) , JiFp) =0, (3.2.31)
where we have now replaced dC(;y by F{s), thus enabling for dF{3) # 0, as necessary
for D6-sources. Together with the generalised calibration condition (3.2.29), these

equations give the first-order equations the system must satisfy:

A

f= Ctana’

,_E 2 D +Dcosasina_2F

«= Dtana C2tana A? 2]
_FE AD 2
Y AF23 - AF34 )
2 Dtan o A "~ (C?tan’a tano
_E
d _CF.
2 ( Dtanla ¢ 34) ’
_E 2D? D2 DF23
— — 2 .2.32
-2 ( c? tima b ) ’ (32:32)
3E Dcos2a D Fog

=22 (-
2 ( 242 ' 2C%tan?a | tana F34> ’

4Technically there are further mild assumptions to satisfy. Ie. one needs the (0, 1) components
of the Einstein equation to vanish explicitly.
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Fo_ D cosasin o B D
s A? C?tana’
o D cos? o D 2F55
2= 42 C?tan’a tana 345
D Dcosasina
Fiy = - Foq.
U7 C?tana A? + 02

As mentioned before, the modified equations of motion relate the smearing form

to the two-form flux:
dFjo) = —262, T4 E. (3.2.33)

This equation, combined with (3.2.30) and (3.2.32), tells us that the most general

ansatz for = is

= _ o—59/3 (El(p)epM + () (ep23 T ep14) + Ea(p)e™ + Ealp) (6135 " e245) ) ’

(3.2.34)
with o 7
- — =2 —_ 34
H3=—E — I T 2.
s tana’ 17 2k TeDsin’ (3:2.35)
and the additional conditions
Fo_E F3y DFy3cos? a+ DF3ycosasina B D?cosasina  2F%
S Dtana A2 A2C? tan o
DFy;cos(2a) + DFsysinacosa . D?cosa 9
3F54F5s — 2k, 162
7 sink o Clsno + Ol'34la3 — 2Kple=2 |

+ 2F%, — 2k3, 1651
y (3.2.36)
One can verify explicitly that any solution of equations (3.2.32) and (3.2.36) auto-

’ .y F34 . DF34 DF34 COS(QCI) F34F23
3 Dtan?a 242 2C2sin’ o tan o

matically solves the source-modified equations of motion (3.2.27).

As we want to interpret the two-form flux F{) as created by brane sources,
we need the flux to be quantised, obeying [, F(2) = 2nN.. S? is a suitable two-
cycle surrounding the branes in the transverse, three-dimensional space. This adds

constraints on = and Fg):

=1 =S tana,

—A2D + C4Fyysin® a + C?(2N,e5® sina tan o + Dsin® o + A%F3,)
(A2C? + C4sin® @) tan a ’
(3.2.37)

F23:

that are compatible with the equation (3.2.36).
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3.2.3 Finding a solution

In this section, we present an analytic solution of the previous system of first-order

equations. First, we can directly solve one of the equations in (3.2.32):

s N.C?sina tan o

Dzeg Ve

(3.2.38)
Let us now specialise to the case Zy = 0. We see that this reduces the freedom of

the smearing form to

B 6—5'1>/3F34
2k3,TsDsin® o

= (e!® 4+ &) . (3.2.39)
The branes smeared with this particular form would correspond to branes ex-

tended in the radial direction p in a trivial way. This simplification allows us to

solve the equation for the last unknown component of the two-form flux Fiy):

24 Ny¢sin o
Fay = e3? ,
. AC

(3.2.40)

where Ny is a constant of integration related to the number of flavours in the dual
field theory. We now suppose that the two-form flux is independent of the radial
coordinate p, a property verified in other examples of string duals. This imposes
that

A? = C?sin*a. (3.2.41)

Finally, we assume f to be constant. A look at the original metric (3.2.12) tells us
that f parametrises the fibration between the two spheres — this becomes rather
more obvious in (3.2.1). Thus if f is independent of p, the fibration does not change
when we flow along the radial direction. Then we can solve the full BPS system

analytically, and we find:

1p N2 1 AN2(1 — f2)2
_ 3®P‘Vc -3 c
D2_ea fz’ A?-—esl———3f2——’
201 2 201 _ F2)\2 2
02:e§¢4Ncglf2 f), 2= 16Nc(;2 f?) [(e%q))] , (3.2.42)
2—
COSa:f, Nf: :t]\[c(4—fi)

3f
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where 0 < f < 1. The two-form flux is
Fay = — No( sin0d0 A dy + sinf dd A dp)
+ Nysingp_ (d0 A df + sin 0 sin 6dep A d(ﬁ) (3.2.43)
+ Nfcos¢_<sin§d9 A d@ + sinfdé A d<p) :

At this point, we notice that we can write the metric explicitly as a cone upon

redefinition of the radial coordinate. We take

g2
r= fl—we”/{ (3.2.44)
f
then dr? = E%dp? and the metric is
ds?,, = 2?3 (d:ci3 +dr? + r2dQ§m) : (3.2.45)
where
1 1
2 _ 2, o2 2 2 . 2
dQ:, =T (d6? + sin® 0 dy®) + D) [(wi — fdO)” + (wp — fsinfdy)”]
1 2
+ ) (w3 — cosfdp)”
(3.2.46)
with

wy = cos_df — sin_sin 0 d@,
wy = siny_df + cos)_sind, (3.2.47)
w3 = —dy_ + cosédg&.

We can first notice that taking the limit Ny — O for this solution gives a singular
background. It indeed corresponds to taking f — %, giving

r

6N,

r2 1. \? 1 2
+ 9 (wl — §d9) + <w2 ~3 sin 0dgo)
(3.2.48)

Secondly, we have quantisation of the two-form colour flux, which is necessary for

2
ds?vf_,o = (dazi;; +dr? + % (d92 + sin? 9d(p2)
2

r
+ 15 (ws — cos Bdy)?

the gauge/string duality.

The interpretation of the additional flavour terms to the flux is not clear. A
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look at the solution prompts us to suspect that the interpretation of the sources
as being due to flavour branes is more straightforward if one reduces along 0,. It
should be interesting to consider the solution at hand in the context of conifold
transitions though. Of course, this is just one solution of the BPS equations of this
particular dimensional reduction. Other solutions might also present interesting
properties. Anyway, we stop for now the study and interpretation of flavoured
solutions, and turn back, in the following, to the problem of the M-theory lift.

3.3 Back to M-theory

Having studied the flavouring problem of D6-branes in the background (3.2.12) in
the previous section, we have sufficient intuition to turn back towards the more
general case of smeared D6-sources in M-theory. The discussion here is fairly
generic and requires only the presence of the various G-structures as well as the

overall topology R'3 x M.

3.3.1 Lifting the supersymmetric variations

The G,-structure

Our considerations in the introduction about the loss of Ricci flatness prompted us
to consider the appearance of intrinsic torsion. So we begin our attempt at finding
a candidate M-theory lift with magnetic C(;) sources by studying the ten and
eleven-dimensional G-structures. Originally, we were dealing with a G-holonomy
manifold in eleven dimensions. Then, we reduced it to an SU(3)-structure in ten
dimensions, following the equations (3.2.16). After this, we flavoured the theory,
which changed the structure equations in ten dimensions (3.2.23) by replacing
dCpy by Fg). However, after adding sources in Type IIA supergravity, we have
Fay # dCyy. So, if we try to lift back to eleven dimensions, we start from

1
0=4dJ, 0=—=d(e *®BIAJT) - e ®B(xgU) A Floy.
5d( ) (6 %) A Fiz) (3.3.1)

0=d(e ®3xT), 0=d(e V) + JA F,
When we then look at the Go-structure we find, combining (3.2.22) with the above,

d¢ = —J A (Flzy — dC),

o (3.3.2)
d %7 ¢ =e (*6\11) N (F(g) — dC(l)) .
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So, sources in Type IIA supergravity translate, in eleven dimensions, into the loss

of Gy-holonomy and the appearance of torsion proportional to Fig —dCn) = G(2).

The supersymmetric variations

The previous section gave a first confirmation of our suspicion that geometric tor-
sion should allow us to accommodate for the sources in M-theory. This suggests
that all geometric quantities, such as covariant derivatives and curvature tensors,
should be replaced by their torsion-modified relatives. Simplest among these is the
covariant derivative, which makes an explicit appearance in the eleven-dimensional
supergravity variation ;¢ = D€, which yields the Type IIA supergravity varia-

tions upon KK reduction. In Appendix 3.A, we therefore study how this equation

and its Kaluza-Klein reduction change upon inclusion of a torsion tensor® 7
- 1 A 1
dePm = Omé+ ZC:’MABFABé + Z%MABFABé =D{e. (3.3.3)

The result is given in (3.A.20) and we proceed by investigating what constraints
we have to impose on Tpr4p in order for the lower-dimensional variations to include
magnetic sources.

Now from the form of the dilatino variation (Einstein frame),

31 \/_ 3 s

5 2
S A = Eﬁez@(dcbc + 267727 ,,,) T + (B2 + 56—4¢%zbz)rbr“e, (3.3.4)

€22Ge, as (3.3.4) then

it follows that we have to demand 7,5, = 0 and 7, = 3

V2
4

takes the form

3 1 s

S A = ——et [, e + ~—~ 5, dT°T e, (3.3.5)

with the two-form now no longer closed, Fipy = dC(1) + G(g)-
Substituting 7,4, and 7, into the gravitino variation of (3.A.20) we see that if
we impose

3
. R e2?
Tzaz = 0 ) Tzbe = B Gbc )

S0Of course, once we include the torsion and proceed from D€ to Dg;)é, it is not certain

whether this defines a supersymmetric variation of a supergravity theory. What we do know
for certain however — and show in the following — is that the naive dimensional reduction of the
usual eleven-dimensional supersymmetric variation does not yield the correct Type IIA one and
that (3.3.3) gives a first-order differential equation on the spinor that does reduce to the correct

equations. With this in mind, we write 6g15M = Dg;)e.
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3e 29
. ez . es
Tube = _Q—CI—LGIJC N Tubz = _TGPb s (336)
the gravitino variation turns also to the desired form
5 =0.€+ a]' Fbc 1 %@ a Fbcd 1450Fd 1-\11
e¢p = Ou€ eﬂzwabc €+ 621—6 e# cd (nab - a ) €. (337)

Equations (3.3.5) and (3.3.7) are important results. If one performs a KK reduction
of the original supergravity variation without torsion, 5é1l’M = Dyps¢€, one obtains
supergravity variations including dCy), yet not G(3) = F{) — dC(;). By adding
the torsion term to the eleven-dimensional supergravity variation, we are able to
directly derive the ten-dimensional variations with F{,y instead of dC(;). Looking
back at (3.3.3), it is fair to say that the spin connection Wy ap contains dCy,
while the torsion carries the G () term necessary to complete F(z). The right-
hand side of (3.3.3) is constituted of two parts. The first two terms are the ones
coming from the lift of the Type IIA part, and are exactly the terms present in
eleven-dimensional supergravity. The last term, which is the only one involving
the torsion, corresponds to the lift of the contribution of the sources to the ten-
dimensional supergravity variations. Thus, it seems that, mimicking what happens
in ten dimensions, we are in presence of the usual eleven-dimensional supergravity
plus some sources.

Using the torsion-modified covariant derivative for spinors (3.3.3), we can also

define such an operator V(™) for tensors. The relevant connection coefficients I" are

PX = {5+ K5,
(3.3.8)
Kamp = TmaB,

where { %} is the Levi-Civita connection. With the help of V()| we can rewrite
equations (3.3.2) as
Vil =0,
(3.3.9)
V7 (x2) = 0.
One should remember that the original BPS equations could be written geomet-
rically as Vyéd = 0 and Vs %7 ¢ = 0, yet that these ceased to be valid once we
included the sources in ten dimensions — as we discussed in Section 3.3.1. Equa-
tions (3.3.9) show however that these geometric BPS equations remain formally

invariant once we include torsion.
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3.3.2 The equations of motion

We shall finally turn to the search for equations of motion in M-theory that reduce
to the source-modified second-order equations in Type IIA supergravity as given
in equation (3.2.27). To find these equations, we actually reverse the integrability
argument that allowed us to consider the first instead of the second-order equations
in Sections 3.2.2 and 3.2.3.

To get an idea of what we are about to do, let us briefly come back to the simple
case without any flavours or sources. The Bianchi identities are the usual ones, the
equation of motion is simple Ricci flatness, Ry = 0, and the G,-structure form is

closed and co-closed. Thus the latter satisfies V ;¢ = 0. Taking the commutator

0=[Vk,Vi]ounp

) . ) (3.3.10)
= _RSMKL¢SNP - RSNKL¢MSP - RSPKL¢MNS .
Upon contraction of (3.3.10) with ¢, we find®
0= 2Rxkz + RMNPL(*?Cb)KMNP . (3.3.11)

MNP

In the absence of torsion, RM NPL(*70) = 0, due to the well-known symme-

tries satisfied by the Riemann tensor,

Ryiimn =0,
(3.3.12)

Riximn = Ryunkr = —Runik -

Therefore, our space-time is Ricci flat and the equations of motion are satisfied.
After this brief digression, we return to the original problem. Our aim is to
find a suitable equation of motion in M-theory, that reduces to (3.2.27) upon
dimensional reduction. For consistency this equation of motion needs to reduce
to simple Ricci flatness in the limit where the ten-dimensional source density = —
equivalently the torsion 7 in M-theory — vanishes. Contrary to our considerations

in the previous paragraph, the Ga-structure does no longer satisfy V¢ = 0,

6 As one can verify by direct calculation using (3.2.4), the Gy-structure satisfies

¢lmn¢kmn = 65lk )
P Brmnp = (¥76) " + 50}, — 6501,

where k, [, m,n,p denote indices of the seven-dimensional internal manifold.
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but instead satisfies Vg&)gb = (0. So we can once more consider the commutator
of covariant derivatives. The identities of Footnote 6, used to derive (3.3.11), still
hold, yet equations (3.3.12) do not, and we arrive at the main result of this chapter,

the M-theory lift of the source-modified equations of motion:
0= 2Ry + Ryp (410) ™™ (3.3.13)

where R(™ is the Riemann (Ricci) tensor in the presence of torsion.

As we pointed out before, the BPS equations in their geometric form, Vg\}) ¢ =0,
are equivalent to those obtained from the supersymmetric spinor e, Dgf,)e = 0.
Therefore we could have derived (3.3.13) also using (3.3.3). A commutator of

covariant derivatives acting on the supersymmetric spinor yields
0=RS),, [°Pe. (3.3.14)
We then contract with €', and make use of the identity

FAFBFCFD — FABCD + nABFCD _ n(?BFDA + nCDFAB + nDAFBC
(3.3.15)

,’,’ACI-\BC _ ’I]BDFAC + nABnOD AC BD + nADnBC

It follows that

0 = 2E)RY) + (&0 M) Rappr + O (E4Pe) . (3.3.16)

The assumptions made about the supersymmetric spinor € imply that there is a

Gs-structure that can be expressed as
*7(]5 (6 FABCD 6) ABCD (3317)

They also imply that all terms of the form é 45 ¢ vanish. Hence (3.3.13) follows
from (3.3.16).
The equations of motion (3.3.13) can be rewritten in a more typical and en-

lightening fashion, using the Einstein tensor:
R 1. - .
Rk — -Q'QKLR =Tkr, (3.3.18)

where TKL is the energy-momentum tensor of the sources. It can be written in
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terms of the torsion as

Tk = VKM — VKM e + KM pKP e — KMy p KP g

1
+ §(VLKMPN ~ VpKun + KuroK %y — KupoK @y ) (470) MV

N + %(VLKMPN — VpKyin + KoKy — KMPQKQLN)(*7¢)K
' 1.
N + —Q'QKL (VMKMQQ _ VQKMMQ + KMMPKPQQ _ KMQPKPMQ)

1 R )
+ =9k (Ve Kmon + KnuprK ) (x2¢) MNP .19)
where Kj/np 1§ the contorsion tensor (see (3.3.5)). From (3.3.13), we can see that

the Einstein equation we are proposing contains two terms: on the left-hand side,
one has the Einstein tensor one would get from varying the eleven-dimensional
supergravity action with no four-form flux; on the right-hand side, one has an
energy-momentum tensor that vanishes when the torsion is set to zero. When
the torsion vanishes, so does T and one recovers the M-theory Einstein equation.
Writing the equation in this form makes very clear the fact that the lift of Type
ITA supergravity with sources is eleven-dimensional supergravity supplemented by
some sources. Unfortunately, we were not able to find an action that would be
responsible for this energy-momentum tensor. To summarise, we claim that having
sources in ten dimensions corresponds to having an energy-momentum tensor in
eleven dimensions, of the form presented above.

To verify our claim, we now perform the explicit dimensional reduction of
(3.3.13), and show that we recover all the equations of motion of Type IIA su-
pergravity with sources. The calculations are — as so often in supergravity —
straightforward yet tedious. We found [73] quite helpful, yet not essential. No-
tice that, in the following, despite the fact that we dropped the superscript (7) for
simplicity of notation, all hatted Riemann and Ricci tensor are considered in the

presence of torsion.

Let us start with the zz-component of (3.3.11). We find

R 2 1 1
R,. = —-e'®—=0,(v—ge 20" ®) + —e** I
2z — (2)
3 vy 4 (3.3.20)

(*7¢)ZSPKRSPKZ = egé(*ﬁw)_ldc(g) ,

from which it follows that

0= 2Rzz + (*7¢)ZSPKRSPKZ
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4 1 _ 1
O = —§e4q)Tg l“(“ /_ge 2@8#@) + 564@}7(22) + 63¢(*6\I])_ldG(2)

= %a“(ﬁe—2¢a“¢) — gFé) - %e
Here we used that x¥ = — %10 K and dGy) = dF{;) = —Z (for simplicity, we
reabsorbed the coefficient 2x3,T¢ in the definition of =). We notice that we find
exactly the source-modified ten-dimensional equation of motion for the dilaton as
in (3.2.27).
Now we investigate the pz-component of (3.3.11). We get

=2 (510K) = . (3.3.21)

N 1 A
Ruz = _562¢VUFVu + CHRZZ ’
(3.3.22)
R 1
(*7¢)MSPKRSPKZ = —geau(*7¢)ab6d(dG)bcd + Cu(esq)(*ﬁ‘I’)JdG(?)) :
Now we have
1 1 1
Seau(570)HAGhea = 256 PPN At = 753/ =G0 P Jap(AG) e
11 11
= 6 *g (d:z:“ AJA dG(g)) = 26 *g [dfﬂ Ad (J A G(Q))]
=0 ,
(3.3.23)

because supersymmetry tells us that dJ = 0 and d(J A G(z)) = d(d¢) = 0. Thus

0=2R,, + (*7¢)NSPKRSPKz

. 1
= —e*®V'F,, +2C,R,, — 6e,w(*7¢>)a’md(ch)bcd + Cu(€® (%6 ¥)2dG(z))

=~V Pyt Cp [2Res + €2 (300) 4Gy |
(3.3.24)
The term in square brackets is equal to the zz-component of (3.3.11) and the

remaining part corresponds to the Maxwell equation for F{g).

The zv-component” of (3.3.11) gives

- 1 - 2
R,, = “§e2q)vapu + C, R, + §e2¢(dc(1) - F(Z))Vpapq)’

"One might suspect this to be identical to the pz-component. Due to the presence of torsion
however, the Ricci tensor is no longer symmetric and one has to check this independently. Inter-
estingly, the Kaluza-Klein reductions of uz and zv are already different in the torsion-free case.
Here the two differ by Fsy — dC(;y however, which vanishes in source and torsion-free geometries.
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(%10), 5 Rspr, = €2G,p[Flaya(#60)]? + C,(e** (%6 V) 2dG(2))
4
= geQQ’GVﬂaﬂ@ + C (€¥® (%6 ) 1dG(y) (3.3.25)
with d® = 3e®F5)1(*6¥) due to supersymmetry. Putting things together

0=2R,, + (x:¢),5"K Rgpx,
) (3.3.26)
= —&*VPF,, + C, 2R, + € (1) 1dGpp)|

This agrees with the pz-component. Let us finally look at the ur-component of
(3.3.11). We have

-2

- e?® 1 1 A e A
Rﬂy:R/.w+2vp.al/q)_T(Fup(dc)yp_zguuFé))—icuvpppp_l_Cpsz_TguuRzz:
(3.3.27)
and
. A 4
(#70),°7 Rspicy = Cu[(%:9),°"" Rspr.] + 56@(*6‘P)quGud5cq’
1
— G (418) PN AG ot — €7 (460), V4G (3:3.28)
1 1
+ iezq’ea“(h(ﬁ)“deG,,chb — éeé(*s\D)”CdV,,ch.
Let us first notice that
cd 1 1 cd
(x6¥),“(VaGue + §V,,ch) = 5(*6\11)# (dG)yed - (3.3.29)
Then, from a previous computation, we know that
€ap(¥76)°H(dG)pea = 0. (3.3.30)
Here are formulas that are useful in the following calculations:
(*6 ) (%6 0) o’ = Nactiba — NadMoe + JacTts + JaaJbe ,
(3.3.31)

1
5(‘] A J)abccl = Jab'-]cd + Jachb + Jadec )

and, once again,

: 3
aaq) = %6¢(F(2)J(*6\P))a = geQFbc(*G\P)bca . (3332)
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So
1
(416)™ Fop = =5 (J A )™ Fy

— Fy(Jobged 4 Jacgdb 4 jad bey (3.3.33)
= 2J Py J,

because supersymmetry dictates that F(g).J = 0. And we have

3
(*6\1;);‘186@ = —geq’ng(*(;\IJ)”dc(*G\I!) foc

(3.3.34)

3
= —Ze‘b(FMd + J I FyJ9) .

So if we now put everything together, we get

(*7¢)MSPKRSPKV = CM[(*7¢)ZSPKRSPKD] + €., G ™ FyeJ
1
_ 564’(*6\1:);‘1((1@)”00, — G a(F, + J,  FgJ%%)
A 1
= CM[(*7¢>)ZSPKRSPK,,] - Ee‘b(*ﬁ\I!)HCd(dG)ucd — ewFH‘iGud.
(3.3.35)
So looking finally at the whole picture
0= ZRW + (*7¢)”SPKRSPKV
1
=2R,, +4VY,0,® — *®(F,,(dC),” - 21-gwj.ﬂ‘(g)) ~C,V?F,, — &*F, %G,
o ~ 1 N
—e g, R, + Cu[(%16),° " Rspx,] — 5e<1>(*6\1r),fd(d(;)ycd + C.2R,,

1
=2R,, + 4VM(9,,(I> — 82¢(Fﬂp(dC(1) + G(g)),,p — ZQ“VF(%)) — C,,VPFW

. . A 1

1 - 1
— ieq)(*lolC)”p":,,pa + —€ 2cl)gu,,ea(b(>l<6111)_|dG'(2) N

2
(3.3.36)
which gives
1
0=2R,, +4V,0,® — e**(F,,F,* — i 9w Fy)
1 (3]
— —€ (*10’(:) p(TEV o — 3 V(*l()IC)_IE
2 woe ) (3.3.37)

— C,VPF,, + Cu[2R., + (+19),57% Rspxe,]
—2&

- eTg;u/ [ZRZZ + ezé(*IO}C)—‘E] )

where we recognise the first two lines of this equation as being the Einstein equa-
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tion of Type ITA supergravity with sources, and the rest vanishes thanks to other
components of (3.3.11). This completes the reduction of the eleven-dimensional
Einstein equations to the Type IIA supergravity equations of motion.

To summarise, in this section we showed that the equation of motion of eleven-
dimensional supergravity with torsion (3.3.13), which is given to us by integrability,
reduces to the source-modified Type ITA supergravity equations of motion (3.2.27).
It thus shows that adding torsion to eleven-dimensional supergravity reduces to

adding smeared D6-sources in Type ITA supergravity.

3.4 Conclusions

In this chapter, we have been interested in two related issues: the addition of D6-
branes as smeared sources to a Type IIA supergravity background, and the lifting
of such a system to eleven dimensions. We considered these in the context of one-
eighth BPS solutions of the form R x M, a fact represented by the presence of
a Gy or SU(3)-structure.

Concerning the problem of the M-theory lift, we showed that ordinary eleven-
dimensional supergravity cannot accommodate for the presence of the additional
sources and argued that a possible solution might lie in the inclusion of geometric
torsion. While our argument was founded on the observed loss of Ricci flatness in
the higher-dimensional theory, we were able to show by explicit calculation that
the supersymmetry variations take the required form upon addition of torsion.
Moreover, the torsion must take the form (3.3.6), related to the distribution = of
the sources in the reduced theory. Subsequently, we derived a set of second-order
equations that could be the equations of motion of some eleven-dimensional su-
pergravity with torsion, and proved that they reduce to the Type IIA equations of
motion with smeared D6-branes. As we pointed out, this work is not in contradic-
tion with the uniqueness of supergravity in eleven dimensions, because we are only
considering a theory that preserves four supercharges. We did not of course show
that there is a well-defined theory in eleven dimensions that is supersymmetric
and has the field content of both eleven-dimensional supergravity as well as of the
additional torsion. One should not forget however, that we do not study the uplift

of Stia, which is well known, but of

S = SIIA + SDﬁ—sources . (341)
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The problem was first addressed in [74], whose authors found a seven-dimensional
gauged-sigma-model action that reduces to the DBI term of the D6-brane. They
were unable to find a suitable uplift of the Wess-Zumino term however. While
this chapter does not solve the problem in the sense of [74], it does succeed in
lifting the ten-dimensional equations of motion to pure eleven-dimensional geom-
etry. The question whether the results are just an accidental rewriting of Type
ITA supergravity dynamics in higher-dimensional notation or do actually point to
a higher-dimensional supersymmetric theory that includes torsion is still unan-
swered.

While there is a long history of the uses of torsion in the context of string
theory, the torsion used in papers such as [75] and [48] is related to the presence
of fluxes, not of sources. Therefore, the addition of further torsion is a rather
unorthodox concept. So it is necessary to wonder if we would not have been able
to solve the problem at hand with simpler methods. As mentioned before, our
argument was based on the loss of Ricci flatness in eleven dimensions. One might
guess that it is possible to use the four-form in M-theory, E (4), to obtain a suitable
energy-momentum tensor to supplement the Einstein equations. This however
leads to four and three-form flux in Type IIA supergravity, in contradiction with
our results of Section 3.2. Another possibility would be to use the KK monopole
action of [74]. There, the authors constructed a gauged-sigma-model action that
is the dimensional uplift of the DBI term of a D6-brane. Using this, one could
try to lift the action (3.1.7) to M-theory. Yet, considered in connection with the
standard Kaluza-Klein mechanism, (3.1.7) is an action in terms of dC), not Fig).
So, even if one were able to lift the brane contribution to (3.1.7), the supergravity
part would still be lacking the source contribution. Still, it might be interesting to
try to match the sigma-model action [74] with the inclusion of torsion.

The other problem studied in this chapter is the construction of a gravity dual
to N = 1, SU(N,) super Yang-Mills with flavours. We addressed this in Section
3.2. There we found a system of first-order BPS equations that describes the
addition of D6-sources to the Type IIA supergravity background (3.2.12). At the
end of Section 3.2, we presented a family of exact solutions. The detailed study of
these, especially concerning the physics of their gauge-theory dual, has not been
made and could be of interest, as well as finding other solutions.

In the next chapter, we once again use an SU(3)-structure and the smearing
technique to construct new supergravity solutions, that we believe are dual to field

theories exhibiting a Kutasov-like duality.
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3.A Supergravity variations with torsion

We review the dimensional reduction of the supersymmetric variations — with an
additional torsion term — from eleven to ten-dimensional supergravity. Concep-
tually, we follow [58], but our conventions are slightly different. We assume a
space-time with topology M1y x S! and label the eleventh coordinate as z. Nat-
urally, all fields are independent of z. Further assuming the eleven-dimensional
background to be purely gravitational, we only need to consider the variation of
the gravitino,

- 1 1 .
Oethy = Opé + Z(AAJMABFABé + Z‘f'MABPABé, (3.A.2)

which we have modified by the presence of the torsion term 7. As in Section 3.2.1,
we take the vielbein to be in Scherk-Schwarz gauge (3.2.8).

We shall perform the reduction of (3.A.2) step by step and our first aim shall

be the reduction of the spin connection

1 /4 A R
WaBC = 2 (QCAB —Qpac — QABC) , (3.A.3)

with the objects of anholomorphicity defined as

Qupc = (Omel — Onel) xaENEY . (3.A.4)
Then
(‘:}zbc = +e; (dc)bcy (;)abc = % (nabac(I) - nacabq)) + e%q)wabca
(3.A.5)

N G%Q " 2 1g
Wabz = _T(dc)aba Wzaz = 563 8a(b .

Note that we use dC),, instead of F},, as we are anticipating the inclusion of sources

such that F(s) is no longer exact.

Turning to the gravitino, one could make an ansatz

~

Yy = (€™, "N, (3.A.6)

and
¢ = el%e, (3.A.7)

with {,m,n € C. Yet, for reasons that are obvious later, we need to consider linear
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combinations such as 1, = €™®¢), + e"*T A + e?*T', T\
We begin with the covariant derivative of the supersymmetric spinor, looking

first at the vector components:
o1® 1 1 be
D“e = (10,Pe + Jy€) + 4wabc E(naba@ — NacOpP) | T

14 1 1
- ¢ 2% (dC) T e + (gemCﬂ(dC)chbc + ge‘boﬂabérbr“) €
1

1
+ Z'fubcrbce + ‘Q'%uszbFnE .
(3.A.8)
The scalar component satisfies
2 e® b e? b 1 b 1 b
e ®D,e = ?(dC)bcI‘ e + ?abcpr IM'le + Zfzbcl‘ ‘e + 57T Me.  (3.A9)

Equations (3.A.8) and (3.A.9) hold in string frame. To convert to Einstein
frame, we need to recall that the gamma matrices are defined in tangent space,
from which it follows that only the curved-space gamma matrices are affected by

Weyl transformations. For a generic Weyl transformation, we have

ey e‘sq’ea Qave = €5 Qe + e_éq)é(nabacq) — NacOh®P) ,

EF s e °PEH Wabe > € %wape — 067 (10p0. P — 1acOp®P)

0, — €720, (dA)g,..qp > €P°*(dA)g; . a, (3.A.10)
=1, Tab > Thab »

Tube 2 Tube -

This leads to having, with (e5)% = ei®(eF)2, § = 1,
—ld7 - a 1 1 be
e ?D,é = (10,Pe+ Oe) + €, 7 Wabe + E(naba@ — NacOp®) | T
l 34 o b1l 1 e | 1 30 b1l
— —e1%e (dC’)a T e + 8 CM(dC)bcl" + 564 CLop®I°T | €

1
- b1l
—Tusz I'e,

+ =Pl + 5

4
es®

8

1
(dC)yeTPee + = 8b(I)FbF11€ + szcF €+ 7T e

—I®dA ~
D, =
(& €= 4 5

(3.A.11)
One needs to compare (3.A.8) and (3.A.9) or (3.A.11) respectively to the su-
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persymmetric variations of the ansatz (3.A.6)

Dyé = 6, = €™ (mb:®, + 6:9p) = €™ 0eth,
= 8:p, = €"® (nG: D\ + 6:\) = "2\ . (3.A.12)

The last equalities follow from the fact that we assume the spinor fields to vanish.
However, the resulting variations explicitly depend on the gauge potential Cy).

We therefore replace the original ansatz (3.A.6) with

Y =P — $2€Zﬂabrbru?;z — 2303, A =219, é =%,
(3.A.13)
which amounts to a field redefinition in ten dimensions. If one were to work
properly, one would have to perform the dimensional reduction of the action as
well in order to make sure that the fermion terms have the proper normalisations.

The supersymmetric variations of (3.A.13) are

5677b/.t = 561[);1 - -’E2€Znabr‘br1165¢z - xSCy.ée’l;&z
= e‘lq’f)ué — xgeZnabeF“e_lq’f)zé - ngue_lq’Dzé, (3.A.14)
S =mze®D,e.

Note that the variations of the bosonic fields all vanish, as we have set the fermions
explicitly to zero. Our aim is to compare (3.A.14) with the Type IIA Einstein-frame
supersymmetric variations as taken from [76]:

V2

(S/\ = T@ﬁbf‘“f‘“e 3 1

162"

8, = Dye+ 61—4e% (AC) uypp (T,#142 — 1488 T42) THe. (3.A.15b)

e12(d0),, 142, (3.A.15a)

Before evaluating (3.A.14), we calculate
- 1
Ty €l T e D,e =z, geg%ﬁ 7ab(AC)ea(T* + 27T e

1 s a 1 s a c
— arg—?;eiq’e”(')a@e — wQEeiq’eﬂ(mbaﬂ) — nacabq))f‘b €

1 1
a ~ a A be
~ 5 %26 abTzaz€ — T2, TabTzezl" €

1 kol C (&
+ 7% eZTzcd(nabe 4 4 26T e
(3.A.16)
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where we used
Fan — Fab + nab’ I\anFc — l-\abc + nabl-\c . ncarb + ,',’bcl-\a ) (3A17)
Putting things together, we use equations (3.A.11) and (3.A.14) to find

1 1
5571[)# = (laﬂq)e + 8“6) + GZ {Zwabc + E(nabacq) - nacabq)):| Fbce

1 1
- Ze%q’efL(dC)abeF”e — xz-g—egq)e“nab(dC)cd(Fde + 2P e

1 1 1
+ nge%%z(n&ba@ — 700, ®) % — a:3C’“(Z%szI‘bC + §@bzrbrll)e

es® b ei? b1l l 24
— 23 TeuCa(dC)ch +—3—e”Ca8b<I>F r E+£L‘2§64 €50, Pe

1 1 1 1
+ chrbce + §%,d,zl“bl““e + (ge%q’C’#(dO)chbc + §e%¢c,‘ab<1>rbr“> ¢

1 R 1 R 1 R
+ '2‘m2eznab7-zaz6 + _-/L'Qefﬂ’]ab’rzczFbc6 - ZxZBZTzcd(nabeCd -+ 252Fd)rll€ )

2
33 3
1 1
S\ = ml%(dC')bcl"bce + xle—;—a@rbr“e + @1 Fal™ + ST T
(3.A.18)
Investigating this and comparing with (3.A.15), one sets [ = ﬁ and
2

T = %—e“%q’, Ty = —ée'%q’, 3 =1, (3.A.19)

to obtain the standard Type IIA supersymmetric variations garnished with some
additional torsion terms:

1 1
St = e + €2 -wapel e + —€%e2(dC) g (nap I — 1465T%) I'e

4 64
1. 1,
+ Z’rubcr‘bce + QTﬂbszFne
1 1
—_ Tﬁehg'@eznab%zaze - ]__6e_%q:'ez,l’?ab%z:cz]:‘bcE
1
+ ﬁe_%q)ez%zcd(nabrbai + 28T e
1 1
_ I—L(Z'f_zbcrbc + §%szrbru)e7

31 s _3a. . V2 3 _sg.
66)\= Eﬁegé((dc)bc_kze gd)szc)Fb€+T(8b@+§e ZQszZ)FbFlle'

(3.A.20)



Chapter 4

Seeing Kutasov duality in

supergravity

4.1 Introduction

We construct in this chapter new Type IIB supergravity solutions, and find that
their field-theory duals exhibit a Kutasov-like duality. This chapter is based on [9]
which has been done in collaboration with Conde.

We look at supergravity solutions corresponding to branes wrapping compact
cycles, an approach set forth by [77], and we choose those cycles to have a non-
zero genus. Wrapping branes on cycles of non-trivial homology does not seem
to be a much explored avenue (see however (77, 78, 76, 79]), although a lot of
mathematical structure appears, that relates to interesting physics. One recent
example is the construction by Gaiotto and Maldacena [80, 81], using M5-branes
wrapping Riemann surfaces of arbitrary genus, of the gravity duals of certain N’ = 2
super-conformal theories previously found by Gaiotto [82]. We are interested here
in a related configuration, yielding different physics though: we wrap D5-branes
on Riemann surfaces with genus g > 1, preserving only four supercharges. We
refer to such surfaces as hyperbolic cycles since we build them as quotients of
hyperbolic spaces. Our main motivation for doing this is to look for the gravity
duals of theories displaying Kutasov duality [83, 84, 85], that appears when one has
a non-trivial adjoint matter content in an SU(N,) gauge theory with fundamental
matter. The fact that the adjoint content is non-trivial is directly related to having
g > 1. One formal way to explain this is using the index theorem like in [77], that

determines the number of fermion zero-modes from the topology of the space. As

93
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shown there, having a non-trivial genus g > 1 implies the existence of (g — 1)
massless adjoint fermions. Another way to think about those adjoints is that they
roughly correspond to the zero-modes of the By field on the cycles of different
homology within the Riemann surface.

As we said, Kutasov duality involves the presence of fundamental matter in
the gauge theory. The way to implement this on the gravity side is to introduce a
smeared distribution of branes. As we know from Chapter 2, one has to study the

action
S = SI]B + Ssources . (411)

For the configurations we want to study, the action of Type IIB supergravity

reduces to (in Einstein frame):

1 1 1
Sup =5 /\/*9 R- *3u‘1>3“‘1’> - -/(eq’F(eo /\*F<3>)] , (412)
2% 2 2
while the action for the smeared sources is:
Ssources = ’—TDS/ (eq>/2’C - C(ﬁ)) ANZ s (413)

where = is the smearing form that accounts for the distribution of the flavour
branes, and K is the calibration form for the D5-branes.

The introduction of Ssources in (4.1.1) modifies the equations of motion of Type
IIB supergravity. In addition, it is responsible for the violation of the Bianchi
identity for Fi3), which allows us to relate the smearing form to the RR flux:

dF(g) = 2’{‘%0TD5 =. (414)

In this chapter, we decide to look for solutions of (4.1.3) that are dual to field
theories exhibiting a Kutasov-like duality. Kutasov duality is a generalisation of
Seiberg duality [17]. It relates two four-dimensional N' = 1 gauge theories. One has
gauge group SU(N.), with Ny chiral multiplets in the fundamental representation,

and one adjoint chiral superfield X with the following superpotential:
k
W(X)=Tr > gX"', (4.1.5)
1=1

where k is an integer. The second gauge theory, related by Kutasov duality to
the one we just described, is very similar: it has gauge group SU(kNy — N,) with
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Ny fundamental chiral superfields and one adjoint one Y. In addition it has N}
mesons. The details of the construction of the mesons and the superpotential for
Y in terms of quantities of the first gauge theory can be found in [83, 84, 85]. It
can be generalised to the case where we have multiple generations of adjoint chiral
superfields [86]. In this chapter, we show the way one can see this Kutasov duality
in our supergravity solutions. Especially, we identify the parameter k of the duality

with some gravity quantities.

The structure of the chapter is as follows. In Section 4.2, we find the super-
gravity differential equations describing branes wrapping Riemann surfaces with
higher genus. We are able to reduce the study of this system of equations to the
study of a simple ordinary second-order differential equation. We systematically
investigate the solutions of this differential equation in Section 4.3. In Section 4.4,
we critically analyse several features of the dual gauge theory to our brane con-
figuration. We show, among other things, that we do see a realisation of Kutasov
duality in the supergravity picture. Section 4.5 can be read independently; it deals
with a generalisation of the ansatz previously used, allowing for more general brane
configurations, as well as with the study of its solutions. We did not however study
the field theories dual to those additional solutions. Finally, we sum up the results

of this chapter.

4.2 The H, x 5172 ansatz

Our goal is to find Type IIB supergravity solutions that correspond to D5-branes

“wrapping Riemann surfaces of higher genus. As we know from the uniformisation
theorem (see Section 4.2.5 for details), these particular spaces admit a geometric
structure modelled on the hyperbolic plane Hj, this being the reason why we often
refer to these surfaces as hyperbolic two-cycles. As we argue later (see Section 4.4),
our motivation for looking for such configurations is that of finding gravity duals
to supersymmetric gauge theories with massless adjoint matter. For the moment,
in these first sections, we focus only on the gravity side and the quest for these
new Type IIB supergravity solutions.

We are interested in finding geometries dual to four-dimensional N = 1 gauge
theories. One simple way to achieve this is by imposing on the geometries an
SU(3)-structure. Additionally, it tells us that we should wrap our D5-branes on a
two-cycle as mentioned before so that, for energies that appear small compared to

the inverse size of the cycle, the six-dimensional theory on the branes reduces to



96 CHAPTER 4. SEEING KUTASOV DUALITY IN SUPERGRAVITY

a four-dimensional one. There is a close example that achieves exactly this, which
is the so-called Maldacena-Nuifiez model [13, 87]. So it is interesting to revisit it
as a starting point for motivating the ansatz we later use. In fact, for our present
purpose, it is far more appropriate to have a look at a generalisation of the MN
solution: the one found in [21] by Casero, Nufiez and Paredes, that has come to
be known as the CNP solution, and which accounts for the inclusion of dynamical
massless flavours into the MN background (see also [28] for a more precise matching
with the dual field theory). Let us then recall how this CNP geometry looks like.

4.2.1 The CNP solution

By wrapping a large number N, of D5-branes on a two-sphere inside a Calabi-Yau
threefold, and adding a smeared set of Ny (~ N,) D5-branes overlapping with the
former along Minkowski space-time, one finds a Type IIB supergravity solution
dual to an N =1, SU(N,) SQCD-like theory with Ny flavours.

In Einstein frame, and with the conventions o/ = 1 = g,, the metric, RR

three-form and dilaton cast as:

ds® = e/ [dxig + e?kdr? + et (Uf + og)

62g 2k

+ (@ - A1)+ (w2 — A2)%) + 5 (ws - Az)Q} : (4.2.1)
Nc Nc N
Fg) = 2/ (wi_Bi)'i_TZGi/\(wi_Bi)_TfO'l/\Uz/\(wa‘“BS)y
(4.2.2)
o =4f, (4.2.3)

where f, g, h,k are all functions of the radial/holographic coordinate r; o, 2 para-
metrise a two-sphere S? and w; » 3 parametrise a three-sphere S3. These wj o3 are

SU(2) left-invariant one-forms satisfying the Maurer-Cartan relations:
1
dwi = —-Q—Gjik Wy AWy . (424)

The set of S* one-forms 072 can be completed with a third one o3, such that
they mimic the S3 Maurer-Cartan algebra, do; = —%eijkaj A 0%, although they are
obviously not independent. The one-forms A;, B; entering the fibration and the
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RR form then read:
AI’Q =aodi2, A3 =03, Bl,2 = b0'1,2 y Bg =03, (425)

where a, b are also functions of r. Finally the two-forms G; appearing in F3y can

be written as a gauge field strength for B;:

1
Gi = dB, + ieijkBj A Bk . (426)
For concreteness, let us show a coordinate representation for the left-invariant one-
forms used above. If we choose the usual coordinate system for the S? and S3,

{01, 1} and {62, @2, 1} respectively, we have:

oy = —db,, wy = cosY dby + siny dys,
o9 = sinfy dey , wy = —siny dfy + cos P dipy (4.2.7)
03 = —cosf; dy w3 = dy + cosby dys .

The CNP background is 1/8-supersymmetric and has consequently four Killing

spinors that satisfy the following projections:
€E=T €, '€ = Dyqe, I'345€ = cosa € + sin a T'gy¢, (4.2.8)

where 7 is the first Pauli matrix, o = a(r), and the T’y 4,... are antisymmetrised
products of constant Dirac matrices in the natural vielbein frame for the metric
(4.2.1):

ezizefda:i, (1=0,1,2,3), € =elt*dr,

61 — €f+h0'1, 62 — 6f+h0'2,

ftg f+g f+k

e [ e
63=T(W1—A1), 6427(&)2—142), 65:T(W3—A3).

(4.2.9)
The functions f, g, h, k, a, b, o characterising the background are known! as the so-
lution of a system of first-order ordinary differential equations, the so-called BPS
system. This BPS system can be reduced to one second-order ordinary differential
equation, which we call “master equation” since, once it is solved, all the previous

functions follow. This master equation is simpler if we perform the reparametrisa-

'For general N, and Ny, the full solutions are only known numerically. Only the asymptotic
UV and IR behaviours are known analytically.
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tion of the ansatz that was originally proposed in [29]. After this reparametrisation,
the geometry is not as transparent as in (4.2.1), where we can clearly see an S®
fibred over an S? (reason why we refer to this CNP solution as the S? x S? case),
but in turn, the analytic treatment of the solution is much simpler. The change of

variables reads as follows:

on 1 PP—Q? - PsinhTt COSa_P~Qcosh'r
~ 4Pcosht—Q° ~ Pcosht—Q’ ~ Pcosht—Q’
inh 7/P? — Q°
€29 = Pcosht — Q, b=%c, Sina:ﬁSHJIDCToshT—g’
€2k=4y 62@ D

TTE-ay (4.2.10)

where, of course, the new functions P,Q,Y, 7,0, D depend only on r. Note there
is one function less than before. This occurs because « could be written in terms
of the others as a consequence of supersymmetry. In these new variables, the CNP

solution reads:

2N, — N 1
— tanh Ze inhrT = —————
o = tanh T (Q + 5 ) , sinh 7 Snb(2r = 2rg)
D = e*®°\/ P2 — Q2 cosh(2ry) sinh(2r — 2r9), Y = % (P'+ Ny) ,
2N, — N 2N.— N
Q= (Qo + ch) coth(2r — 2ry) + Tf (2r coth(2r — 2r¢) — 1),

(4.2.11)
where the prime denotes differentiation with respect to r, the terms with a zero
index are constants, and P is the solution of the following second-order differential

equation:

P +Q@ +2N; P —Q +2Ns
P-Q P+Q

P" 4+ (P"+ Ny¢) ( —4coth(2r—2ro)) =0.
(4.2.12)

We call (4.2.12) the master equation for the $? x S® case.

4.2.2 The ansatz

Inspired by (4.2.1), we write down an ansatz for a Type IIB supergravity solution
representing D5-branes wrapping a hyperbolic two-cycle (recall that by this we
mean a Riemann surface with genus g > 1), plus a smeared set of N; flavour
D5-branes. The first guess would be to substitute the S? appearing in (4.2.1) by
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an H,%. However, we know that this S? is not the two-cycle wrapped by the D5-
branes. The latter actually involves another S? inside the S® as well (see [88]). It
then makes sense to think that we also need to substitute the S® by some three-

dimensional manifold that can accommodate the hyperbolic two-cycle inside it.

This substitution can be achieved by keeping basically the same ansatz as in
the S? x S3 case:

ds? = €%/ [dxi3 + e*dr? + e (a? + 03)
2g 2k

+ T((E‘)—l — A1)+ (w0, — A2)2) + T(_@s - As)z] , (4.2.13)

N. LN, N
Iy = 1 /\(%‘ - Bi)+ Izgi/\ (w; — Bi) — -74101 Aoy A (ws — Bs),

(4.2.14)
®=A4f, (4.2.15)

where f, g, h,k are all functions of the radial/holographic coordinate r; but now
we are using a different set of left-invariant one-forms w;, such that they satisfy

the following Maurer-Cartan relations:
dw; = —wy A ws, dwy, = —w3 Awy , dwz = +w; Aw,. (4.2.16)

Notice the flip of the last sign with respect to (4.2.4). This choice enforces the
presence of hyperbolic cycles. We also use a different set of one-forms ¢g;, that
characterise the Hj in the same way as the o; characterised the S, and once again
mimic the algebra (4.2.16) of their w, counterparts: dg; = —gyAg3, do, = —g3A 0,
and dgg = +0, Ag,. The one-forms A;, B; entering the fibration and the RR form

stay as in the S? x S3 case:
A1,2 - ag1,2 3 A3 = g.3 ) Bl,? = bg_l,2 ) B3 = _0_37 (4217)

with a = a(r), b = b(r), but we have to modify slightly the definition of the gauge
field strength:

1

2Recall the Riemann surface can be later obtained from Hj, by quotienting by a Fuchsian
group I', and this leaves locally the same metric as that of H,. See Appendix 4.B.
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In what follows, we use this vielbein base for the metric (4.2.13):

e =efdz', (1=0,1,2,3), ¢ =elthdr,

el = ef+hg1 : e? = eerhg27
ol +9 L et . etk
e = ——(w —4), el = (W —A), €= (ws— A).

(4.2.19)
Let us exhibit a definite coordinate representation for the one-forms w, and
g; above. First, if we choose the metric of the Poincaré half-plane H, as it is

2 dz2+4dy? .
customary, ds* = — the following one-forms:
1

g = da o da (4.2.20)
1 W %
play the same role as the one the o; played for the S2. Note that the g, are clearly
not independent, as it happened with the o;.

Then, to specify some coordinate representation of w,, we should first know
which three-manifold they parametrise. This is a squashed version of the universal
cover of SL,(R), that we denote by 3’12, as we discuss in Section 4.2.5. SL, can be
built as an S* fibre bundle over Hy, which shows that a hyperbolic two-cycle can
be accommodated inside it. Choosing zs,ys for the coordinates of H, as before,
and 1 as the coordinate for the fibre, the w, read:

%—sinlﬁ%, Wy = —sinzﬁ% —cosngz—z, Ws =d¢+%.
Y2 Y2 Y2 Y2 Y2
(4.2.21)

The range of these coordinates {z1, 1, 22, Y2, %} does not bother us for the moment,

wy = cosy

since we eventually take a quotient of both Hy and S’_ITQ by some freely acting
discrete isometry groups I' and G respectively. These quotients need to be taken
in order to generate the higher genus surface from H, and a compact space out of
SL,. This is reflected on the fact that, in the ansatz for F{3) (4.2.14), neither N,
nor Ny appear directly, but rather some related quantities Nc, N ¢. We investigate
what the relation is in Section 4.2.4. '

4.2.3 Supersymmetry analysis

We want our background (4.2.13)-(4.2.15) to possess four supersymmetries. That
is, one-eighth of the thirty-two supercharges of Type IIB supergravity should be

preserved. As one can see in (4.2.13), our space is of the form M, x,, X¢ where
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My is four-dimensional Minkowski space, X is a six-dimensional manifold and
X, means a warped product. One way to dictate the preservation of only four
supercharges is to impose that our six-dimensional internal manifold X§g is equipped
with an SU(3)-structure. We are interested in having only the three-form flux Fis)
non-zero, so our SU(3)-structure is parametrised by one two-form J and one three-
form €2. In the basis of (4.2.19), one can define the SU(3)-structure forms as

J=e" NeS+e A (cosa62 +Sinae4) + e A (sinoze2 — cosae4) ,
Q= (er + 2'65) A (e1 +1 (cosae2 + sinae4)) A (63 +1 (sinae2 — cosae4)) ,
(4.2.22)
where, once again, « is a function of r only. G-structures are a way to express
supersymmetry in a geometric form. So one can write the supersymmetry equations
in terms of the SU(3)-invariant forms J and Q. The BPS system of first-order
differential equations is then given by [44]

d (e8+%%q) =0, d(e*JAJ)=0,

(4.2.23)
d (=) =0, d (e**2)) = -2 32 45 Fy,

where *g indicates the Hodge dual in the internal manifold. In addition, the SU(3)-
structure also plays a role when writing the action for the flavour branes. Indeed,
supersymmetry is equivalent to the SU(3)-structure in the case at hand, and the
flavour branes are supersymmetric. So it makes sense that the calibration form K

appearing in (4.1.3) can be written in terms of the SU(3)-structure forms, namely:
K=e"dz® Adz' Adz? Adz® A J. (4.2.24)

The system found from these equations can be obtained from the one found in

[21] by doing the following transformations:

e = —ie?, "= —ie®, a— —ia, b— —ib, N,— N., N;— Ng.
(4.2.25)
However, we can directly study it after making the following redefinitions for our
functions:
poh_ 1 PP-Q g Psmhr o P—QcoshT
4 Pcosht — @’ Pcosht—Q’ Pcosht— @’
inh 74/ P% — Q?
e = —Pcosh7+Q, b=i, sing = 2527 @

N, Pcosht—Q ’
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D

2% _ 25 _
e” =4Y | e _——Yl/Z(P2——Q2)’

(4.2.26)
where, of course, the new functions P,Q,Y, 7,0, D depend only on r. Note the
change of sign in the transformation of €% and e?* as compared to (4.2.10).

In terms of those new functions, the BPS system can be written as

, . Q \ 2N.—N;
P'=8Y - N = e Y
i (cosh T cosh>1

e [ 2}~ 2cosh 4, (D) _ 1erp
dT g r——Pz — QZ = zcos0T, d’)" g \/? - P2 _ Q2 ’ (4227)

2N, - N
7 +2sinh7 =0, aztanhT(Q—i-—N—Qﬂ) .

This BPS system is identical (barring the tildes in ]Vc, N ) to the one of the 5% x $3

case, and it is solved in the same manner:

2N, — N; , 1
o = tanhT (Q+ 2 ) ’ ST sinh(2r — 2rg)’
D = &*®,/ P2 — Q2 cosh(2ry) sinh(2r — 2ry), Y = % (P’ + ]Vf) ,

2Nc - N Q]Vc - j\7
Q= (QO + Tf> coth(2r — 2ro) + ———2—11 (2r coth(2r — 2rg) — 1) .

(4.2.28)

And we then remain with a second-order differential equation:

P +Q +2N; P —Q +2N;
P-Q P+Q

P" + (P + Ny) ( — 4coth(2r — 2ry) | =0.
(4.2.29)
The search for solutions boils down to solving this master equation®, which is,
apart from the change N; — N t, identical to the master equation of the S? x S3
case (4.2.12). However, it is important to notice that, in the case at hand, in order
for the transformation (4.2.26) and the solution (4.2.28) to be well defined, we look

for solutions such that

Q> Pcosht, P>>Q?, P +N;>0, (4.2.30)

31t can be checked that, as expected, solving the equations of motion of Type IIB supergravity
is implied by solving this master equation and the Bianchi identity violation [51].
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which makes the solutions of this H, x SL, case behave very differently from their

S2? x 3 relatives.

4.2.4 Brane setup

Let us briefly discuss the brane configuration our background (4.2.13)-(4.2.14) de-
scribes. The idea is that we have N, D5-branes (the so-called colour branes),
wrapping a hyperbolic two-cycle inside a Calabi-Yau threefold. When we take this
number N, to be very large, plus a near-horizon limit, the Calabi-Yau threefold
undergoes a geometric transition and the branes dissolve into flux [64]. The re-
sulting internal manif@lgl preserves the SU(3)-structure, and topologically it is an

interval times % X &, as sketched below:

G

(rig,muv) | Hp/T 3’\[:2/@

r 21, 22’y27¢

From the general geometric transition picture, one would expect to find a vanishing
hyperbolic two-cycle in the IR, which by analogy with what happens in the MN
solution should read? 2, = 23, y1 = —2, ¥ = 7, and a blown-up three-cycle
pervaded by the three-from flux. A good choice for this three-cycle is SF'L/Q, and

what remains from the initial N, branes is the flux quantisation condition:

1 NCVOI(SLQ)
—N, = —/ (Flg) = ———=~ (4.2.31
22,0, Tps Jst; (Fi9) o2 ( )

where we abuse notation by denoting by 5172 the actual appropriate compact quo-
tient SL, /G. The volume is to be understood as taking into account possible
winding effects. The inclusion of this submanifold in the ten-dimensional back-
ground, used for the pull-back, has been denoted by 2. Note that from there we
get

~ 272

N, =

=—=2_ N, (4.2.32)
vol(SLy)

As for the relation between N 5 and Ny, it can be obtained by looking at the vi-
olation of the Bianchi identity. As in the CNP solution, the N s in (4.2.14) accounts

4Actually there are two equivalent two-cycles, the other one being defined by z; = —zq,
Y1 = Y2, ¥ = 7. It can be checked that these two-cycles do indeed vanish in the IR when we
remove the flavours from the solution. See Section 4.3.3.
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for a set of Ny D5-branes extended along (7, ) plus Minkowski coordinates® (with
the transverse coordinates being constant), and homogeneously smeared over the

space transverse to them. Thus, the violation of the Bianchi identity should read

Ny

mwvol(]}ﬂgxﬂz) ) (4.2.33)

dF(g) = _QKglo)TDS
where by wy, we denote the volume form, and we abuse notation once again by
having H, stand for the quotient H,/I". There are two Hy’s in (4.2.33). Recalling
the sketchy table above, one is characterised by (z1,y;), and the other one, being
the base space of S'I; when thought of as a line bundle over H, is characterised
by the (z2,y,) coordinates. As explained later, it is possible to take simultaneously
the same quotient Hy/I" in both of them.

From (4.2.14) we obtain:

N
dFz) = _wavol(llex]H[z)a (4.2.34)

and the comparison with the previous equation (4.2.33) yields the relation

- 2
N = Uy (4.2.35)
VOI(HQ)

4.2.5 A geometric remark

The way we substituted the S? wrapped by the D5-branes in the CNP solution
(recall this S? was extended along both the topological two-sphere and three-
sphere present in this solution) by a Riemann surface of genus g > 1, C,, was
by replacing in (4.2.1) the metrics of the two-sphere and three-sphere by their

“hyperbolic analogues”:

2 2 2 2 2
dsg: =07 + 05 — dsfh:—-gl—l—gQ,

(4.2.36)

ds?s = w? + Wi + wi — ds%fz =wl +wi+uw?,
where the one-forms oy, g;, w;, w; have been defined in the previous subsections.
One can notice that the metrics on the right-hand side of (4.2.36) represent non-
compact spaces. The way to get a hyperbolic compact space out of them is to

perform a quotient by a discrete subgroup of isometries. Such a quotient leaves

5Tt is easy to see that this six-cycle is xK-symmetric, for instance by looking at the calibration
six-form (4.2.24), and checking that 2* (K) = wyoly*(g)-
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locally the very same metrics of (4.2.36), which are therefore the metrics we have
to use for C, and for the S* fibre bundle over C, respectively. How to perform
this quotient is not important for the supergravity analysis, and only some details
of it are needed for the matching with the field theory, which have been moved
to Appendix 4.B. This construction of subspaces as quotients by isometries of a
bigger space is well known in Geometry, and from it we can deduce that, in our
case, these bigger spaces are Hjy and Sf’fz respectively. For the sake of completeness,

we comment a few words on this topic.

All closed (compact and with an empty boundary) smooth two-manifolds can
be given a metric of constant curvature. The uniformisation theorem for surfaces
provides a way to realise this construction in terms of a so-called geometric struc-
ture. A geometric structure on a manifold M is a diffeomorphism between M and
a quotient space X/T', where X is what one calls a model geometry, and T is a
group of isometries, such that the projection X — X/I' is a covering map. In the
case of two-manifolds, there are three model geometries (homogeneous and simply
connected spaces with a “nice” metric): the two-sphere S%, the Euclidean space
E?, and the hyperbolic plane Hy. Any surface with genus g > 1 is obtained from
the latter (see for instance [92]).

It is natural to ask whether there exists a similar classification in three dimen-
sions. This question has only been recently, and positively, answered by Perelman®,
who proved the Thurston geometrisation conjecture [89, 90, 91]. One could naively
think that the model geometries in three dimensions are in correspondence with the
two-dimensional ones: S3, E® and H3. But it is easy to see that these three are not
enough, since all of them are isotropic, and there are three-manifolds like $% x R
that are not. In 1982, Thurston proposed eight model geometries for the classifi-
cation of three-manifolds, and proved that a large part of them admit a geometric
structure modelled on these eight geometries. The classification in three dimen-
sions is more complicated than in two dimensions since not all three-manifolds
admit a geometric structure, but it is always possible to “cut any three-manifold
into pieces” such that each piece does admit a geometric structure. This is the
content of the geometrisation conjecture. We found that a good account of these

topics can be read in [92]; despite not being completely up-to-date, it deals with a

5Perelman’s works have become famous because of proving the Poincaré conjecture, which
says that the only simply connected three-manifold that exists is the three-sphere S2, up to dif-
feomorphisms; this result however was just a corollary of the much stronger statement he proved,
the Thurston geometrisation conjecture, which classifies all the possible geometric structures on
three-manifolds.
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lot of the mathematical constructions we use.

It is clear that the construction of a geometric structure is appealing to us, since
the manifold parametrised by the w;’s in (4.2.13) is precisely realised as a quotient
of a model geometry by a discrete group of isometries. In order to know which
of the eight model geometries we deal with, we can resort to the relation between
these eight geometries and the Bianchi groups: seven of the eight geometries can be
realised as a simply-connected three-dimensional Lie group (which were classified
by Bianchi) with a left-invariant metric. From this construction (see for instance
[93] for details) it follows that the metric

ds? = (w;)” + (wy)” + (Q3)2 ) (4.2.37)

corresponds to the Thurston model geometry Sz;, since the algebra of the w,’s

relates to the type VIII Bianchi algebra.

4.3 Solutions for the case H x §f2

We have not been able to find a general analytic solution of the master equation
(4.2.29). Of course, it is easy to find numerical solutions, but no matter what
values we use for the initial conditions, the solutions always seem to exist only on
a finite interval (7o, 7yy ). This in itself does not mean much since one can always
perform a redefinition of the radial coordinate in order to have it go between 0 and
oo. However, the invariant length fTTOUV dr./g- is finite for all the solutions, telling
us that there is a fundamental difference between the solutions studied here and
the ones of CNP. We identify 7y with the deep IR, and r — ryy with the UV. This
identification is made precise in Section 4.4.37.

Despite the fact that we only found full solutions numerically, we were able to
get analytic expansions both in the IR and in the UV . Actually, as we later show,
this is enough to extract all the physically relevant information (about the dual
field theory) we want.

Below, we present different expansions that correspond to different solutions
of the case Hy x S/TIIJQ As we prove in Appendix 4.A, because of the constraints
(4.2.30), it is not possible to obtain solutions for this case that extend all the way

to infinity. We are restricted to having the end of the space at a finite position ryy

"Notice that ryy denotes the place in the geometry where our solutions stop being valid. It
is the furthest point along the RG flow we can probe in the dual field theory.
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in the radial coordinate. Following the arguments made in [29] for the possible
types of IR and UV expansions, we found one expansion for the IR situated at
r = rg > —oo and three different expansions for the UV situated at r = ryy <
00. Restricting ourselves to Frobenius series, it seems that no other consistent
expansions can be found. Without loss of generality, we choose ryy = 0, so we
automatically have ry < 0.

In addition to presenting each time the solution for the function P, we also
translate the results back to the original functions a, g, h, k and ® in order to
make it easier to get an idea of the background and to compare with other results

in the literature.

4.3.1 Expansions in the IR

Let us first start by describing the unique infrared expansion, around r = ro. For
Q not to have a pole there?, one needs to impose first Qg = —2N“2_ Ny (1 4 2rg).

Then one finds that the expansion for the function P is:
~ 4 ~
P =Fy, — N¢(r — o) + gCin(T‘ —19)® — 265 Ny Py(r — 19)*

4

) (4.3.1)
et (W 288) -+ 0 (-

3

where Fp and c; are free constants that need to obey 5 < 0 and ¢y > 0, in
order to satisfy the consistency conditions (4.2.30) imposed on the solutions of the
master equation. The functions in the metric then are
F 1~ 2
e?h = —70(7“ — 7o) + ENf(r —710)* + gPo(r —710)> + O ((r —m0)*),
Py Ny

2
€9 = —7(7’ —ro) "+ 5 gPO(T — 7o) + O ((T - TO)Q) ’

~ 2 ~
¢ = 263 B} (r — r0)” — 4, Ny Po(r — mo)® + 54 (3NF + 4F)(r — o)

+ O ((r — o)),

AN 10N2
d—4% f f
e "mzlJr—P0 (r—ro) + P2

( 20N} 8N; 8P

(r —mo)?

P 3P, 3 )(7"—7"0)3'*‘0((7"—7‘0)4),

a=1-2(r—mry)*— ;ﬁ;(ﬁf —2N)(r —1)® + O (r—ro)*). (432)

8Notice that this condition follows from the constraint on P and @ for this case: if Q has a
pole, P must have a pole too, with negative residue, but this is not possible to achieve for finite
r because of the P’ > — Ny constraint.
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Looking at these expressions, one notices that in the IR (at r = ry) the dilaton is
finite, e2* and e?* go to zero, while € goes to infinity. The issue of the singularity
of the solutions in the IR is addressed later in Section 4.3.3. Let us now present
the different possibilities for the UV.

4.3.2 Expansions in the UV

In this section, we present three different possibilities for the UV expansions, that
we can group into two classes, class I and class II, for reasons that become apparent
when we look at the behaviour of the metric functions in each of them. The
interpretation of the different UV’s is discussed in Section 4.4.1. As we previously
mentioned, all the UV’s happen at finite ryy, that we can choose to be ryy = 0.
So, in the following, the expansions are around 0 and for » < 0. As we look
for a solution that has a space ending in r = ryy, we search for solutions where
some function in the metric either goes to zero, or to infinity at ryy. Each of the
following expansions has a different function having this behaviour.

Let us note that one can find numerical solutions interpolating between the
previous IR and each of the following UV’s (see Figure 4.1), so we are still working

with Qo = — 275

s—2(1 + 27g). Then we can expand @ as

Q = bO + bl'f' + bg’f'z + O (7’3) y (433)

where 1
bo = 5 (2Ne — Ny)(2ro coth(2ro) — 1) ,

4ry — sinh(4ry)

1 ~ o~
bp==-(2N.,— N
by — (4Nc B 2]%)27"0 cosh('2r03) — sinh(2r)
sinh”(2ry)

Let us now detail the three different expansions and give their domain of validity.

First UV  The first possible expansion for P is:
1 ~
P=Q+h (-2 + 6_b0( — A2+ 12bo(by + Ny)) (=)
h ~
- 72—;)2(5h§ — Bbo(5b1 + 2Ny) + 72b3 coth(2ro)) (—)*/2 + O ((-7)?) .
0
(4.3.5)
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With this, the functions in the metric are

e

2h _ hy (—7")1/2
2 + coth(rg) + tanh(ro)

N h3 + 6bo(by + Ny) + coth(2ro) ( — 22 + 6bo (b1 + Ny))

_r )3/
6bo (1 + coth(2r()) (=r)+ O ((-r)**),

€% = by(1 + coth(2ro)) + hy coth(2ro)(—7)/? + O ((-1)) ,

h2 — 6by(by + Ny)
126,

o2k — _}_}(_Trl/? +0((-n)"?),

64<I>_4<I>UV — 1 _ M(_T)l/z _|.. 0 ((_r)) 9
1

h
bo( sinh(2ro) + cosh(2ro))

a = cosh(2ry) — sinh(2rp) + (=) 2+ O ((-r)) .

(4.3.6)

This is only valid for N ;> 2N, (which gives by < 0) and hy < 0. We have
by + N ¢ > 0, so the dilaton decreases towards the UV and is finite. We also have

boh?
e44>13—4‘1>uv = ——a— 0 12 . (437)
c3 Py sinh®(2r)

Notice also that e?* goes to zero while e?* goes to infinity at the UV.

Second UV We present now the second possibility for the UV. The expansion
for P in that case is

1

P=—Q+hi(~r)"*+ ——(h3 + 12bo(Ny — b)) (~7)

6bo
h ~
+ ﬁ#(wﬁ — 6bo(5b1 — 2Ny) + 7203 coth(2r)) ()2 + O ((—r)?) .
0
(4.3.8)
Looking at the metric, it gives that
o2h — hy )2
—2 + coth(rp) + tanh(ro)
h3 + 6bo(by — Ny) + 2 coth(2ro) (b3 + 3bo(Ny — b
+ 1 0( 1 f) ( O)( 1 d 0( f 1)) (—T)+O((—T)3/2) ,

6bo( — 1 + coth(2ro))
€% = by (1 — coth(2ro)) + hy coth(2ro)(—7)/2 + O ((-7)) ,
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h —h? + 6bo(by — Ny)
2k M y-1/2 1 0\"1 f
¢ A 126,

+O((-n)'?),

A(b, — N;)

4D—4dyy
e =1+
hy

(=2 +0((-r),

ha

—r)1/? —-7r)) .
bo(—sinh(2r0)+Cosh(2T0))2( Y2 4+ O ((-r))

a = cosh(2rq) + sinh(2r¢) +

(4.3.9)

This is only valid for N 5 < 2]f\7c (which gives by > 0) and h; < 0. In that case,
we have —Nj < by — ]\~/f < 2N, - 2]%. So, if N, < Nf, then b, — ]Vf < 0 and
the dilaton decreases towards the UV. Otherwise, if N 5 < 1\70, by — N ¢ can be
positive or negative depending on the value of rq. So the dilaton either decreases

or increases towards the UV. In any case, we have

boh?

421r—4%uv _
e YRR .
c3 B§ sinh*(2r)

(4.3.10)

We also have e?* going to 0 while e?* goes to infinity at the UV. We see that the
qualitative behaviour of the metric functions in this UV is the same as that in the
first UV. It makes sense then to group them under one common class, that we call

class 1.

Third UV We now write the last possibility for the UV. The expansion for P is

~ P ~
P =—bo+ Ny(—r) + Py(~r)? + 2 [bf — N2+ 26y (b, — 3Py)

3bo(Ny = br) (4.3.11)
— 8bo(by — Ny) coth(ZrO)] (=r)*+ O ((-r)*) .

This leads to

oh _ by — N 2
e = 2 — coth(ro) —ftanh(ro) (=) + 0 ((=r)),

e = bo(l - coth(27‘o)) + (2b0 coth?(2rg) — 2bg + ]vf coth(2ry) — by)(—7)
+ 0 ((_T)Q) )

P

e = _pPy(—r) - —=—2——
2bo(Ny — by)

|62 — N7 + 2bo(b; — 3F)

— 8bo(by — Np) coth(2ro) | (=r)? + O ((-1)?) ,
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4P

To Tuv To Tuv

Figure 4.1: Plots of the functions €29, e?", e** and e*®. On the left, the plots are
of class I solutions, while on the right they are of class II.

0 _ A Py 64%800sh2 (rg) sinh?(r) (=)
8 boPa(Ny — by)
N c?;P(;*eM,G2(N}2 — b3 + 2bo (P2 — ~bz)) sinh?(2ro)
8 b3 Py(by — Ny)2
Ny — by + 2by( — 1 + coth(2ro))
bo sinh(2ro) ( — 1 + coth(2rg))*

(=) +0((-n)°),

a = cosh(2ry) + sinh(2rq) + (—=r) + O ((-7)?).

(4.3.12)

This case is valid only for N § < 2N, (which gives by > 0), P, < 0 and b, — N +>0.
This second condition requires N r < ]Vc and depends on the value of ry (see
previous section). For this UV, e** and e both go to zero while the dilaton
diverges. Notice that this is a qualitatively very different UV behaviour than the
one we found in the UV’s of class I. That is why we put the third UV in a different
class: class II. Figure 4.1 shows the difference of behaviour of the functions in the
metric between the two classes of solutions.

4.3.3 Comments on the IR singularity

In order to know whether the solutions for the Hy x ,S/sz case are singular or not in

the IR, we can look at the behaviour of several curvature invariants around r = ry:

N2 e—20/2 7 N3e—%0/2
f —2 f -1
=L ____(r— - (r- 4.3.13
2 pr T )T s (o) (4.3.13)
o1 189N% — 16N;(8N P2 — 9¢3 P%) + 128N2P?
+
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20e~ 0
S Py

52N e~

wrps
Ruypo R = 8 P
+10

(r—mro)~ %+

(r—r) "+ 0O ((r - ro)_f’) )

From that, one can see that a generic solution is indeed singular in the IR, since
the Ricci scalar R ~ (r —ry) 2. This was to be expected since we deal here with
backreacting massless flavours. Indeed, in our setup, we smear D5-branes that are
extended in the radial coordinate r from r = rg to r = ryy. As the branes extend
all the way to the IR, at r = rg, their density diverges. Thus they must create a
curvature singularity in the space. Notice though that this is a good singularity in
the sense that the metric component g;; = e®/? is bounded [77], but since P < 0,
g:+ grows towards the IR. We comment on this point in Section 4.4.5.

However, in the unflavoured case N ¢ = 0, we see that the Ricci scalar goes
to a constant in the IR, meaning that the solution is better behaved than the
flavoured one. The same happens for R,, R*”. Indeed, the problem of the infinite
density of branes is not present anymore since we do not consider the addition of
sources. Nevertheless, the solution is still singular, as one can see by looking at
R, ,-R*?°. This singularity could have been expected because of the presence
of vanishing higher genus manifolds (which contain non-contractible cycles) in the
deep IR. It is a “better” singularity than the flavoured one since, this time, g
decreases towards the IR. The field theories dual to both the flavoured and the

unflavoured cases are studied in the following section.

4.4 Field Theory

In this section we would like to interpret several features of our Hjp x S”fz solu-
tion in the gauge/gravity correspondence picture. We argue that the field theory
dual is of the SQCD-type plus adjoint matter charged under the gauge field and
self-interacting through a dangerously irrelevant polynomial superpotential, and
correspondingly displays a Kutasov-like duality. Notice that this interpretation is
only valid for energies smaller than the inverse size of the cycle wrapped by the
branes. Moreover, we compute several observables of the field theory, that give us

some insight on its IR and UV behaviours.

4.4.1 RG flow

In the gravity solutions presented in Section 4.3, we have one IR expansion but
two possible classes of UV asymptotics. Each possibility should correspond to
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1st UV a1 :
// ond UV J O
\ 3rd UV } Class II

Figure 4.2: On this picture is represented schematically the classification of solu-
tions in the Hy x SL, case and their RG flow.

IR

9. That is, we have different solutions,

a different six-dimensional UV dynamics
each with the same IR behaviour. This situation is once again an example of the
universality principle. Indeed, looking at the UV, we have different theories. But
if one follows their RG flow, one notices that they all go to the same IR theory (see
Figure 4.2). As mentioned in Section 4.3.2, each expansion is valid only for a given
range of parameters, like N 5 and ]vc. For example, the fact that the third UV is
valid only for N § < N, means that its dual field theory cannot exhibit Kutasov
duality. The differences between the two classes of solutions are made clear in the

following sections, when studying some of the properties of their field-theory duals.

4.4.2 Seeing Kutasov duality

Our Hj x §[v,2 solutions describe D5-branes wrapping Riemann surfaces with genus
g > 1. In the IR, one expects the theory on the branes to become effectively
a four-dimensional gauge theory and, as explained in the introduction, to have
(9 — 1) massless adjoint fermions. We provide in what follows some arguments
indicating that we deal indeed with gauge theories with adjoint matter. Note that
our solutions are not dual to Kutasov-like theories all the way to the UV, since
they become eventually dual to six-dimensional field theories.

Kutasov duality [83, 84, 85] is a generalisation of Seiberg duality [17]. It states
the equivalence of two different N’ = 1 gauge theories in the IR. One is the “electric

theory”, with gauge group SU(N;), Ny quarks in the fundamental representation

9Since we deal with wrapped branes, as we move towards the UV, we start to see the compact
directions the branes wrap, and the effective four-dimensional theory living on them becomes
six-dimensional. Ie. the field theory in the IR is “completed” with the dynamics of the KK
modes to a different theory in the UV. Notice that, since the space has a UV singularity, one
would ultimately need to use string-theory operations to make the theory UV complete.
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(and of course the corresponding Ny antiquarks in the antifundamental), and a

chiral adjoint superfield X with superpotential

k
WX)=Tr Y ax™, (4.4.1)

=1

where k is an integer. The other one is the “magnetic theory”. It is similar, having
Ny quarks (and Ny antiquarks), and an adjoint chiral superfield Y, but the gauge
group is SU(kNy — N,), and we also have NJ% mesons. Kutasov duality gives a
prescription for what the superpotential for Y is (it is of the type (4.4.1)), and for
how to build the magnetic mesons out of the electric quarks.

If one sets kK = 1, then (4.4.1) is just a mass term for X, implying that X
can be integrated out in the IR. One is then left with usual SQCD, for which
Seiberg duality applies. The way one was able to see a geometric realisation of
Seiberg duality in the CNP solution was to notice that the BPS equations of the

supergravity system remained the same!® under the change
Nc—)Nf—NC, Nf-—)Nf. (442)

Indeed, under this change, the only functions changing are @ — —Q ,0 — —o, and
this clearly leaves the master equation (4.2.12) invariant. In the ten-dimensional
geometry, Seiberg duality is equivalent to a swap of the two-spheres present in the
S? x S3 geometry.
It is easy to see that, in our case, the master equation (4.2.29) possesses the
symmetry:
N,— Ny—N,,  N;— Ny. (4.4.3)

If we take into account relations (4.2.32) and (4.2.35), we can rephrase this sym-

metry.as:

L 8vllSLe) N N SN (4.4.4)
VO].(HQ)

Calling k£ = %2, we see that we get precisely the transformation needed for

Kutasov duality. Taking into account the way we perform the quotients, we find

10T here is a little subtlety here. In principle Seiberg duality relates two different theories in
the IR, while here it would seem that the two theories related by Seiberg duality are the same. In
fact, the CNP solution is dual to SU(N.) SQCD with a quartic superpotential (generated after
integrating out the KK modes), and this theory is actually Seiberg self-dual (see [94] for a nice
review). We expect a similar phenomenon for Kutasov duality to happen in this case.
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that

_ g
k= 1 (4.4.5)

where g is the genus and ¢ is a rational number. The details of this derivation
are in Appendix 4.B. k can be made an integer by choosing g and ¢ appropri-
ately. Unfortunately, the relation between the quotienting and the generation of
the Tr X*+1 superpotential is not completely clear to us; we think it might be
related to the number of times the colour branes wrap the hyperbolic cycle, as
explained in the appendix. The geometric interpretation of Kutasov duality here
would be the swap of the two Hy’s (their quotients to be more precise) present in
the geometry (4.2.13). Notice that this duality only makes sense when N F > N,
and exchanges 2N, — ]Vf — j\?f — 2N,. In particular, it means that it takes one
solution with the asymptotics of the first UV (4.3.6) into one with the asymptotics
of the second UV (4.3.9), and that it is not possible to perform Kutasov duality on
a solution with the asymptotics of class II. Moreover, performing a second duality
gives back the original solution, analogous to what happens for Seiberg duality in
CNP.

4.4.3 UV behaviour of the theory

From the field-theory side, not much is known about the UV of the theories display-
ing Kutasov duality. The fact that, in (4.4.1), Tr X**! is an irrelevant operator
puts these theories in need of a UV completion if they are to be well defined.
Moreover, the general expectation from the NSVZ f-function is that we might

come across a Landau pole. Since

Ogy M -
dlog x 9Y?\/I,4 (3N — Nagj(1 = 7agj) — Ne(1 = 1)) , (4.4.6)

where N,4 is the number of chiral adjoints, and the «’s are the anomalous dimen-
sions, we see that the adjoints generically push towards a Landau pole, in the same
direction as the flavours. It is not surprising then that our solutions are always
singular in the UV. Let us make a more precise statement.

The gauge/gravity duality provides us with a way of computing the S-function
of a gauge theory by examining the action of a brane probing the dual supergravity
solution. In our case, the computation is analogous to that carried out in [53, 88].
Take a D5-brane that extends on My x ¥y, where ¥y is the two-cycle defined in
Section 4.2.4. We also add a gauge field on the world-volume of this brane F,,,
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only along the Minkowski directions. Let us first recall that ¥, is defined as

2=z, Y=Y, Y=m. (4'47)

A D5-brane wrapped on ¥, has an induced metric on its world-volume that (in

string frame) reads

2g d 2 d 2
,=e® [cui3 + <th + %(1 - a)z) M] , (4.4.8)

ds?
Y3

m

and the brane action then is

1
S = —TD5/d6LC e—q)\/— det[gab + Fab] + TD5/ (0(6) + 50(2) N F(g) A F(z)) .
(4.4.9)
The WZ term C(o) A Fi) A F{g) gives a theta term for the gauge field, since the Cy)

is localised on the Y5 manifold. Now, we compute the determinant and expand it

to second order in the gauge field to get, looking at that F| (22) term,

> — g v I
S = —T05/d6$6 ¢“2—69“ 97 FupFoo

dzyd 2
— (TDs / z"’Qyz) [e”’ +80- a)2] / d*zF.
X2 y2 4

So, from here, we read the gauge coupling of the dual field theory that, up to a

(4.4.10)

constant, is
e?9
~ [eZh + (- a)z] : (4.4.11)

1

2
9y Ma

If we now apply the change of functions from (4.2.26), we find

1

2
Iy M,a

~ —PeT, (4.4.12)

Starting from this expression, we can calculate the S-function for the inverse of the

B dr (d L ) (4.4.13)

gauge coupling:

9Y M4 a dlog u EQ%’MA

We do not take any precise expression for the relation between the radial coordinate
r of the gravity solution and the energy scale i of the dual field theory, but different

choices would lead to different renormalisation schemes. However, for consistency
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reasons, it has to be a monotonically increasing function. Just looking at the
derivative of the inverse of the coupling with respect to the radial coordinate, we
can see two different UV behaviours, depending on the solution from Section 4.3.2
we are considering:

1 h
d _ _Mtanhr, + O ((-n)°) for class I.

E;Q%MA 2y/—r

(4.4.14)

= ( o _ Nf tanhr0> +0((-r)") for class II.

cosh® g

We can then notice that, for class I UV asymptotics, the S-function goes to infinity
at r = ryy = 0, which could indicate the presence of a Landau pole in the field
theory. Notice this happens regardless of the presence of flavours, in accordance
with the expectation that the adjoints might overshoot the S-function. The third
UV on the contrary leads to a finite S-function even in the UV. Nevertheless, we
can see that increasing N ¢ has the effect of raising the asymptotic value of the
B-function, once more agreeing with the field theory expectation that the flavours
should push towards a Landau pole.

In the discussion above, it is important to take into account the following re-
mark: the field theory is never concerned with the part of the space close to r = 0
because of the behaviour of the holographic c-function [95, 96]. The latter is a
quantity that was first found by reducing the ten-dimensional action to five dimen-
sions. It is related to the number of degrees of freedom in the theory, which means
that it must always increase when going from the IR to the UV. Another way to
obtain it, as explained in [97], is through the calculation of the holographic entan-
glement entropy, where it appears as a prefactor. The holographic entanglement
entropy is computed as the volume of a minimal nine-manifold within a time slice
of the ten-dimensional background, where one of the Minkowski spatial directions
spans an interval. For computational details, it might be useful to have a look at

[98]. In our case, this volume is given by

2
Sent ~ /dx 62¢+2h+2g+k\/1 + ek (%) . (4415)

From here, one can read the so-called a-charge, related to the factor in front of the

square root as
3A=20+2h+29+k. (4.4.16)
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Curiously, we have that 34 = log (D/2), where D was defined in the change of

variables (4.2.26). Finally, the cfunction is defined in terms of the a-charge as

c= (71}')_3' (4.4.17)

Here, we can first look at its behaviour in the IR. It goes as
c=27(r —ro)> + O ((r —ro)*) . (4.4.18)

So one can see that it starts growing from the IR, and it is actually independent
of the number of flavours at first order. Then one can look at the behaviour of the
c-function numerically. For every solution, the c-function becomes infinite at some
finite radius strictly before » = 0 which we considered as the UV. It means that
the field theories dual to our solutions do not know about the whole geometry, but
rather only about the part between r = ry and the position where the c-function

blows up.

4.4.4 Domain walls

We first look at the possibility of having domain walls in our theory, and study
their tension. We model a domain wall (separating different vacua in the dual
field theory) by considering a fivebrane that wraps a three-cycle inside the internal

geometry. We take this three-cycle to be

Y3 = [22,12,%], (4.4.19)

and the brane also extends along ¢, z,,z, among the Minkowski directions. Then

the induced metric on the D5-brane is

290 422 + dy/2 2k - d 2
ds? = /2 [d:z:i2 + %L;ﬁ N _621_ (d¢ + f) : (4.4.20)
2

and its action is

20+29+k
§=— [TDse 3 / dz?‘;l,fdz/’] / 4z, (4.4.21)
2

The tension of this domain-wall object is given by the value in the IR (as these
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objects exist in the IR) of the function inside square brackets above:

B TD5V01(§\L/2) e2®0 cosh(2r) sinh(2r — 2ry)(Q — P coth(2r — 2ry))

4 /P2 — Q2
(4.4.22)

Using the IR expansion from Section 4.3.1, one can study the behaviour of the

TDW

tension of the domain wall in the IR. It goes as

Tpsvol(SLy) €220 cosh(2ro)
4

Tpw ~ (1+2(r—ro)*>+0((r—m)?)) . (4.4.23)
So the tension of the domain wall goes to a non-zero constant in the IR. The
presence of an IR singularity casts some doubts on the validity of this result. If
we believe the fact that a good IR singularity does not spoil the physical meaning
of this computation, the result would mean that our theory has isolated vacua.
It is interesting to notice that the IR behaviour of the domain-wall tension does
not depend on the number of flavours Ny. The reason for the existence of isolated
vacua in our field theory is less obvious than in the spherical case of CNP, where
it was interpreted as a breaking of the translation invariance along . In our case,
the function a goes to a non-zero constant in the UV, so this translation invariance
does not strictly exist even in the UV of our theory. But, as the constant towards
which a goes can be taken as small as one wants by moving ry closer and closer
to —oo, the translation invariance along % is still present approximately. Thus
it is understandable that the domain walls behave in the same way in both the

spherical and the hyperbolic cases.

4.4.5 Wilson loops

Another observable of the dual field theory that should be captured by our geom-
etry is the Wilson loop. Wilson loops provide information about the long-distance
behaviour of the field theory, whether it is confining, screening, etc. Through the
gauge/gravity correspondence, it gives us some insight about the IR geometry.

In a gauge theory, from the expectation value of the Wilson loop in a particular
configuration, it is possible to extract the quark-antiquark potential. The standard
lore [99] is that this expectation value can be computed from the area of a certain
fundamental string in the supergravity dual to the gauge theory. The idea is to
introduce a probe flavour brane (non-compact and spanning Minkowski space-time)

sitting at some r = rg (rg ~ mg is related to the mass of the test quarks). We
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attach a string to this brane, whose ends correspond to the quark and the antiquark,
that hangs into the ten-dimensional geometry, reaching a minimum radial distance
7o. We can then compute the energy F of the flux-tube between the quarks as the
renormalised area of the string worldsheet, and the separation L of the quarks at
the end-points of the string (measured in the Minkowski space-time) for different
7o’s. We briefly summarise the relevant formulas. For details one can have a look
at [100] (see also [36, 41, 101, 102] for related examples).

Define

fz = GttGxizi = e*® ) §2 = GittGrr = e?Prek ) V= gg V f2 - C? ’ (4424)

where C = f(#,) and we use string frame. Then,

'@ dr e
L=2/ —, —2/ dr————— —2/ drg. (4.4.25)
7o 14 A / — (2 0

Several comments are in order. First, note that the formulas in (4.4.25) depend
on rg, that can be interpreted as a UV regulator. Ideally, one would like to take
rg — 00, so that the test quarks are infinitely massive and become non-dynamical.
However, since our solution never reaches infinity, we can set at most rg = ryv.
Actually, as shown in Section 4.4.3, the connection with the dual field theory
finishes before 7 = ryy. Nevertheless, one expects the long-distance behaviour of
the Wilson loop to be independent of any UV cut-off. We critically analyse this
claim in what follows.

Second, from the supergravity point of view, attaching a string to the probe
flavour brane we introduce can be done whenever it is possible to impose Dirichlet
conditions on the string end-points. Notice that this condition is somehow also
accounting for the stability of the configuration, since it guarantees that we can
place a flavour brane at r = rg, regardless of supersymmetry considerations. For
the type of ansatz of our geometry, as discussed in [100], this is only possible when
lim V(r) = oo. Notice that this only happens when the asymptotics are those

'I‘—H‘Q

of the second class of UV’s (comprised just by the so-called third UV). However,
since at ryy we have a singularity, it is not clear that for rg — ryy this condition
is very trustworthy, so we drop it when performing the numerical computations

and analyse the ensuing results.

There are two clearly differentiated regimes in which we can compute the Wilson
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Figure 4.3: Plot of the energy E of the Wilson loop, as a function of the quark
separation L. We can see a linear confining behaviour. This plot corresponds to a
solution with second UV asymptotics, with Nc= 1 and Nf —O0.

loop. One is the unflavoured background, and the other is such that Nf ~ 0. The

field-theory expectations are different, and thus we analyse them separately.

Nf = 0 geometry The results are plotted in Figure 4.3 for the asymptotics of
the first class of UV’s (necessarily the second UV type, since Nf —0) and in Figure
4.4 (a) for the class Il UV. There is a striking difference between the two, since at
first sight, one displays confinement, and the other one does not. This difference
is spurious though, as we now argue.

Recall the discussion in Section 4.4.1. As we move towards the UV, the wrapped
compact directions of the D5-branes are not invisible anymore, and the gauge the-
ory living on the stack becomes six-dimensional. The different UV asymptotics
we have found should be related to different UV dynamics of this six-dimensional
gauge theory. Although one would not expect the details of the UV of the the-
ory to affect its IR properties from a field-theory point of view, our supergravity
computation of the Wilson loop is quite sensitive to these UV details; imagine this
six-dimensional dynamics is not negligible anymore from some scale on, given by
rspiit with 7fji < rspit < ruv- In the plots of Figures 4.3 and 4.4 (a), we take
Tsplit ~ »Q « ruv, so the string giving the Wilson loop is probing a large region
of the geometry concerned with this UV dynamics, thus rendering the results UV
dependent.

The way to get rid of this issue is to shift 7Qso that tg < rspiit. One problem
with this is that the test quarks become dynamical. In addition, we do not know
in practice how to determine the value of rspijt. We think that it might be possible

to estimate its value looking at Figure 4.4 (b): the fact that the c-function shows
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c - function
20

(a) (b)

Figure 4.4: In (a) we plot £ vs. L for a solution with third UV asymptotics. In
(b) we plot the corresponding c-function for this solution. Notice the plateau it
shows. Both figures are with N¢ = 1 and Nf = 0.

a plateau might be signalling that, at the beginning of it, something is changing
in the dual field theory. If we identify this point with the point where the six-
dimensional UV dynamics is taking over, we have a definition for rspiit. Performing
the numerical integration taking tg = ..,... it appears that we recover in class II
the linear confining behaviour in the quark-antiquark potential, observed in class
L

However, once the effects of the six-dimensional UV dynamics are separated,
we still need to perform a more thorough analysis of the deep IR. We have not been
able to reach this region with our numerical integration, which requires high com-
putational precision. This would not be very useful nonetheless: as we approach
the IR singularity r0 —mr0, from the asymptotics (4.3.2), it follows that ¥ would
behave as V' ~ (r —0)~1/2. As proved in [100], this implies that the hanging string
develops a cusp near the singularity, making the corresponding results unreliable.

As an aside note, we can also notice that, as the distance between the quarks
tends to zero, we observe a Coulombic behaviour in Figure 4.4 (a), but not in
Figure 4.3. We believe this is intimately related to the discussion above about
Dirichlet boundary conditions. When it is not possible to impose those conditions,
the string end-points might not be representing quarks, and then the universal
Coulombic behaviour is not necessarily observed. This remark is only useful from
a pure supergravity point of view, since the connection with the four-dimensional
field theory is finishing much before the region contributing to this effect, ruv —e <

r <ruve
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Figure 4.5: Both plots are of £ vs. L for a Wilson loop. The plot in (a) corresponds
to the class I of UV asymptotics, while the one in (b) corresponds to the UV of

class II; both are for N¢ = 2 and Nf = 1.

Nf / 0 geometry We give an example of the typical behaviour for flavoured
solutions in Figure 4.5, where plots corresponding to both classes of asymptotics
have been gathered. Let us remember that for Nf > Nc¢ we do not have a class II
solution though. In this flavoured case, we expect a string-breaking length related
to the string breaking into the lightest mesons by pair production, which we observe
both in Figures 4.5 (a) and (b). For a discussion of the effect of smearing on this
breaking length, see [40]. Most of the comments made in the previous Nf = 0 case
apply here. So we might expect again that these plots are “contaminated” by the
six-dimensional UV dynamics. Here, unfortunately, we have not found a way to
decouple this effect, since the c-function is monotonically increasing, not showing
any plateau. So the previous result and the corresponding interpretation are not
completely certain.

Moreover, recall that the flavoured solutions also have an IR singularity. Ac-
cording to the criterion proposed in [77], the singularity is good in the weak for-
mulation of the criterion (since g#t ~ e”2 is bounded), but it is bad in its strong
formulation, since the dilaton starts increasing as we move very closely towards
the singularity (see (4.3.2)). Looking at equations (4.4.24)-(4.4.25), we see that
the string is not able to probe this region in which the dilaton increases towards
the singularity, indicating the presence of some kind of IR wall. Unfortunately,
this is a very delicate effect and our numerics are not precise enough to see it.

Let us emphasise the main lessons we can draw from this section. Contrary to
the usual computation, the test quarks we use are dynamical because our space

does not extend to infinity. The results we obtain indicate a confining behaviour of
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the unflavoured theory. In the case with flavours, we observe the expected string-
breaking phenomenon due to the pair production of quarks. However, no definite
conclusion can be made due to the presence of the IR singularity.

In the next section, we leave the treatment of the Hjy x SL, case to explore
other possible internal spaces. The results that we present in this following section

are independent of what we have done so far.

4.5 The H, x S® and S? x SL, ansiitze

In Section 4.2, one considered a class of metrics of the form (4.2.1), with the forms

o; and w; obeying

dwy = —wy Aws, dwy=-wyAw;, dws=+w Aw,. (4.5.1)
dg; = —gy A g3, dgy, = —g3A\gy, dog; =40, Ag,. -

We saw that the resolution of the whole system of equations of motion of super-
gravity could be reduced to solving one single second-order equation, the master
equation (4.2.29). But instead of changing the Maurer-Cartan relations for both
o; and w;, one can think of altering them for only one set of forms. This leads
to two new ansitze, that we call mixed cases. We preserve the same form for the
metric, three-form and dilaton as in (4.2.13)-(4.2.15). But we take

(4.5.2)

where v? = 1. If v = 1, then we have S? x S’_ITZ, while if ¥ = —1 we have Hj x S3.
Although we preserve the same functional form for F(g) as in (4.2.14), we generi-
cally’! denote the parameters N, — N, and N; — Ny, since their proportlonahty
relation with N, and Ny respectively are different than in the Hy X SLZ case. We
can apply the same treatment as in Section 4.2.3, but this time we define our

change of functions as

ezh_Zﬂ_ 0= PsinTt
"~ 4PcosT—-Q’ "~ PcosT—Q’
e =~ (—=PcosT+Q), b=Ni,

11Notice that the relation between for instance Nc and N, is not the same in the 52 x S’—Z; and
the Hl, x S2 cases. We just use a common notation for convenience.
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D

2k _ 20 _
e =4Y e _Y1/2(Q2—P2)'

(4.5.3)

One can, as previously, write the BPS system of differential equations in these
cases in terms of the newly defined functions:

. oON. — N
P' =8Y — Ny, a:tam<Q+¥>,
! 4 9sinT = 0 il D\ 16YP
T sint =0, I og % = p_ge (4.5.4)

@ I—2NC_Nf glo ——D =2cosT
cosT/)  cosit ar 8 /Q? — P2 B '

This system is quite similar to the one of Section 4.2.3, and it can be solved as

follows:
2N, — N; . 1

=t Zile 7 - =

o=tanT (Q + 5 ) ) sinT cosh(2r —2rg)”
1 .
D = ¢2®,/Q% — P2 cosh(2ro) cosh(2r — 2ro), Y =2 (P' n Nf) ,
2]Q/'c - N QNC —_ N

Q= (Qo + Tf> tanh(2r — 2r) + ———2———f (2r tanh(2r — 2r¢) — 1) .

(4.5.5)
We are then left with one second-order differential equation:

P’+Q’+2Nf+P'—Q’+2Nf

PO 510 — 4tanh(2r — 2rg) | =0.

P//+(P/+Nf) (
(4.5.6)

So in the end, in the mixed cases as well, the whole problem reduces to finding so-
lutions of the second-order differential equation (4.5.6). However, not all solutions

of (4.5.6) are valid. Indeed, they need to obey some consistency relations:
P’ > —N¢, ~y@Q > yPcosT, Q* > P?. (4.5.7)

The second condition depends on 7, so it means that solutions valid for $? x .ﬁ;

are not valid for H, x S3, and vice versa.
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4.5.1 Exact solutions

In this section, we present different exact solutions of the two mixed cases intro-
duced above. Each case has been shown to reduce to the study of the same master
equation (4.5.6) for the function P(r). Note, however, that the conditions that P
has to verify for each case are different, forbidding applying one solution directly
to a different case.

Exact solutions extending all the way to infinity seem to exist only in the
particular case where N § = 2N,. Under this assumption, we found two exact
solutions for each of the mixed cases: one that can be defined on the whole real
line and that we call type A solution by analogy with the analysis carried out in
[29], and another that starts at a finite value 7o of the radial coordinate, that we
call type N solution accordingly. We also present another exact solution already
known in the literature [76, 103], that is valid only for the H, x S case and N ;=0

Type A solutions

If we first look at the case where rg — —oo (that is, we allow the radial coordinate

r to take any value in R), we realise that the master equation reduces to:

(4.5.8)

< [P+@Q+2N; P —-Q +2N

P-Q P+Q

where

Q=Qo. (45.9)

The solutions we found for both mixed cases can be cast in the following way:

P=R.— N2+ @, Qo= 47&57%% , (4.5.10)

where £ is a strictly positive constant. When v = 1, then the solution corresponds
to having S% x SL,, while if v = —1 the solution is valid for the Hj x S* case. This

translates in terms of the functions in the background as

2h __ NC 29 __ 4]\70
T2t T 21—y
(4.5.11)
62k = Nc ) 64(q>_<b0) = —6(4 + 5) €4T .

4N3
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These solutions are exact solutions defined for —co < r < co. They are singular
in the IR with e® — 0. In the UV, we have e® — co. Despite €® — 0 in the IR,
the singularity is a “good” one according to the criterion of [77]. That is, the term
gy in the Einstein-frame metric is bounded and decreasing when approaching the
IR. One could then use those solutions to learn about the IR of their potential

field-theory dual. Let us now look at solutions of type N, where ry is finite.

Type N solutions

In the following, we write two exact solutions for the case where ry > —o0, one for
each mixed case. Recall we take N = 2N,, which seems to be the only scenario

where exact solutions with a good UV exist.

The solutions of the master equation read:
P = —N_tanh(2r — 2r), Qo = 7V3N,. (4.5.12)

Notice that taking the limit ro — —oo gives a particular solution of the type A
mentioned previously. Once again, the correspondence is v = 1 with S? x S"fg,

and 7 = —1 with Hy x S3. This means that the functions in the metric are

- N,  tanh(2r — 2r¢)
€ =95 )
2 tanh(2r — 2ro) +vv3

€% = yN.tanh (2r — 2ro) (tanh (2r — 2ro) + ’}'\/g) ,

e = N, tanh?(2r — 2ro), (4.5.13)
(AP0 _ 2c:osh2(2rA— 2r¢) coth?(2r — 2r)
N3 cosh?(2r)
1

a= .
sinh(2r — 2r9) + vv/3 cosh(2r — 2r)

These solutions are exact solutions defined for ry < r < 4+o00. However the dilaton
goes to infinity both in the IR (r — 79) and in the UV. This time, the former
is responsible for a bad singularity for both mixed cases. So, despite being exact,
which is never easy to find, these solutions are of very little interest for our purpose,
since they cannot have a well-defined field-theory dual.

Dropping the N ;= 2N, simplification, the following exact solution can also be

found.
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A solution without flavours

Putting N ¢ =0 in the master equation, one can find the following exact solution:

A

P=2N,r, Qo = —N,. (4.5.14)

Looking at the constraints (4.5.7), it is obvious that this solution only works for the
H, x S3 case. Moreover, these constraints also imply that this solution terminates

at a finite value of r. In terms of the functions in the metric, the solution reads

N,
oh _ Ve
© T

2r + sinh(4r — 4ry)
2cosh?(2r — 2rg) '

— N.r

4643y __ 8 cosh4(2r — 279) cosh2(2r0)
N3 (1 — 872 + cosh(4r — 4rq) — 4rsinh(4r — 4r()) (4.5.15)
_cosh?(2ro)

Rz cosh?(2r — 2rg)e™2"

o= 2r
~ cosh(2r — 2rg)

This solution is defined on an interval [r;g, ryv). It is fully regular in the IR, and
it ends at r = ryy, where €* = 0 and the dilaton blows up.

4.5.2 Asymptotic expansions in the IR

We found, for both mixed cases, four possibilities for the IR behaviour of the
solutions. We arranged them so that the first three expansions of each case all
have a dilaton that diverges in the IR. That creates a bad singularity, that is, none
of those solutions are gravity duals to a field theory in the IR. Fortunately, the
last expansion is better behaved in both cases. All of the expansions stop before
reaching 7y, that is, rip > ro.

In this section, we only present the different expansions for the function P. The
corresponding results for the functions g, h, k, a of the metric and the dilaton ¢
can be found in Appendix D of [9]. There, the origin of the conditions imposed on

the integration constants appear clearly.
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S? x SL, case

We look at expansions around r;g, that is such that r;p > ro. Without loss of
generality, we choose rjg = 0. So the following expansions are around 0 and for

r > 0, and we have ry < 0.

First IR Let us first look at the function (). We parametrise its expansion as

follows for convenience:
Q = by + (by — Ny)r + bor® + O (r®) (4.5.16)
where

1 R R “ ~
bo =5 (Nf — 2N+ (Ny — 2N, — 2Q) tanh@?"o)) ,

1 Y y \ Y $ .
1= 2 cosh?(2rg) (4Nc — Nf +4Qo + Ny cosh(4rg) + (Ny — 2N,) smh(4ro)) ,
2 y V \J "7 .
b= cosh®(2rg) (2N — Ny) cosh(2ro) + (2N — Ny + 2Qo) s1nh(2r0)) )
(4.5.17)
As before, we first solve for the function P. Its expansion is
y t = 20Ny +2 — 4b; tanh(2
P = by — Nyr + Pyr® + P, by — 2b; Ny + 2by(by + 3P, — 4b, tanh( TO))r3 1O (7"4) 7
3boby
(4.5.18)

where P, is an integration constant that has to be taken positive. This solution

exists only in the case of by > 0 and b, > 0, which corresponds to having

641‘0

Qo > 1_—64”)(21\76 — Ny). (4.5.19)

Second IR In this paragraph, we study a second possible behaviour of the func-
tions in the IR. Once again we start with the function ). The expansion is para-
metrised differently from before, again for convenience. Notice however that the

function Q is the same:
Q = by + (b1 + Ny)r + bor? + O (1), (4.5.20)
where

1 N ~ ~ A
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1 V V \ % % .
" ok (ar) (4% — 8 4 4Qo — Ny cosh(dro) + (Ny — 2,) sinh(4ro) )
2 V Y ] % .
= ((ZNC — Ny) cosh(2ro) + (2N, — N + 2Qo) smh(2r0)> . (4.5.21)

Then we solve for the function P. Its expansion is

b2 + 2b; Ny + 2bo(by — 3P, — 4by tanh(2r())

P = —by— Ny + Pyr® + P,
0 fT‘+ oT "+ I 3b0b1

r4+0 ('r4) ,
(4.5.22)

where P; is an integration constant that has to be taken positive. This solution

exists only in the case of by > 0 and b; > 0, which corresponds to having

647'0

1 — etro

Qo >

(2N, — Ny), (4.5.23)

when N, < Ny < N (1 + %), or

N(3 + cosh(4ro)) — 4N, + (2N, — Ny) sinh(4r)
4 b

Qo > (4.5.24)

when N.(1 4 e%°) < Ny < 2N,.

Third TR Let us now look at yet another possible IR behaviour. We use the

same expansion for () as in the second IR discussion. Looking at P we see

. b2 \ _
P = —bo + (bl - Nf)?" + 1 + ble + bO(I;Zb 4b1 tanh(?TO))T'2 + P37‘3 +0 (7’4) N
0
(4.5.25)

where P; is an integration constant. This solution exists only in the case of by > 0

and by > 0, that is, for the same ranges of values for )y as in the second IR case.

Fourth IR In this paragraph, we study the last possible IR behaviour. We use
the same expansion for () as in the second and third IR discussions. But, this time,

we change our ansatz for the function P by taking
6bo(by — N 2
+ o(by — Nf) + P; -
6bo

6bo(5b1 + 3N;) 4+ 5P? — 7253 tanh(2r)
72b2

P:—b0+P1T1/2

(4.5.26)

+ P T3/2+0(7"2),
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where P, is necessarily a positive integration constant. This solution exists only in

the case of by > 0, which corresponds to

Qo > —%(QNC — N;)(1 + coth(2ro)). (4.5.27)

H, x S® case

We now focus on the Hy x S case. As we said, we also have four different IR
expansions around 7y = 0, for r > 0 and with ro < 0. Here we compile just the

different expansions for the function P.

First IR We choose to expand @ as in (4.5.16)-(4.5.17). Solving for the function
P, we find that its expansion is naturally given by (4.5.18) (recall the master
equation is the same for both mixed cases). What changes are the conditions we
have to impose on the integration constants. The integration constant P, has to
be taken positive. The corresponding solution exists only in the case of by < 0 and

b, < 0, which in this case amounts to having

647‘0 . .
Qo < T3 (Ny —2No), (4.5.28)
when N,(1+ e™%°) < Ny, or
1 % % O ~ ~
Q<3 (N = 4R — Ny cosh(4ro) + (21, — Ny) sinh(4ro)) , (4.5.29)

when N (1 + e™0) > Nj.

Second IR If we choose to expand @ as in (4.5.20)-(4.5.21), we find a second
possible behaviour of the functions in the IR. Of course, the function P is given
by (4.5.22). Here P, has to be taken positive, and this solution exists only in the
case of by < 0 and b; < 0, which corresponds to having

647"0

Qo < (Ny —2N,). (4.5.30)

1 — etro
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Third IR Let us now look at another possible IR behaviour. We use the same
expansion for () as in the first IR. Looking at P we find that
A b — by Ny + bo(by — 4by tanh(2rg)) , s 4
P =bo — (b + Nyp)r - 3, r?+ Pr® + O (r')
0
(4.5.31)

where P; is an integration constant. This solution exists only in the case of by < 0

and b; < 0, that is for the same ranges of values for )y as in the first IR case.

Fourth IR We finally study the last possible IR behaviour. We use the same
expansion for ) as in the first and third IR’s. We take for the function P the

following ansatz:

6bo(by + Ny) + Pfr

P =by + Prt/? —
o + 17 650

) (4.5.32)
P 6bo(5b1 — 3Ny) + 5PF — T2bF tanh(2ro) 5/
1 T

2
o8 + 0 (r?),

where P, is necessarily a positive integration constant. This solution exists only in

the case of by < 0, which corresponds to

Qo < —%(2& — F;)(1 + coth(2r)) . (4.5.33)

4.5.3 Asymptotic expansions in the UV

The solutions for the mixed cases can reach infinity, so we only focus on these
good UV’s, i.e. those reaching the region r — oo. The results for both mixed cases
are quite similar. Contrary to what happened in the H, X 3'_272 case, we have this
time one good UV, and only one. However, it is present only in the case where
Nc < Nf < QNC for the S? x §\L/2 case, and when Nf > 2NC for the other mixed
case Hy x S3.

As for the IR expansions, we gather in this section just the expansions for P.
To get a better feeling of these solutions, one could look at Appendix D of [9] for
the asymptotic behaviour of the functions g, h, k, a of the metric and the dilaton
o.
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S? x :S'I; case

We now present the UV behaviour of the system. We look at the functions P and

@ to find the following expansions, valid for r — oco:
Q=02N.—N)r+Qo+0(r™),

Ny o 2N,—N; . 16N?—13N.N;+ 2N}:>

P=—Q+(Nf—Nc)<l—m+Nf SQZ f 32@3

+0(Q™") .
(4.5.34)
H, x S3 case

We deal with this other case in a similar fashion as above. The UV asymptotics

we found for the functions P and @), valid for r — oo, are

Q=0CN.~Nj)r+Qo+0(r),

. N;  Np(N;—-2N,) N (16N? — 19N N; + 5N?
p:Q+Nc<1+_f+ 5 (Vg ) i 5 +5N%)

4Q 8Q? 323

+0(Q™).
(4.5.35)

4.5.4 Some comments on the solutions

Notice that, in the mixed cases, we have two quantities Nc, and N + which should be
proportional to N, and Ny respectively, but we never mentioned what the relation
is. Although one could expect to have relations like (4.2.32) and (4.2.35), the
reason for not having written them down is that we are not sure of what the brane
setup is in these mixed cases. In both the S? x S% and H x S"I; cases, the colour
branes wrap a cycle that mixes some coordinates of the two S?’s or Hy’s present in
the geometries. If this general feature holds, it is not clear to us how to entangle
the coordinates of an S? and an H,. As a consequence, not exactly knowing what
N, and N ¢ stand for, we have not pursued a further analysis of the connection of
these solutions with their field-theory duals. Despite this fact, we would like to
make a couple of remarks about them. ‘

A good place to start a possible investigation of the field theory could be the
solutions of Section 4.5.1. Indeed, they are analytic, well-behaved solutions, very

similar to the one found in Section 6 in CNP. The fact that the metric functions are
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constant might make it easier to find a way to compute the gauge coupling, even
if the cycle on which to wrap a probe D5-brane is not clear. In the aforementioned
solution of CNP, the gauge coupling is constant, in accordance to the field-theory
expectation of a “conformal point” 2N, = Ny. One could try to learn about the
field theory dual to our solution looking for an analogue of this fact.

Regarding the UV, the solutions for these cases are better behaved than their
non-mixed relatives, for it is possible for some of them to reach infinity, at least
for some values of N, and N 7. In the IR, they can always flow to a geometry with
a singularity of the good type. It is also an interesting fact that exact solutions
could be found in this case, at least in the case N § = QNC. When considering
the unflavoured setup N ¢ = 0, other exact solutions exist, at least in the Hy x S*
case; this can be somewhat related to the fact that one can uplift on an S% a
seven-dimensional SO(4) gauged supergravity solution (see Section 7.2.3 of [76]).
However, this solution does not go all the way to infinity in the UV. We are not
aware of a seven-dimensional gauged supergravity generated by the compactifica-
tion of Type IIB supergravity on a Bianchi group (for M-theory this construction
was done in [93]).

Finally, one can wonder if, due to the presence of hyperbolic cycles in the ge-
ometries, there is some Kutasov-like duality here. In principle, the transformation
Q@ — —@Q,0 — —o leaves the master equation invariant. However, if we look at
the solutions with nice IR and UV behaviours, we see that the Kutasov-like duality
NC — Nf — NC , Nf — Nf interchanges a solution of the Hy x S3 case with one of
the §2% x S’\L-; case, and vice versa. This complies with the geometric interpretation
of this Kutasov-like duality as a swap in a given geometry of the H, and the S2.
The fact that we lack the correct identification of N, and N; in these mixed cases

makes the field-theoretical interpretation of this fact far from obvious.

4.6 Conclusions

In this chapter, we looked into the possibility of finding gravity duals to field the-
ories exhibiting a Kutasov-like duality. The existence of chiral adjoint superfields
in the field theory was ensured by having branes wrapped around cycles of higher
genus on the gravity side. That is why we studied supergravity solutions where
the internal space contains hyperbolic subspaces that, once properly quotiented,
have submanifolds of non-trivial homology. More precisely, we investigated three

possible types of internal manifolds containing a fibred product of either Hy x S’\L/g,
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S? x 5’\[72 or Hy x S3. We showed that the search for solutions in each case could
be reduced to solving a “master” equation, that is only one second-order ordinary
differential equation for a function P obeying some constraints. For the first case,
despite the fact that the master equation was the same as in previously studied
cases, we found that it was not possible to get solutions going all the way to in-
finity in the UV. The end of the space introduces a singularity in the supergravity
solution; that was expected from the field theory which needs a UV completion.
We presented several asymptotic solutions. The solutions are singular in the IR,
but it is always a good singularity. For the mixed cases, we found several exact
and asymptotic solutions. In the case Ny # 0, all of them have good UV’s, but
they are singular in the IR.

In Section 4.4, we presented some features of the field theories dual to the
solutions of the background Hy x S’VLQ After discussing the way our different
supergravity solutions are related through RG flow, we looked at how Kutasov
duality is implemented by a quotienting of the hyperbolic spaces by subgroups.
We showed that, depending on how these subgroups are chosen, the k parameter
of the Kutasov duality can take different values. We studied the gauge coupling of
the theory in the UV, matching some qualitative expectations from the field theory,
as well as the holographic c-function, discovering that one needs to put a UV cut-
off before the end of the space, due to the divergence of the c-function at a finite
point in the radial direction. We also investigated the domain walls and the Wilson
loops. Those calculations are not fully reliable because of the IR singularity. The
domain-wall tension, which does not depend at first order on the number of flavours,
indicates the existence of isolated vacua. Concerning the Wilson loop calculation,
the presence of the UV singularity forced us to use dynamical test quarks. The
results are different for the flavoured and the unflavoured solutions. For Ny = 0, we
obtain indications of confinement. For Ny # 0, the flux-tube between the quarks
can decay into mesons, which is reflected in the string-breaking phenomenon we
observe.

In the next two chapters, we study how one can use G-structures in order to find
solution-generating techniques in supergravity. First we look at SU(3)-structure

in Type IIB supergravity, and then at Ga-structure in Type IIA.
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4.A UV problem of the H; x SE case

We prove here that any solution of the master equation for the Hy x S/’\LJQ case
(4.2.29) always breaks down at some finite value of r. Recall that, in order for the

solutions to be consistent, we need the following conditions to hold:
P<O, Q| < |P|, P +N;>0. (4.A.1)

Let us proceed by contradiction.
Assuming we have a solution extending all the way from some finite rg to oo,
if we look at the conditions (4.A.1) for large enough 7, we easily deduce that

—~N; < lim P < 0. (4.A.2)

T—00

Now, let us focus our attention on the r — oo limit of the following piece of the

master equation: _ -
P'+Q +2N; P —Q+2N;
P-Q P+Q

We want to see that the limit of this piece is not positive. When 2N, = N 7, which

(4.A.3)

implies that () is constant, it is immediate that this limit is negative or zero in
virtue of the constraints (4.A.1). In the 2N, # N ¢ case, we can notice that these
constraints imply that both denominators are always negative, and also that the
P +N 7 piece is always positive. Since asymptotically we have @' + N 7o~ 2]Vc,
the first summand gives a non-positive contribution. The second summand is a
little bit more troublesome, since —@Q’ + N § o~ Q(N ;= ]Vc) asymptotically, and this
could be negative if N > N,. But actually, when N > N, holds, one can see that,
because of the last constraint in (4.A.1), the denominator P + @ goes to —oo, and
the contribution of this summand is null.

So we conclude that the 7 — oo limit of (4.A.3) is not positive. We can then
have a look at the limit of the whole master equation (4.2.29).

Assuming that P is monotonic for large p, which is a sensible physical condition

to impose, one can rigorously prove that (4.A.2) implies lim P” = 0. Then
T—00

0= lim P’

_ ' ' N ') AT
(P + Ny) (P +PQ—EQNf + P PQ+E2Nf — 4 coth(2r — 21"0))}

= — lim
700
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< —4(lim P + Ny). (4.A.4)
The only possibility for satisfying this equation is to have lim P’ = ~N 7. But

T—00
actually this is ruled out by the master equation as well. This can be seen by

writing P = —ﬁfT' + p(r), with p(r) tending to zero as r — oo. The master
equation could be solved asymptotically and the leading behaviour for p would be

p ~ €% a contradiction.

So the assumption that a solution of the master equation satisfying the con-
straints (4.A.1) would exist all the way till 7 — oo leads us to a contradiction.
Thus, any solution of the master equation fulfilling our requirements eventually

breaks down.

4.B How to quotient H, and E\L/g

We briefly discuss, in this appendix, the possible quotients by discrete groups of
isometries we can perform on H, and SL,, and what the resulting value is for the

ratio

_ 8vol(SLy)

" vol(H,)?
which we have associated in Section 4.4.2 with the integer number appearing in
(4.4.1), relevant for Kutasov duality. Recall that, in (4.B.1), the volumes stand for
the finite volumes of the quotients H/T" and SL, /G.

The quotients of H, are very well known. The discrete subgroups I' of its

(4.B.1)

isometry group PSL(2,R) are the so-called Fuchsian groups, and the resulting
quotients Hy/T" are Riemann surfaces of genus g > 1 of constant negative curvature
R = —1. The volume of such a quotient can be straightforwardly computed from

the Gauss-Bonnet theorem:
vol(Hy) = /w,,ol(mz) =— / Rwyoimy) = —2mx(g) = 4m(9 — 1), (4.B.2)

where yx is the Euler characteristic of the resulting Riemann surface.
The isometry group of §f2 might be less well known, but its structure can be

deduced from the exact sequence

0—R—ZI— PSL(2,R) - 1, (4.B.3)



138 CHAPTER 4. SEEING KUTASOV DUALITY IN SUPERGRAVITY

where T is standing for the identity component!? of the isometry group of SL,.
This means that, basically, there are two types of isometries acting on §fg, that
can be thought of as an S* bundle over Hy. One type comprises the isometries that
rotate the S!, i.e. that rotate the fibres by a constant angle, while covering the
identity map of H,. This type is parametrised by R. The other type is composed
of those isometries that “rotate” the base Hy, and it is therefore parametrised by
PSL(2,R). This “rotation” of the base also induces a constant-angle rotation in
each fibre S*.

The idea to retain from the discussion of the paragraph above is that each
quotient of S’\LJQ is roughly a quotient of the base H, times a quotient of S'. The
quotient we have to perform on the base Hj has to be equal to the one we performed
on the other Hy of the geometry. The only freedom left is to perform an extra
discrete quotient in S'. We compute the volume of S’E, including the effect of a

winding number m of the colour branes, as

vol(S’E) = m/wvol(ﬁz) = m/wvo](m)wvol(sl) = mvol(Hy) vol(S*). (4.B.4)

We already know the volume of the base (4.B.2). The volume of the S*, taking

into account the quotienting, is vol(S?) = gn’—', where n is an integer. Then

vol(SL,) = 2nq (g — 1), (4.B.5)

where ¢ = 477” is a rational number. Coming back to (4.B.1), the k of Kutasov

duality is, in terms of the quotient parameters,
k=9 (4.B.6)

In general ¢ € Q, but for some particular configurations, this & becomes an inte-
ger. As we see, k is proportional to the winding number m of the colour branes
wrapping the hyperbolic cycle. We think this might be the reason k appears in
the superpotential for the adjoint fermions in the dual field theory; as an adjoint
can be thought of as a zero-mode of the B(y) field wrapping a particular cycle on
the Riemann surface, the winding of the brane would correspond to the adjoint

self-interacting k ~ m times.

12The isometry group of §I\/’2 has two connected components and the other one simply contains
the isometries induced from the orientation-reversing isometries of Hs.



Chapter 5

SU (3)-structure and rotating

solutions

5.1 Introduction

In this chapter, we develop a solution-generating technique in Type IIB super-
gravity with sources, based on the presence of an SU(3)-structure. The following
is based on [10] which has been done in collaboration with Martelli, Nifiez and
Papadimitriou.

We consider a class of supersymmetric backgrounds of Type IIB supergrav-
ity characterised by an SU(3)-structure [104], and we discuss a simple solution-
generating method applicable to these geometries. In particular, we show that,
starting from a solution of the “torsional superstring” equations of [75], a more
general interpolating solution may be generated, that includes the simple class
of warped Calabi-Yau solutions [105] in a limit. In most cases, this procedure is
equivalent to the chain of U-dualities discussed in [106], as was also showed in
[107]. However, exploiting the relation to generalised calibrations, this method can
be applied as well to geometries which include the backreaction of supersymmetric
sources. In fact, in the following, we apply the procedure to a supersymmetric
solution describing N, D5-branes wrapped on the S? inside the resolved conifold,
plus N; D5-branes sharing the R Minkowski directions and infinitely extended
along a transverse cylinder [21]. We study the case in which the Ny sources are

smeared over their transverse compact directions and we can have Ny/N, ~ O(1).

The “seed” solution, on which the mentioned solution-generating technique is

139
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applied, was discussed in [29]'. The large radius (UV) behaviour of this solution
is such that the dilaton asymptotes to a constant. In Section 5.3.2, we study the
small radius (IR) asymptotics suitable for the purposes of this work, extending the
analysis in [29, 28]. The solution we discuss is singular at the origin of the radial
direction and we may view this singularity as one that can be resolved, in a fashion
similar to the Klebanov-Tseytlin solution [108] where, away from the singularity,
the solution captures the correct Physics. We do not resolve this singularity in the
present chapter, but we anticipate that one way to do this is to consider a profile
for the smeared flavour branes that vanishes smoothly at the origin, as explained
in Chapter 7. The solution depends on two integers N, and Ny, and we fix the
boundary conditions in the IR by requiring that setting Ny = 0 gives the smooth

solution discussed in [106].

After applying the solution-generating technique to the “seed” solution, we find
a new background with non-zero Ramond-Ramond and Neveu-Schwarz fields. In
addition to the integers N, and Ny, the solution depends on three continuous pa-
rameters. One of them is the string coupling at infinity. Then there is a parameter
we denote ¢, which is related to the size of the S? as measured from infinity [106],
hence to the amount of resolution in the geowetry. In the unflavoured case, this
parameter is related to the VEV of baryonic operators in the baryonic branch of
the Klebanov-Strassler theory [109]. Finally, we have a parameter introduced by
the transformation?. The solution may be viewed as a “flavoured” version of the
resolved deformed conifold solution [110]. Sending to zero the resolution parameter
(¢ = 00), and Ny as well, we obtain a solution closely related to the Klebanov-

Strassler solution.

The rest of the chapter is organised as follows: in Section 5.2, we discuss a
solution-generating method applicable to supersymmetric Type IIB geometries
characterised by an SU(3)-structure. We also explain how to incorporate super-
symmetric sources (flavour branes). In Section 5.3, we give some details of the new
solutions. First we extend previous studies on fivebrane solutions with asymptoti-
cally constant dilaton, and then we construct explicitly the new flavoured resolved
deformed conifold solution. Finally, we summarise the results of this chapter. No-
tice that a field-theory interpretation of our new solutions has been proposed in
Section 4 of [10].

tMore precisely, the solutions in [29] had different IR asymptotics to the ones we present in
this chapter.
2As explained later, this parameter corresponds to the boost parameter in [106].
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5.2 Generating solutions from SU(3)-structures

We start this section by presenting the BPS equations of an SU(3)-structure back-
ground, derived from the general setup in [104]. While the authors of [104] work
with pure spinors, in a particular case, their results can be formulated in terms of
the two differential forms characterising the SU(3)-structure. First, let us state
precisely the ansatz and conventions. We work with Type IIB supergravity in Ein-
stein frame and consider a ten-dimensional space which is a warped product of a
four-dimensional Minkowski space and a six-dimensional space equipped with an

SU(3)-structure. For the metric, we take
ds? = e**[dz] 5 + dsZ]. (5.2.1)

We also have several fluxes: the RR forms F{;), F(3), F(5) and the NS three-form
H(s). These have components only in the internal six-dimensional space, except

for F(s) that is self-dual. Generically, we can write

F(5) = €4A+q>(]. + *10)VOI(4) A\ f,
(5.2.2)
H) = dB(y),

where f is a one-form. The general Type IIB supersymmetry conditions for these
geometries were derived in {104, 44] as equations for the two pure spinors (multi-

forms) ¥y, ¥, and read

e — Hign) [0 ] =d (A " §> M

,l;eA—+-5<I>/4 1At
+ g [ —%eFly + €7 5 F)]
(d— H(3)/\) [62A_¢/2\I/2] =0.
(5.2.3)
We then specialise these to the case of SU(3)-structure. This means that the two

pure spinors take the form

e4A+tI>

Q.
8

(5.2.4)
Here J is the (would-be) Kahler two-form and 2 is the holomorphic three-form.

iC
¥, = —%e‘”q’/‘* (1 —je?AFe2 ) _ %e"A*q’J A J) . U, =—

Together, they define an SU(3)-structure on the six-dimensional geometry. In
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addition, we have a function ( arising as a phase in the pure spinor ¥,. For this
reason, the SU(3)-structure is referred to as interpolating?®.
Equating terms involving forms of the same degree, we obtain the BPS equa-

tions of the system written as
d (854220 =
d(e**JAJ) =0,
d ( 20— /2 cos C)
—e7427%d (e*®sin¢) = f,
—e® cos ¢ g Fgy — 273 2sin¢d (e7®sin () A J = e227%/2d (2242 |
—sin e® ¢ F(3) + cos Ce?At3®/2g (c™®sin O ANJ=Hg,

7

—ld (e7®sin¢) A J A J = #gFy.
(5.2.5)

Manipulating these equations a little more, one can show that
Hgz =d (tan Ce2A+q’/2J) —  B(g = tan Cem“‘q’/QJ, (5.2.6)

thus the (non-closed part of the) B, field is completely determined by the SU(3)-
structure. Notice that the first equation in (5.2.5) implies that the geometry is
complez, in the usual sense, as opposed to the general case discussed in [104, 44].
This gives a useful characterisation of the geometries we are interested in. These
equations were also derived in [107], which discussed first the results presented in
this section.

In the rest of this chapter we impose that Fi;) = 0. The last equation in (5.2.5)
then implies that d ( sin C) = 0 and the system simplifies further, reducing to

d(ef2*270) =0,  d(e®**Pcos¢) =0, d(*ATAJ) =0,
—e® cos ¢ *g Fay = e~2A-2/2 (64A+¢J) , H) = —sin Ce® xg Fis),
—e~487%q (e4A sin C) = f.

(5.2.7)
It is instructive to specialise the system (5.2.7) to the case { = 0:
d(ef2+*2Q) =0, d(e**7%*) =0, d(f2TAJ)=0,
—e® xg Fig) = e 287224 (e*2F2)) | (5.2.8)

3See [111, 112] for earlier work on interpolating geometries.
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f=0, H(g):(), F(I)ZO

The only non-zero flux is then F{3y and the BPS system describes a configuration
of D5-branes. These are simply the S-dual version of the “torsional superstring”
equations of [75, 113] and they were written in this form in [47, 48]. A notable
solution of these equations was discussed in [13, 87].

We now show that, from a solution of the system (5.2.8), one can generate a
solution of the more complicated system (5.2.7) for a non-vanishing ¢. This is then
a simple solution-generating technique. We sometimes refer to this procedure as

rotation®. Precisely, if one defines

=30
26 _ L a0 _ K1 ep
cos ( cos( ’

- (8 qo

K1 ’

5.29

J_ cos 2J(°) ( )

K1 ’

Fisy = —(1 4 #10)dz° Adz' Adz® Adz® Ad (EHQ—CeM(O)) )
cos? ¢
where the quantities with a superscript () obey the equations in (5.2.8), then the
(new) quantities on the left-hand side obey the equations in (5.2.7). k; is here an
integration constant. We require that the condition F{;) = 0 is preserved, which
implies that d (e"®sin¢) = 0. We can then solve this equation obtaining

sin ¢ = kge®, (5.2.10)

where k9 is another integration constant. This formula requires the dilaton to be
bounded from above at any position in space. To summarise, let us write the

background after the “rotation” in terms of the initial one (in Einstein frame):

ds? = ¢~ 2/2 [h—l/zdxi3 n e2q>h1/2dsé°)2] ,

4There are different motivations for this: firstly, it is a rotation in the space of Killing spinors,
parametrised by ¢. Secondly, in the particular case discussed in [106], this corresponds to an
actual rotation of NS5-branes in a T-dual Type ITA brane picture.
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1
F(B) — K.l_le—?q) *6 d (62(}](0)) ,

B(g) _ % 22 J(O),
1

Fisy = —fa(1 + *10)voligy Adh™H, (5.2.11)

where

h= % (e — K3) . (5.2.12)
1

Any solution of the system (5.2.5), supplemented by the Bianchi identities
for the fluxes, is a solution of the equations of motion of Type IIB supergravity
[104, 44]. One can then show that imposing the Bianchi identities for the simplified
(seed) system (5.2.8) implies also the Bianchi identities, and hence the full equa-
tions of motion, of the more complicated system. Thus, starting from a solution
of the system (5.2.8) (with a bounded dilaton), one can generate a solution of the
system (5.2.7) using the formulas in (5.2.9). This result was also discussed in [107].

5.2.1 Adding D5-brane sources

In this subsection, we show how the generating technique discussed above may be
also applied to supersymmetric solutions for a combined system of supergravity plus
smeared sources. The key observations are the following. Firstly, when the sources
are smeared in a supersymmetric way, the D-brane action can be written in terms of
generalised calibrations and their net effect is captured by simple modifications of
the Bianchi identities for the fluxes. In particular, the non-closed part of the fluxes
is identified with the so-called smearing form — see Chapter 2. The supersymmetry
equations, however, do not change in form. Then, by using the results of [51], the
computation of the previous subsection can be applied to the case with sources.
The interest of including the backreaction of such explicit branes is that these may
be interpreted as flavours in the context of the gauge/gravity duality.

We consider the case of D5-brane sources. One then needs to study the com-
bined action of Type IIB supergravity with the DBI and WZ terms for the source
branes. Using the SU(3)-structure calibration conditions, the combined action can

be written, as shown in Chapter 2, as

S = SHB—/ <e4A+q’/2vol(4)/\ ( cos (e*2 J+sin (e‘q’/zB(z)) —C(e)+C'(4)/\B(2)) AEy ,
(5.2.13)

where Sirp is the action of Type IIB supergravity. Here Z(4) is the smearing
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form, characterising the distribution of sources. It is proportional to the number
of flavour branes Ny and has no components along the Minkowski directions. Ciy)

and Cg) are defined via

Fisy =dCq) + By A Fg),

o (5.2.14)
Fioy = —€” #19 F(3) = dC(e) + By A Fis).

Using the results of [51], we know that the addition of sources, even when smeared,
does not modify the form of the BPS system (5.2.5) but only the Bianchi identities.

These now read
dFi3) = =y,
® = =@ -~ (5.2.15)
dFs) = Hez) A Fia) + By A Eqa)-
As shown in [51], if one imposes the Bianchi identities, every solution of the BPS
system is a solution of the equations of motion coming from (5.2.13) (see Appendix
5.A). As previously described, one can generate a solution of the equations of
motion of the action (5.2.13) from the case ( = 0. Setting ¢ = 0 in (5.2.13) and

using the fact that Bz = 0, we find

SD5-sources = —/ (66A+¢/2VOI(4) ANJ — C(e)) A Zay. (5.2.16)

This is the action for supersymmetric D5-brane sources in a background charac-
terised by the equations (5.2.8).

5.2.2 The limit of D3-brane sources

The limit ¢ — 7/2, in which the supergravity background goes over to the warped
Calabi-Yau geometry, is slightly more subtle [106]. Here, we determine how the
action for the source branes behaves in this limit, and we find that the limiting
action indeed corresponds to smeared D3-brane sources, with a particular smearing
form arising in the limit. Considering the action (5.2.13) as generated from the
¢ = 0 case (5.2.16), we can work out the dependence on ( of every quantity from
equations (5.2.7) and (5.2.9). Recalling that the RR potentials are defined using
(5.2.14), we have

o2 — 1 200 _ M e
cos ¢ cos ¢

)

1.
e® = —sin(,
K2



146 CHAPTER 5. SU(3)-STRUCTURE AND ROTATING SOLUTIONS

2
J_ cos2 Cj(o) 7
k1
]. . (0)
Bg) = sin®/2 ¢ 227 JO 5.2.17
RN ( )
1 - (0)
Cley = ———1/sin ( e*2" vol gy A JO |
©) = Ve @

sin
Cuy=— ¢ e4A(0)vol(4)

Looking at the dependence on cos (, the action for the sources can be written as

E

Ssources = —/([C052 (sin C64AV01(4) A Bg) +cos? CC(4) A B(g)] + 0(0032 C)) A o2
(5.2.18)

In this formula, the quantity in square brackets does not scale with cos (, implying

that this is approaching a finite non-zero value when (¢ goes to 7/2, and additional
terms in O(cos? () go to zero in the limit. However, there is an overall factor cos™2 (.
Therefore, if we want the action to be finite in the limit cos{ — 0, then we need
to scale =4y accordingly. However, Z4) = Nyw(4) where w(4) cannot depend on (.

We then conclude that we need to impose the following condition:

Nf ™
h —. 2.1
cos2 ¢ — constant when ( — 5 (5.2.19)

In this case the limit of the D5-brane source action is
Ssources — SD3 sources — _/ (64A(0) V01(4) + C~’(‘D) N E(6) ) (5220)

where the tilded quantities correspond to the limit of the untilded ones. We have
defined é(ﬁ) as

By AZw — S  when ¢ — g (5.2.21)

In the limiting case, we can then identify the action as the smearing of supersym-

metric D3-branes with smearing form é(e).

5.3 D3-branes in the flavoured D5-brane solution

Here, we apply the procedure discussed in the previous section to a solution repre-
senting D5-branes wrapped on the S? of the resolved conifold, with the addition of

explicit smeared D5-brane sources. The resulting Type IIB solution with D3-brane
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charge and By field is a “flavoured” version of the warped resolved deformed coni-
fold solution originally derived in [110]. A field-theory interpretation of this new
background can be found in Section 4 of {10].

5.3.1 Db5-branes on the resolved conifold with flavour D5-

branes

The setup corresponding to D5-branes wrapped on the S2 of the resolved conifold,
with addition of smeared D5-sources, was described in [21, 29, 28]. The metric in

Einstein frame takes the form
ds? = ¢*4 [dxiB + e¢_4Ads§] , (5.3.1)

where here the internal metric ds2 does not change under the “rotation” procedure.
As we have seen in the previous section, the unrotated metric is obtained by setting
€28 = 28 — ¢®/2 iy (5.3.1). The solution can then be completely described
in terms of the vielbein €%, a = 1,...,6, parametrising the internal metric ds2,

i.e. dsz = d,pe%e®. In the notation of [21], the vielbein are

e? = ekdp), e = elw; , e? = elwy ,

L1 L 1. L1, (5.3.2)
e :§eg(w1+aw1), e =§eg(w2—aw2), e =ge (W3 + ws),

where the one-forms w;, @;, ¢ = 1,2, 3, are defined as

w; =df, @ = cosypdf +sinypsin§d@,
wy = sinfdy, @y = —sint df + cos P sin 0 d@, (5.3.3)
w3 = cosfdy, @3 = di) + cosd@ .

Moreover, the RR three-form is given by

N. N
F(S) = — 2Nc€—2g—kel /\62 /\e3+ 76 <a2 _ 2ab+ 1— 7\]1) e—2q—k80 /\e‘p/\€3

[+
+ Ne(b—a)e 977 F (e' Ae? + 2 AeP) A €EP
N,
+ Tb'e_g_q_ke” A (= ne +e? neP) .
(5.3.4)

As was shown in [29], there is a set of variables that decouples the BPS equations

described in the previous section for this ansatz and leads to a single second-order
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ordinary differential equation, whose solution completely determines the super-

gravity background. This set of variables is introduced defining

1 pP? — Q?
e == ——Q , e = Pcosht —Q, e*=4Y,
4 \ Pcosht —(Q
. (5.3.5)
- Psinhr b— o
" Pcosht—Q’ N,
Solving the resulting set of decoupled BPS equations, one then finds
1
sinh 7 =— ,
Snh(2(p — p2))
2 c 2 c +
Q= (Qo + ¥> cosh7 + —N—in—f (2pcoshT — 1),
2N, — N
o =tanht <Q + —2—i> , (5.3.6)
cA(@—20) _ COSh2(2Po)
(P2 — @Q?)Y sinh® 7’
1

while the only remaining unknown function, P(p), is determined by the equation

PI+QI+2Nf+P/—QI+2Nf

P"+(P’+Nf)< 0 o

— 4 cosh 7') =0. (5.3.7)
Here p,, @, and ®, are constants of integration and we set Q, = —N.+ Nf/2. The
SU(3)-structure for this class of backgrounds is specified by a (would-be) Kahler
form J and a holomorphic three-form §2, which may be written explicitly as follows
(cf. [106] for the unflavoured case):

JO —erpned+ef A (—cosue‘p + sinuez) +e!' A (—sin,ue“’ — cos,uez) ,
QO = (e# +ie®) A[e? +i(—cospe’ +sinpe?)] Afe' +i(—sinpe’ — cospe?)],
(5.3.8)
where the angle 0 < u < 7/2 corresponds to a rotation in the e® — €2 plane and is

given by
P —cosh7@

Pcosht —@Q

The SU(3)-structure for the transformed solution is now obtained simply from
(5.3.8) via the rescalings (5.2.9).

cosp = (5.3.9)
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Charge quantisation

Given a solution of (5.3.7), one immediately obtains the full string background
via the above relations. In particular, the new background is obtained as in (5.2.11)
and it depends on the parameters N; and Ny, which, in the case { = 0, can be
interpreted respectively as the number of colour and flavour D5-branes. How-
ever, this interpretation should be reconsidered for the transformed backgrounds.
Notice that, in the presence of sources, one should be careful with the D5 charge-
quantisation condition for the original background. In particular, since Fi3) is not
closed, its integral over the three-cycle at infinity depends on the representative
submanifold, hence it cannot be quantised. We therefore define the number of
colour D5-branes by integrating, over the three-cycle, Fisy evaluated at Ny = 0.

Since the latter is closed, this definition makes sense and we have

1
Y F3)lny=0 = NcTs, (5.3.10)
K10 Jg3
where S? is any representative of the unique three-cycle at infinity. For the trans-

formed background, this should be modified to

1 ~ N,
S F —o=N.1T5s=—1Ts € N. 5.3.11
20 Jso @) vy=0 =B ( )

We also redefine the number of flavours using

N _ _ N ) i
dF g = —4—fsinﬁsin9d0/\d<p/\d0/\d¢ = jsin@sin@d()/\dcp/\d@/\daﬁ. (5.3.12)
1

Noticing that P, Q and J© are homogeneous in N, and N; of degree one, so it

follows that the rotated background, in string frame, becomes

dsitr
F(3) = e—2<I> *g d (62(1)‘](0)(]’\70 ]vf)) s
Blgy = ra * JO(N,, Ny),

F(5) = —Rg(]. + *10)dh_l AN V01(4) .

_ h—l/2dx%.3 + ezéhl/zﬂldsg(ﬁc, ]vf) )

(5.3.13)

Using the expression (5.2.12) for h, it is clear that the constant x; can be absorbed

into the rescaled charges ]\~/'c and N ¢. Namely, defining

h=e2® k2, (5.3.14)
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and absorbing k,; by a trivial rescaling of the world-volume coordinates z* — nl_la:i,

we have . . o

ds?, = h7/%da?, + e**hM/2ds3(N, Ny),
Fig) = e 2% %6 d (enJ(O)(ﬁc, ]Vf)) ,
By = ke €2 JO(N,, Ny)

F(5) = —Kg(l + *10)(2”1_1 A\ V01(4) .

(5.3.15)

It follows that the effect of the rotation described in the previous section is simply
the introduction of the parameter ks, with 0 < s, < max{e~%}. For k; = 0, we
recover the original background. To make contact with the discussion in [106], we

may parametrise ko as
ke = e~ ¥ tanh 3, (5.3.16)

where @, is the asymptotic value of the dilaton. In [106], this transformation
was derived as a simple chain of U-dualities, and the constant 8 arose as a boost
parameter in eleven dimensions. However, the derivation presented here (see also

[107]) may be readily applied to cases with sources.

5.3.2 The flavoured resolved deformed conifold

We now present a deformation of the solution of Butti et al. [110], describing the
baryonic branch of the Klebanov-Strassler theory [109], induced by the backre-
action of D5-brane sources. We start by first reviewing some of the material in
[106].

Review of the unflavoured solution

Before we present the flavoured solution, let us recall the unflavoured solution
[110, 21, 29, 106]. This solution is obtained by setting Nf = 0in (5.3.15), Q, =
—]Vc, po = 0 and picking a specific solution of the differential equation (5.3.7) for
P. The solution is only known numerically, but one can easily determine its IR
and UV asymptotic forms, which are specified in terms of two arbitrary constants,

hy and c:

4hy AN2\ ., 16k 4N?  32N*
— h = 1 _ [+ 1 _ [+ . C
P=hp+ 5 ( 72 )p * 525 3R T 348

4p/3 AN? ( 13\ _4ps3 ~8p/3
P =ce*® + Ve —,o-i-l—6 e P2 4+ O(pe™P7), P — 0. (5.3.17)

>p5+0(p7), p—0,
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In the full solution, the two constants are related in a non-trivial way [106]°, given
in (B.41) of [10]. What is important for the present discussion is that h;(c) as a
function of ¢ takes values in [2,+00), while ¢ € [0, +00), with h;(0) = 2. One can
also construct the solution in an expansion for large ¢. One then finds, via (5.3.6),
that the dilaton takes the form

1
62q> = 624)"" (1 — gh}{s(p) + O (C—4)) , (5318)

3 62<I>o
€2<I>°° = \/;W7 (5319)

~ oo dp’ ’ ’ . /
hxs = 2/3N? / W%ﬂ (20 coth(2p') — 1) (sinh(4p) — 40, (5.3.20)
P

where

and

is the Klebanov-Strassler warp factor (cf. equation (90) in [109]).

Let us recall some limits of this two-parameter family of solutions discussed in
[106]:

e -0

This is the original background before adding the D3-brane charge [21],
namely it describes wrapped D5-branes. The interpretation of the param-
eter ¢ was discussed in [29, 106]. Taking ¢ — 0 corresponds to going to the
near-brane limit, which is the solution discussed in [13, 87]. In this decou-
pling limit, the theory on the fivebranes was argued to flow to pure N' =1
super Yang-Mills in the IR [13, 87]. In the opposite ¢ — oo limit, the metric

approaches the deformed conifold with three-form flux.

e B — 00

This limit ensures that the constant term in the warp factor in (5.3.14) is re-

moved and the leading term in the UV is dominated by hxg. The expansion

5These constants are related to the parameters -, to, and U in [106] as follows:

cu|n22

hy = 272]Vc, c= e~ too , U=

Moreover, N, here is M in [106]. The complete map to the variables used in [106] includes
tmMm = 2p, Tmm = t, cum = P/N, and fayrne = 4P/Ne.
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in large ¢ does not terminate and c¢ remains as the only non-trivial param-
eter of the solution in addition to ®.,. This solution describes the baryonic
branch of the Klebanov-Strassler theory and the parameter c is related to the
baryonic branch VEV as U o ¢! [110].

e 3 — 00 andc— oo

In this case, the warp factor & in (5.2.11) is replaced by hxs and hence
the background is the Klebanov-Strassler background [109]. In particular,
the unwarped internal metric is the deformed conifold metric. The only
free parameter is the asymptotic value of the dilaton ®,,. The deformation
parameter ¢ of the deformed conifold may be reabsorbed by a rescaling of

the metric.

e f—o00andc— 0

This is the limit of large VEVs on the baryonic branch solution. In [106],
it was shown that there is a large region where the dilaton is approximately
constant and the solution is well approximated by the solution of [114]. It
was then argued that, in this limit, one approaches the wrapped fivebrane
theory, but with a By field on the two-sphere, induced by the “rotation”
procedure. Therefore, in this case, the theory is well described by fivebranes

wrapped on a fuzzy two-sphere.

The new flavoured solution

Let us now present the new flavoured resolved deformed conifold solution. Note
that the analysis so far is general enough to allow for smeared D5-sources and,
therefore, we only need to find a new solution of the “master equation” (5.3.7)
with N ¢ # 0, subject to the condition that it reduces to the solution of [110] in
the limit N ¢ — 0. We have found this new solution numerically, but again one can

systematically determine the IR and UV asymptotics:

plog(—logp)>)

AN 1
P ~ hpt—= (—plogp ~ 1gPlog(~logp) + O ( og 7

3
+O(p*logp),

- ~ (5.3.21)
9N 1 ~ ~ 13 81N? _
Pp:ooce4p/3+Tf+E<(2Nc_Nf)2 (P2_P+E)— 64f>e4p/3

+ O(pe=®/3),
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These solutions are different from those discussed in [29] and, in particular, they
reduce to their unflavoured counterparts in (5.3.17) in the limit N; — 0. However,
contrary to the unflavoured solution, the flavoured solution is singular in the IR.
Moreover, note that the flavours, i.e. terms proportional to N 7, dominate the IR,
as well as the UV, when 8 — oo (see (5.3.24) below). Via (5.3.6), we see that these
asymptotics imply that the dilaton goes to —oo in the IR and not to a constant as
in the unflavoured case. In particular, for small values of the radial coordinate we

have®

2®., .3/2 1 =1 1
e = o ¢ (1— o8(~log ) +O( )) (5.3.22)
N;*(—log p)3/2 8log p log p

Thus, the warp factor has the following expansion in the IR:

~ \ 3/2
s 1 e [2N; 3/2 log(—log p) ( 1

== o | — -1 1+ ——————= — . 3.2
h 3¢ ( - (—log p) + 8Tog p +0 oz p (5.3.23)

The numerical solution interpolating between the asymptotic behaviours in (5.3.21)
is plotted in Figure 5.1. In Figure 5.2, the numerical solution is explicitly compared
with the asymptotic solutions (5.3.21) by zooming in the IR and UV regions.
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Figure 5.1: Plot of the function P(p) and the dilaton for the numerical solution
interpolating between the two asymptotic behaviours in (5.3.21). The plots corre-
spond to the values N, = 10, Ny = 20, ¢ = 30, and h; = 100.

Let us now reconsider the various limits discussed in the previous section for

the unflavoured solution:

6To recover the limit N ¢ = 0 at fixed ¢, the expansions (5.3.22) and (5.3.23) are not useful.
This limit is completely smooth as can be seen from the expansions of P in (5.3.21) and the
various plots of the numerical solutions.
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Figure 5.2: In these graphs, we plot the same numerical solution as in Figure 5.1,
but we zoom in on the IR region (left) and on the UV region (right), and we com-
pare the numerical solution (black) with the corresponding asymptotic solutions
given in (5.3.21). These are plotted in red (IR solution) and in blue (UV solution).

e 30

Again, this is the original D5-brane background before adding the D3-branes.
Further taking ¢ — 0 is the near-brane (decoupling) limit. In this case, the
resulting solution interpolates between the IR asymptotics given in (5.3.21)
and the linear dilaton asymptotics P ~ |2N, — Ny|p+ P, (with P, = 3). The
solution is plotted in Figures 5.3 and 5.4, and it is the flavoured generalisation
of the wrapped D5 solution of [13, 87].

B — oo

Although in this limit we remove the constant term from the warp factor in
the UV, the leading form of the warp factor is not dominated by hgg any

more, but by the term introduced by the sources:

. 22/3]'\7' 00 B
h=e 2% (Tf / dy’ (sinh(4p') — 4p') 1/3+(’)(1/c2)) . (5.3.24)
p

It follows that the UV asymptotic behaviour of the flavoured solution is
different from the Klebanov-Strassler asymptotics. This leads to a different
field-theory picture, as discussed in [10]

c— o0 and f — oo

This limit cannot be taken naively in the flavoured case, due to the fact
that the flavours dominate the UV after the leading constant term in the
warp factor is removed. The reason why we cannot go to the Klebanov-

Strassler limit, while keeping the flavour D5-branes, is that this is not a
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supersymmetric configuration [115]. Therefore, we consider the limit of ¢ —
oo and Ny — 0 at fixed ¢ N 7. This limit is the subject of the next subsection.
In Section 4 of [10], it is argued that the field-theory interpretation of this
solution is a modification (by Higgsing) of the Klebanov-Strassler cascade.

e B—0c0oandc—0

One can perform an analysis similar to that in [106] for the solution in this
range of parameters, and show that there is again a large region where the
solution is well approximated by a resolved conifold metric, with addition of
fluxes and sources. This suggests that there should exist an exact Type IIB
solution analogous to that in [114], modified by the presence of sources. It
would be interesting to find this solution.

P
® S(0)-Po

Figure 5.3: Plot of the function P(p) and the dilaton for the numerical solution
interpolating between the IR asymptotic behaviour in (5.3.21) and the linear UV
asymptotlcs P ~ |2N Nf|p The plots correspond to the values N, = = 20,

N =20, P, =10 and h; = 25.93. Contrary to the N ¢+ = 0 case, we do not have
an analytic expression for the value of h; leading to linear dilaton asymptotics in
the UV.

Summary

Let us summarise the effects of the addition of the flavour D5-branes to the
unflavoured solution. The ansatz for the metric and fluxes is essentially unchanged
and may be parametrised completely in terms of the function P. This function for
various values of N ¢ is plotted on the left in Figure 5.5. Notice that the leading
UV behaviour of P is not affected by the flavours. However, the flavoured solution
is actually singular at p = 0. After introducing the D3-branes, the six-dimensional

metric ds? is unchanged, and is warped by the warp factor (5.3.14). This picks up
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Figure 5.4: Here, we plot the same numerical solution as in Figure 5.3, but we
zoom in on the IR region (left) and on the UV region (right), and we compare
the numerical solution (black) with the IR asymptotic solution given in (5.3.21)
and the UV asymptotic solution P ~ |2N’c - N flp. These are plotted in red (IR
solution) and in blue (UV solution).
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Figure 5.5: On the left: plots of P(p) for fixed values ¢ = 30, N, = 10 and different
values of N ¢ (and hy). The continuous curve is N ¢ = 0. Superimposed on this are
the curves for the following values: Ny = 5 (dotted green), Ny = 10 (dotted red),
Ny = 20, (dotted blue), N 7 = 40 (dotted black). On the right: different plots of
h(p) for the same values of N.

the subleading behaviour of the dilaton in the UV and, therefore, it is sensitive to
the N ¢ flavours — see the plots of h on the right of Figure 5.5. The divergence of
h at p = 0 is due to the singularity in the IR. The fall-off at infinity is noticeably
slower with respect to the unflavoured case, and we expect that this persists after
resolving the IR singularity. In order to understand the physical origin of the UV
behaviour, we next discuss the solution in a limit in which the six-dimensional

(unwarped) metric becomes an ordinary deformed conifold.
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5.3.3 Adding smeared D3-branes to the Klebanov-Strassler
theory

We now discuss a solution obtained in the limit ¢ — oo (with tanh 5 = 1) of the
flavoured solution. This limit can be obtained by inserting the warp factor (5.3.24)
in (5.3.14) and sending ¢ — oo. However, the fact that A ~ 1/c, and not & ~ 1/¢?
as is the case for the unflavoured solution, does not allow us to take this limit
directly. To obtain a well-defined limit, we set cN f = v, and keep v fixed in the

limit ¢ — oo. This gives

b= ize—?%o <22/3V / dp’ (sinh(4p') — 4p/) "M% + hKS> +0(1/).  (5.3.25)

¢ p

Inserting this in (5.3.15) and sending ¢ — oo, we obtain an exact solution (notice

that the expressions for B(;) and F(3) below do not scale with the parameter c):

ds?, = %= (712t + hl/2ds3(N,,0)] |

Fg) = %dJO(N,,0),

N (5.3.26)
By = e*=JO(N,,0),
Fs) = —e (1 + *19)dh;" A voly),
where ds%(]vc,O) is the deformed conifold metric and we defined
h, = 22/3y / dp’ (sinh(4p’) — 40) % + hgs. (5.3.27)
P
To understand the significance of this solution, notice that v # 0 leads to
dF(5) — H(3) A F(g) = B(z) A Za) #0, (5.3.28)

where the term on the right-hand side of this equation may be interpreted as the
contribution from D3-brane sources smeared on the transverse directions. Indeed,
the world-volume action for these sources arises in this limit, as discussed in Sub-
section 5.2.2.

Going back to the solution before taking the ¢ — oo limit, we can think of the
term B(y) A Z(4) in the second equation in (5.2.15) as a D3-brane charge density
induced on the D5-brane sources by the By field on their world-volume. Then,

we can compute the density of D3-branes by integrating the By field pulled back
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onto the world-volume cylinder wrapped by the D5-branes, where we put a cut-off
at some radial distance. The result is also valid in the ¢ — oo limit. Namely, we

may define a running number” of D3-brane sources as

N - P
ng = 2—f2/ By o« Ny e_q>°°/ etk (5.3.29)
( 7r) cylinder

where the factor of N 7 comes from the overall factor in front of the action for the

flavour D5-branes. Expanding this in the UV, we get (g, = e®=)
ng ~ gov /3 for p—o0. (5.3.30)

The interpretation of this quantity becomes clear if we look at the asymptotic form
of the warp factor in the standard radial coordinate r ~ €??/3. The leading term

of the warp factor in the UV goes like

24 N21
hy, ~ Eﬁ——i%oﬂ for r-— 0. (5.3.31)
r
Expressing this in terms of the running number of D3-brane sources ns, and running
number of bulk D3-branes [109]

n ~ kN, ~ g,N*logr for r— o0, (5.3.32)

this takes the form
ng+n
ré

for r—o0. (5.3.33)

gshu ~

This shows that there are precisely ny+n D3-branes in the background and reduces
to the Klebanov-Strassler expression for v = 0. Notice that the running of the
source and bulk D3-branes is quite different, and in particular the former dominates
the UV.

The limiting solution is again singular near p = 0. However, this singularity
comes entirely from the warp factor (5.3.27), while the metric ds2(N,,0) is the
smooth deformed conifold metric. This singularity is due to the fact that the

D3-sources are distributed uniformly along the radial direction down to p = 0.

"In the following formulas we ignore numerical factors.
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5.4 Discussion

In this chapter, we have used a solution-generating transformation, applicable to a
large class of supersymmetric Type IIB backgrounds, to construct a new family of
solutions generalising the resolved deformed conifold of Butti et al. [110]. Using this
method, we can take any solution of the torsional superstring equations [75, 113, 48]
and generate a solution where various RR and NS fields are turned on. The method
may be applied to solutions which include the backreaction of smeared source
branes, usually referred to as flavour branes. In particular, we have applied this
procedure to a solution representing a system of N, D5-branes wrapped on the
two-sphere inside the resolved conifold, with addition of N; flavour D5-branes
wrapped on a transverse infinitely extended cylinder. The final solution is then
a warped resolved deformed conifold, modified by the backreaction of the extra
flavour branes.

The flavoured solution differs qualitatively from the unflavoured one in two
ways. Firstly, it is singular in the IR. Secondly, the UV asymptotics is not the
(logarithmic) Klebanov-Strassler one. Although we have not addressed the res-
olution of the IR singularity in this chapter, we expect it may be resolved by
considering a profile for the flavour D5-branes that vanishes smoothly in the IR
(see Chapter 7). The different behaviour in the UV is induced by the presence of a
uniform distribution of D3-brane sources, smeared on the transverse geometry, up
to infinity. We have explained that these D3-branes are induced by the presence of
the flavour D5-branes in a geometry with a non-trivial By field. In other words,
the “rotation” procedure has the effect of adding bulk D3-branes, coming from the
original colour D5-branes, and smeared D3-brane sources, coming from the original
flavour D5-branes.

In the next chapter, we present a similar solution-generating technique, but this

time applied in the case of Type IIA supergravity backgrounds with a Gs-structure.
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5.A Type IIB equations of motion with sources

In this appendix, we state the equations of motion coming from the action (5.2.13).
Let us first rewrite the total action, comprising the Type IIB supergravity action

plus the supersymmetric source action:
S = SIIB + Ssources ) (5A1)

where

1 1
Sip = /V -9 <R - 55@8“@) + 5/0(4) A Fzy AN H)

1 1
- = / (eNDF(l) A *F(l) + e_q)H(g,) A *H(g) + quF(g) A *F(g) + §F(5) A\ *F(5)> ,

2
(5.A.2)

and

Seources = — / (e12+%/2v0l ) (cos (e Jsin Ce™ /2 Bo)) ~Coy+ CiyNBis) ) AZ -
(5.A.3)
In the following, we set F(;y = 0. The modified Bianchi identities for the fluxes

read
dH3) =0,

dF(5) = H(3) A\ F(g) + B(Q) A 5(4) .

The equations of motion for the fluxes are given by

d (e7® % Hs)) = F(3) A Fis5) +sin( e*®voly A g,

. (5.A.5)
d (e * Fig) = —He) A Fs)-

Notice that, in the equation of motion for Hs), the term coming from Ci4) A B(a) A
Z(4) in the source action is exactly cancelled by a contribution from the Chern-
Simons term of the Type IIB supergravity equations. We then define the following
notation:

1
W(p)JA(p) = me.“'up)‘ﬂln-up . (5A6)

Using it, we can show that

[ Ao = = [ VEEA). (5.A7)
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Then, we can write the dilaton equation of motion as
1
v—g

1
12

1
6-<I)H(23)——6®/2E(4)_l* (cos ¢ e4voly A J) .

1
Ou (V=99"0,8) = 5" Fly - 2
(5.A.8)

Finally, the Einstein equation is

1 1 1
Ry =50,2 0, + —e® (12F 0 F, " — g Fly) + =€ ® (12H,p0 1,7 — g, Hy)

48 48
+ g—zFuplpzpsmFu prpapapt — ﬁlo sin ¢ e*® ((B(2) A E@)) ppr..ps (*V01(4))Vplmp5)
— 2—1466A+‘I>/2 €08 ¢ (22,491 ppps * (VOl(a) A J)Vplpzp3 — 39uE )1 * (voliay A J))
+ A—isin ¢e*gu ((Bey) A Ew@)a (xvol)) -

(5.A.9)



Chapter 6

Rotation for (Go-structure

6.1 Introduction

In this chapter, we present a solution-generating technique similar to the one de-
veloped in the previous chapter, but this time concerning solutions of Type IIA
supergravity with Gy-structure. This is based on [11], done in collaboration with
Martelli.

The simplest and most studied Calabi-Yau singularity in string theory is the
conifold [116]. There are two distinct desingularisations of this, in which the sin-
gularity at the tip is replaced by a three-sphere or a two-sphere. These are referred
to as deformatioun and resolution, respectively. The relevance of the transition be-
tween the resolved and deformed conifold in string theory was emphasised in [117].
The deformed conifold geometry underlies the Klebanov-Strassler solution [109],
which is dual to a four-dimensional A = 1 field theory displaying confinement. A
different supergravity solution, dual to a closely related field theory, was discussed
in [13, 87]. This arises as the decoupling limit of a configuration of fivebranes
wrapped on the two-sphere of the resolved conifold.

A solution of Type IIB supergravity that contains as special cases the Klebanov-
Strassler and the Maldacena-Nufiez solutions was constructed in [110]. This was
interpreted as the gravity dual to the baryonic branch of the Klebanov-Strassler
theory, with a non-trivial parameter related to the VEV of the baryonic operators
[118, 119]. It was later pointed out in [106] that the solution of [110] is related
to a simpler solution [21] corresponding to fivebranes wrapped on the two-sphere
of the resolved conifold, without taking any near-brane limit. In this context,

the non-trivial parameter can roughly be viewed as the size of the two-sphere

163
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wrapped by the branes. When this is very large, the solution looks like the resolved
conifold with branes on the two-sphere and when this is very small, it looks like the
deformed conifold with flux on the three-sphere. Therefore, it displays an explicit
realisation of the geometric transition described in [64]. The key fact that allows
the connection of the resolved and deformed conifolds at the classical level is that
the solution is an example of non-Kahler, or torsional, geometry [75, 113]. For
related work, see [120, 121].

In this chapter, we present a G version of the picture advocated in [106]. In
particular, we discuss supergravity solutions which correspond to M fivebranes
wrapped on the three-sphere inside the G5-holonomy manifold S% x R* [70, 122],
without taking any near-brane limit. Solutions of this type were previously dis-
cussed in [36]. If we take the near-brane limit, we find the solutions discussed
by Maldacena-Nastase in [123], based on [124]. These were argued in [123] to be
the gravity dual of A/ = 1 supersymmetric U(M) Chern-Simons theories in three

dimensions, with Chern-Simons level |k| = M/2.

The (classical) moduli space of asymptotically conical Go-holonomy metrics
on S% x R* comprises three branches, that we denote X; [66], intersecting on the
singular cone. These three branches are related to the three branches of the conifold
moduli space, namely the deformation, the resolution and the flopped resolution
[61, 66]. One therefore expects close analogies with the discussion in [106]. Indeed,
by working in the context of torsional G manifolds [24], we find a set of one-
parameter families of solutions that pairwise interpolate between the three classical
branches of Gp-holonomy. The non-trivial parameter in these solutions can roughly
be viewed as the size of the three-sphere wrapped by the fivebranes. When this is
very large, the solution looks like a G manifold X; with branes on a three-sphere
and when this is very small, it looks like a distinct G5 manifold X; (¢ # j) with flux
on a different three-sphere. This then realises a G5 geometric transition. However,
we do not attempt to relate this to a “large IV duality” as in the original discussion
in [64]. More concretely, we find siz distinct solutions connecting the three classical
branches X;, that we denote X;;. In contrast to the conifold case, we can go from
X, with branes to X, with flux or, conversely, from X; with branes to X; with
flux, hence X;; # Xj;. A rather different connection of the three classical branches
was discussed in [66], where it was related to quantum effects in M-theory. Our

discussion, on the other hand, is purely classical and ten-dimensional.

Starting from these relatively simple solutions, we construct Type IIA solutions
with D2-brane charge and RR (3 field. This can be done by applying a simple
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transformation analogous to the one discussed in [106] and further studied in Chap-
ter 5 (see also [107]). The solutions that we obtain in this way have a warp factor
(in the string-frame metric) that becomes constant at infinity, thus the geometry
merges into an ordinary Gs-holonomy manifold. By taking a scaling limit, we ob-
tain solutions that become asymptotically AdS; x S% x 3, albeit only in string
frame. If we further tune the non-trivial parameter, we recover the backgrounds of
[125], corresponding to D2-branes and fractional NS5-branes transverse to the G,
manifold S* x R*. Thus, our solutions may be thought of as one-parameter defor-
mations of the latter and are analogous to the baryonic branch deformation [110]
of the Klebanov-Strassler geometry [109]. It is therefore very tempting to think
that there should be a close relation between the supersymmetric Chern-Simons

theory discussed in [123] and the three-dimensional field theory on the D2-branes.

6.2 Review of the Gy-holonomy manifold S° x R*

In this section, we review some aspects of the G-holonomy manifold S3 x R* that

are relevant for our discussion. We follow closely the presentation in [66].

6.2.1 The manifold and its topology

The non-compact seven-dimensional manifold defined by
X={aj+ai+ai+al—yi—yi—yi—vi=¢, mye€R}  (621)

is the spin bundle over S® and is topologically equivalent to the manifold S3 x
R*. For ¢ > 0, the S® corresponds to the locus y; = 0 and the coordinates y;
parametrise the normal R* directions. This manifold admits a Ricci-flat metric
with Go-holonomy, that at infinity approaches the cone metric

ds?, . = dt* + t?ds*(Y), (6.2.2)
where Y = §% x §3. The Einstein metric ds*(Y') is not the product of round
metrics on the two three-spheres. It is in fact a nearly Kahler metric, which may
be described in terms of SU(2) group elements as follows [66]. Consider three
elements a; € SU(2) obeying the constraint

ajaqa3 = 1. (623)
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There is an SU(2)? action preserving this relation given by a; — w;11a:u;Y, with
u; € SU(2), where the index ¢ is defined modulo 3. There is also an action
by a “triality” group X3, which is isomorphic to the group of permutations of
three elements. This is an outer automorphism of the group SU(2)® and may be

generated by!
031 ¢ (a1,az,a3) — (a3',a5", a7y, (6.2.0)
o931 ¢ (a1,a9,a3) — (a2,as,a1).
The full list of group elements is given by X3 = {e = 0123, 0231, 0312, 012, 031, T3},
with actions on a; following from (6.2.4).
There are three different seven-manifolds X;, X5, X3, all homeomorphic to
S% x R*, which can be obtained smoothing out the cone singularity by blowing up
three different three-spheres inside Y. These are permuted among each other by
the action of ¥3. This can be seen from the description of the base Y =2 53 x S3 in
terms of triples of group elements (gi, g2, 93) € SU(2)® subject to an equivalence
relation g; = g;h with h € SU(2), and is related to the previous description by
setting a; = gi119;,_;- We can consider three different compact seven-manifolds X,
bounded by Y, obtained in each case by allowing g; to take values in the four-ball
B*. The non-compact seven-manifolds obtained after omitting the boundary are
precisely the X;. By setting h = g;”}|, we see that each X; has topology S® x R4,
where S% and R* are parametrised by g;;; and g;, respectively. We review explicit

metrics with Ga-holonomy in the three different cases in the next subsection.

We can define three sub-manifolds of Y as
C’i = {a,- = 1} = 53, (625)

which also extend to sub-manifolds in X;, defined at some constant t. These are
topologically three-spheres but, as cycles in Y and X, they are not independent
since the third Betti numbers of these manifolds are b3(Y) = 2 and b3(X;) = 1
respectively. In fact, we have the following homology relation:

[Ci]+[Co] +[C5]=0 in Y. (6.2.6)

As cycles in X;, the [C;] must obey an additional relation, which, in view of their
construction above, is simply given by [C;] = 0in X;. Therefore the third homology
group H3y(X;;Z) is generated by C;j_; or Cyyq, with [Ci_4] = —[Ci4q].

!In the notation of [66], the generators of the group X3 are denoted as 031 = « and o931 = £5.
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6.2.2 A triality of GGo-holonomy metrics

A seven-dimensional manifold is said to be a GG3-holonomy manifold if the holonomy
group of the Levi-Civita connection V is contained in Gy C SO(7). It is well
known that these are characterised by the existence of a Gy-invariant three-form ¢

(associative three-form), together with its Hodge dual *¢, which are both closed:
hol(V)C Gy, iff dp=d*x¢=0. (6.2.7)

The metric compatible with these is Ricci-flat and there exists a covariantly con-
stant spinor, Vn = 0. The Ga-invariant forms can be constructed from the con-
stant spinor as bilinears Gase = 77 Yave 7> *@aved = 1* Yabed N, and the metric is then
uniquely determined by these. More generally, the two invariant forms define a

Gs-structure on the seven-dimensional manifold. See for example [24].

An explicit Go-holonomy metric on the spin bundle over S® was constructed in
[70, 122]. In [126] were presented Ga-holonomy metrics on each X;, characterised
by three distinct values of a parameter A = 0,41. We rederive those results in a
way that is suitable for a generalisation to be discussed in the next section. We
define the following left-invariant SU(2)-valued one-forms? on SU(2)3:

) ) 4 1 1 4

ay‘da; = — 50T, agda;” = ——2—2m, a3 daz = —5%Ti (6.2.8)
where 7; are the Pauli matrices. We can “solve” the constraint (6.2.3) by introduc-
ing two sets of angular variables parametrising the first two SU(2) factors. Then,

more explicitly, we have

o1 +ioy =e W1 (df, +isind dypy), 03 = d, + cos by dy : )
6.2.9
Y1 415y = e ™2(df; + isinfydyy) , Y3 = dibe + cos by deps

obeying doz = —0; A 02,d¥3 = —X; A 22 and cyclic permutations. We also have
v = Mi;(E; — 0;), where M;; is an SO(3) matrix. See Appendix 6.A for more

details. Introducing the notation

3

3 3
da?=2) 0o?, da}=2) ¥}, dai=2) (%i—o)®, (6.210)
=1 i=1

i=1

2The one-form X3 should not be confused with the triality group Xs.
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we can write a metric ansatz in a manifestly X3 covariant form as
d82 = dt2 + f] daf + f2 da% + f3 da% y (6211)

where f;(t) are three functions. In order to write the G, forms compatible with
this metric, it is convenient to pass to a different set of functions a, b, w, defined by

2 b2 b2

2

In terms of these, the metric then reads

3

3 2
1
ds? = df? +a® Y o2 + 0% (Ei -5 +w)cnr> (6.2.13)

and we can introduce an orthonormal frame defined as
t ~a a 1
e =dt, € =ao,, e’ =b Za—§(1 +w)o, ), (6.2.14)

where a is a tangent space index. The associative three-form ¢ may be conveniently

written in terms of an auxiliary SU(3)-structure as follows:
¢ =e' A J+ Rele?Q)] . (6.2.15)

Here, 6 is a phase that needs not be constant and the differential forms J and 2

define the SU(3)-structure. In terms of the local frame, they read
3
J=Y e né, Q=(e'+ie)A(+ie®) A (e +ie%).  (6.2.16)
a=1

‘We can also rewrite

¢ = €' A J+ cosORe[Q2] — sinf Im[()],
) (6.2.17)
*p = §J A J + (sin 6 Re[Q] + cos 0 Im[Q2]) A €.

Imposing d¢ = d * ¢ = 0 gives the following system of first-order differential

equations:

faf3

/ fol
__J2J3 7Zf =
V2(fat f3)’ I

/ f1f2
== Zfs = ———"———, (6.2.18
VR ) d ( )

“h= PV2fi+ f)
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where the prime denotes derivative with respect to ¢t and

7 = Sifa+ fofs + f3h ' (6.2.19)

V(1 + f2)(f2 + f3)(fs + fr)

This system can be integrated explicitly in terms of three constants ¢; defined as

2_ - f3)*(f2+ fs)
EGERDIGERD)

and ¢y, c3 obtained by cyclic permutations of this expression. Although a prior:

(fife + fafs + f3f1) (6.2.20)

there are three independent integration constants, at least one of them must vanish,
and the other two are then equal. For example, assuming that ¢; = 0, then fo = f3

and
6

D—g=d= (- hPA+ D). (6.2.21)
After a change of radial coordinate, the metric can be written in the form [66]
dr?
1= (rofr *

This is a Ga-holonomy metric on the manifold X;, where the three-sphere C

2
ds*(X1) = T3 (1— (ro/r)?) (2daZ — da§+2da§)+;—4da§. (6.2.22)

shrinks to zero at the origin and the three-sphere “at the centre” is homologous to
Cy or —C3. In the notation of [126], this corresponds to the metric with A = 0. This
metric is invariant under o953 or, equivalently, under the interchange of fs <> f3. In
fact, we can redefine the triality symmetry X3 as acting on the functions fi, fo, f3
in the obvious way®. The other two solutions may be obtained, for example, by
acting with the cyclic permutation o93;. In the notation of [126], the metric on X,
corresponds to A = —1 and the metric on X3 to A = 1. Notice that the phase 6
that enters in the definition of the Gy-structure in (6.2.15) is not constant and, in

particular, we have

33133/
COSG = /\m N (6223)
with A = 0, £1. The conical metric
d Scone — d’f' + = 36 (dal + daz + da3) (6224)

may be obtained from any of these by setting ro = 0 and is invariant under 3.

3For the elements of order two, we must also reverse the orientation of the seven-dimensional
space.
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The parameter space of these metrics is depicted in Figure 6.1.

O3
<7 N
X,

Oy, NETY

Figure 6.1: The moduli space of asymptotically conical Go-holonomy metrics on
S3 x R* has three branches permuted by the action of the group £3. The three
Go-holonomy metrics are invariant under elements of order two o;;, which are
reflections about each of the three axes. The intersection point of the three branches
corresponds to the singular G, cone. In the notation of [126], X; corresponds to
A =0, X5 corresponds to A = —1 and X3 corresponds to A = 1.

In the figure, moving along an axis corresponds to changing the radius of the
three-sphere at the centre of one of the X; spaces, whose volume is %ﬁﬂ%‘g. Hence,
in analogy with the deformed conifold, 7o measures the amount of “deformation” of
the conical singularity. However, in analogy with the resolved conifold, we can also
define a parameter measuring the amount of “resolution” of a space X;. Recall that,
in the resolved conifold, the resolution parameter may be defined as the difference
of volumes of two two-spheres at large distances [106}. In particular, this parameter
measures the breaking of a Z; symmetry of the singular (and deformed) conifold,
consisting in swapping these two-spheres. Here, we can define a triple of resolution
parameters, each measuring the breaking of the Z; symmetry given by reflection
about one of the three axis in Figure 6.1. Following [66], we first consider the
“volume defects” of the sub-manifolds Cy° defined at a large constant value of r.
In terms of the radial coordinate ¢, we have the following asymptotic form of the
(G2 metrics:

2

ds*(X;) = dt* + 3% da? + da3 + da —

3
To

70 (uda? + a3 + E5dad) + O(rg /te)} |

(6.2.25)

where t = r — r3/(4r?) + O(r=°) and the constants (¢,%s,¢3) take the values
(-2,1,1) for Xy, (1,—2,1) for X5 and (1,1,—2) for X3. Then, for the “volume
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defects”, we have

16 2
vol(C®) = ﬁWQtS + §7r2rg€i ) (6.2.26)

and we may define the ith resolution parameter as

a;® = vol(Ciy,) — vol(C72y)
9 (6.2.27)
= §7r2r§(&+1 —4;).
To see that this is a sensible definition, let us evaluate aj* in the three cases X;.

We have

2 2
0®(X;1) =0, a®(X,) = —ngrg, ai®(X3) = +§7r2rg. (6.2.28)
The interpretation is that the manifold X; preserves the Z, reflection about the
axis 1 hence, from this point of view, ry is a “deformation” parameter. On the other
hand, the manifolds X, and X3 break this symmetry in opposite directions. From
the point of view of X;, X5 is a “resolution” and X3 its flopped version. Notice in

4

particular that we cannot have “resolution” and “deformation” at the same time,
exactly as it happens for the conifold in six dimensions. Indeed, the relation to
the conifold may be made very precise by considering the different G5-holonomy
metrics (times R!3) as solutions of M-theory. Then, there exist three different
reductions to Type ITA supergravity that give rise to manifolds with topologies of
the deformed, resolved, and flopped resolved conifold [66, 61].

Finally, let us recall some facts about the cohomologies of these spaces. For each
X;, the third cohomology group is H3(X;;Z) = Z, so there is only one generator
that can be chosen to integrate to one on the non-trivial three-cycle. However, it

is convenient to introduce the following set of three-forms:

1 1 1
1__ 2 _ 3 _
n = _167r201/\02/\03’ nt= 16%221 NEAZg, 7" = e ! NY2 N3,
(6.2.29)
which are exchanged by the action of ¥3. We also have that
1
7= - 1672 (B1—01) A (B2 —09) A (B3 —03). (6.2.30)

Integrating the 7/ over the sub-manifolds C;, we have the relation

/ S S (6.2.31)
C;

1
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and, by Poincaré duality n* — C;, the intersection numbers C; - Cj = 6;,41 — 051
Notice that, having fixed the orientation so that C; - Cy = +1, we then have that
Cs - C; = +1, which gives fC’a o1 A 0y A og = —167? so that the orientation of Cs
is opposite to that of Cs.

6.3 Fivebranes wrapped on a three-sphere in S°x
R4

In this section, we discuss solutions describing fivebranes wrapped on a three-sphere
inside a Gp-holonomy manifold X;. The backreaction of the fivebranes modifies
the geometry, making the internal space a smooth torsional G, manifold. As we
explain later, the topology is again R* x S3, although we need to be careful about
which S3. Since we are interested in solutions arising from NS5-branes, we may
work in Type I supergravity, and allow for a non-trivial three-form Hs) and dilaton
profile. By applying an S-duality to the NS5-branes in Type IIB, these solutions

may also be interpreted as arising from D5-branes.

6.3.1 Torsional GG, solutions

General classes of supersymmetric solutions of Type I and heterotic supergravities
have been studied in [24], extending the works of [75] and [113]. Here, we are
interested in solutions where the non-trivial geometry is seven-dimensional and is
characterised by a Ga-structure. We therefore refer to this class as torsional G,
solutions. The ten-dimensional metric in string frame is unwarped

ds?

str

=dz?,, +ds. (6.3.1)

The supersymmetry equations are equivalent to a system of exterior differential
equations obeyed by the Ga-structure on the seven-dimensional space with metric
ds? and read [24, 127]
¢Nde =0,
d(e 7 ¢) =0, (6.3.2)
e’® x7d (e72%¢) = —H(y),

where ® is the dilaton field and %7 denotes the Hodge star operator with respect
to the metric ds3. The Bianchi identity dH, = 0 implies that all remaining

equations of motion are satisfied. See [24] for a more detailed discussion of this
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type of Ga-structure. Examples of solutions of these equations were discussed in
[128, 123, 24, 36] and we shall return to some of these later.

6.3.2 Ansatz and BPS equations

We now specify ansitze for the metric, Ga-structure and H s field. Although the
Gs-structure determines the metric uniquely, and the H(s) field is then derived
from the third equation in (6.3.2), we find more convenient to start with an ansatz
for H(s) that is manifestly closed, dH 3y = 0. Specifically, we use the ansatz for the

metric and associative three-form discussed earlier

A3 = MIAP b i + ol + fyaed],

_ (6.3.3)
¢ = M3?[et A J + Re[eQ)]] ,

where we inserted a factor of M in front of the metric. For the three-form flux, we
take
3
Hi =2 M |mn' +72n + 9 7° + 7 dt A Y oi A 2,} , (6.3.4)
i=1
where the factor of 2n?M is again for convenience. Imposing dH(3) = 0 implies

/

v=v+a =123, 74=#, (6.3.5)

where v is a function and «; are three integration constants. The ansatz then
depends on four functions f;, v and three constants ¢, although we later see that
the homology relation among the C; implies that only two of these are significant,
and are fixed by flux quantisation and regularity of the metric.

The action of the ¥3 symmetry on the functions in the ansatz is given by

012:(f17f27f3) — (f27f17f3)a 0231:(f17f2)f3) — (f27f37f1)7
012 3(717’72,73) - (—72,—’}’1,—73)a 0231 1(71,72,73) — (72,’73,71),
‘ (6.3.6)

with the rest following from group multiplication rules. The minus signs in the
action of the order-two elements on the ~;’s arise because the orientation of the
seven-dimensional space is reversed, hence the Hodge %7 operator in (6.3.2) changes
sign.

Inserting the ansatz into the equations (6.3.2), after some computations, we

arrive at a system of first-order ordinary differential equations. We have four
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coupled differential equations for the functions f;, v, while an additional decoupled
equation determines the dilaton profile in terms of the other functions. Although
the explicit form of the equations is rather complicated, its presentation can be

simplified slightly by organising it in terms of the ¥3 symmetry. We have

D(fi,v:) fi = F(
D(fi, %) fo = F(f2, 1, fas =2, =1, =) »
D(fis %) f3 = F(f3, fas f1, =73 =72, —71) 5
D(f,vi) = G(fi,m),

f17f27f37’)/17’)/27’y3)7

(6.3.7)

where, defining Q = f; fo + fof3 + f3f1, the functions F', G and D are given by

F(f1, f2, f3,1,72,73) = T68f2f3(f1 + f2)(fr + f3) + 7 (fo + f3)* + 12133/ — Q)
+n72(Q +2f1fs — f2) + mvs(Q + 2f1fa — f2)
+32mQ(f3 — f2) — 327Q(f1 + f3) + 3273Q(f1 + f2),

G(fi, ) = —256[ni(f2 + f3)(Q + fofs) + v(f3 + 1)(Q+ f3f1),
(6.3.8)

and
V2D(fi, %) = 32(712(f2 + 32+ (s + )2+ B+ )

+ 21172 f3(3Q — f3) + 271713 2(3Q — f2) + 27273./1(3Q — f7)
+96Q (n(f3 — f2) +w(ff — D)+ »(f2 - 1)

+2304Q(f1 + fo)(fo + fo)(fs + f1)) V2 Q2.
(6.3.9)

The decoupled equation for the dilaton reads
2V2QD(fi, %) ® = P(fi,w), (6.3.10)

where

P(fi,%) = 2vi(fo+ f3)2 + 2% (fs + f1)* + 295 (f1 + f2)®
+ 412 f3(3Q — f3) + 4y /1(3Q — f7) + 4y f-(3Q — f3) (6.3.11)
+96Q (m(f3 — /) +(ff — 13 +n(fi - 1) -

Once a solution for f;,y is determined (for example numerically), then the dilaton

can be obtained integrating (6.3.10). Notice that D and P are invariant under
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Y3 and G is invariant up to an overall change of sign under transformations of
order-two elements. It follows that & is invariant under ¥3. The phase 8 in the
associative three-form is a non-trivial function of f;,~y;, whose explicit form can be
found in Appendix B of [11].

From the BPS system, it is clear that generically, for any given solution, we
have in fact siz different solutions, obtained acting with ¥3. To study the system
we can therefore focus on one particular case. Notice that, if we formally set ; = 0
in (6.3.7), then we recover the G»-holonomy BPS equations (6.2.18). Solutions of
this system were presented in [128, 123, 124] and [36]. In particular, the solution
of [123] corresponds to the near-brane limit of a configuration of M NS5-branes
wrapped on an S2 inside the G5 manifold S xR%. Below, we are more precise about
which G2 manifold X; is relevant for a particular solution of the type discussed in
[123].

Maldacena-Nastase solutions

The basic solution of [123] may be recovered from our general ansatz by setting

+ f3=1/8,
ot fa=1/ (6.3.12)
alzazz—a3=—1.
For consistency, these conditions impose also v = v — 1 = —16f;. Then, we are

left with two unknown functions, f; and . To make contact with the variables in
[123], one has to set

f = ﬂ”_?j_‘_l, (6.3.13)
and then, passing to the variables a, b, w, we have
a2=%2, b2=%, w=", (6.3.14)
so that the metric reduces to the ansatz? in [123], namely
; . R 3 13 ,
ds? = M |dt? + — Za 1 Z 11 +w)os)’| (6.3.15)

Similarly, the H(sy reduces to that in {123]. In terms of the functions R and w,
the system (6.3.7) reduces to the system in the appendix of [123]. As discussed in

4Qur one-forms are related to those in [123] as afe’e = wihe’e and E;‘ere = Qihere.
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[123, 124], there exists a unique non-singular solution of the differential equations.
In the interior®, the topology of the solution is S3 x R*, where the three-sphere® Cs
smoothly shrinks to zero and the three-cycle is represented by C; or —C5. Then,
more precisely, the topology of this solution is that of the G manifold X5. The
authors of [123] discussed also a second solution which can be obtained from the
basic solution by acting with o93. Hence the topology of this solution is that of G,
manifold X5. It is clear that there are four more different solutions, obtained by

acting with elements of 3.

6.3.3 One-parameter families of solutions

Finding analytic solutions of the BPS system (6.3.7) seems very difficult. As usual
in these cases, we then turn to a combination of numerical methods and asymptotic
expansions. We are interested in non-singular solutions to the system, giving rise
to spaces with topology S x R%. As for the G,-holonomy manifolds X; and the
Maldacena-Nastase solutions, we then require that two functions f; go to zero in
the interior, while the third function approaches a constant value, parametrising
the size of the non-trivial S inside S$® x R?. We can restrict our attention to one
particular case, for example we may require that f; and f go to zero in the IR
(at t = 0) while f; approaches a constant value f3(0) = ¢ > 0. This then has the
topology of X3, where C3 shrinks to zero. This solution was studied in [36].

More generally, we impose boundary conditions such that the topology of the
solution is that of one of the manifolds X;. This fixes the values of the integration
constants ¢;. Using the relation (6.2.31), we can evaluate the flux of the three-form
Hzy (6.3.4) on the sub-manifolds C;, defined exactly like in (6.2.5), and at some

constant t. We have

1

%= g

M M
/ He) = 7(%41 = Yi-1) = 7(011'-}-1 - @i-1), (6.3.16)
Ci

where the result does not depend on t. The g; then obey the relation ¢;+¢2+¢q3 = 0,
reflecting the homology relation [C}] + [Ca] + [Cs] = 0. Hence, we can parametrise

the constants o; by taking for example

o] = —k’l N Qg = —k)z, a3 = k’g, (6317)

5 Asymptotically the geometry is a linear dilaton background.
5Notice that as t — 0 we have f; — 0, fo — 0 and f3 — 1/8 [123, 124].
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so that

M M
@ = —Mk;,, q = 7(141 + k), Q= —2—(—k1 + k) . (6.3.18)

The constants k; and ks are determined for a given solution as follows. Suppose
that we require the manifold to have the topology of X3. Then the flux of Hs)
through C) is minus the flux through C,, namely ¢, = —¢;. In terms of the
constants k; and k,, we must then have k; = k; = k£ and k can be reabsorbed in
the definition of M. There are then essentially two choices for k, namely k = +1,
corresponding to two different solutions, both with topology of X3. We denote
these two solutions as X3; and Xss, respectively. More generally, there are six
different solutions and we denote the corresponding spaces as X;;. The topology
of the spaces X;; is the same as the Gy-holonomy manifolds X;.

In each case the flux through the non-trivial cycle must be quantised, thus we

require that

1
N(Xi5) = lfz'jk|;1—2/ Hiz =M. (6.3.19)
Yis Cy

The signs have been chosen to always give a positive number and are consistent
with the action of ¥3. In conclusion, flux quantisation, together with the condition
that the flux through the vanishing three-sphere vanishes, fixes the integration
constants k; and k, in all cases. We summarise the values of k;, ks and the ¢;’s in

each of the six solutions in Table 6.1.

ki | ke | @ 92 g3
X | 1 1 | -M| M 0
X | -1 1 | —M 0 M
X2l =21 0 0 -M| M
X | —-1|-1| M | -M 0
Xz | 1 | —-1| M 0 -M
Xz | 2 0 0 M | —-M

Table 6.1: Values of ki, k2 and ¢; for the six different solutions X;;. The ba-
sic Maldacena-Nastase solution is the ¢ = 1/8 limit of X3, while the second
Maldacena-Nastase solution is the ¢ = 1/8 limit of Xo;.



178 CHAPTER 6. ROTATION FOR G2-STRUCTURE

Expansions in the IR

For definiteness, let us concentrate on the case of X3;. To discuss the expansions, it
is convenient to first rescale the radial coordinate by a constant factor as t — /ct.
The boundary conditions that we impose at ¢ = 0 determine the expansions’ of

the functions f; and v around ¢t = 0 as follows:

1, 1-384 , A
f1+f2—80t+mt +0(t>,
1, 3-256¢ , ;
e 1 . .
Ji= 2= 56V + 3980402 +0(#) (6.3.20)
f_c+_—5+—19202t2+—3+224c2+2048c4t4+0(t6) o
T 6144c 62914563 ;
1 —1+ 128¢2
=1-=t4+———t*40(t% .
K 24’ T aomme L TO )
The corresponding expansion for the dilaton reads
7 —293 4 21504¢2
© =2 - ’ '+ 0 (¢t 6.3.21
0~ omsat t amagsasma LT O (6.3.21)

where @y is an (IR) integration constant. We therefore have a family of non-singular
solutions, parametrised by the constant ¢, measuring the size of the non-trivial S3.
Using numerical methods, one can then check that, for any value of ¢ > 1/8,
there exists a non-singular solution approaching (6.3.20) as ¢ — 0. The special
value ¢ = 1/8 corresponds precisely to the Maldacena-Nastase solution. Hence
we have a one-parameter family of solutions with topology of X3 (in the interior),

generalising the solution discussed in [123].

Expansions in the UV

Towards infinity, we find two different types of asymptotic expansions of the func-

tions. In one expansion, the functions have the following behaviour for large ¢:

ct? 1 21 »
f=% "1 1eer PO
ct?> 1 21 4
f=3 1 e T O,
ct? 69
= o
fr=35t 5.8 T O,

If we had left the constants k; and k, arbitrary, the IR expansions of the functions f; and «
in power series would impose y(g) = k1 = k2, that is g3 = 0.
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1 —4
§+O(t ),
b+ 0O

Y
® ", (6.3.22)

where @, is an (UV) integration constant. Notice that the constant ¢ appears
here trivially because of the rescaling t — \/ct we made, therefore at this order
we do not see a genuine UV integration constant. After this particular order,
the expansion in inverse powers of ¢ is not valid anymore and one would need to
use other types of series to gain more precision. This expansion can be matched
numerically to the IR expansions for all values of ¢ > 1/8.

Already, from these few orders, we can extract some useful information. The
functions f; all have the same leading behaviour in ¢? towards infinity, correspond-
ing to the G-holonomy cone. From the subleading terms, we can also read off an
effective “resolution parameter”, measuring the amount of Z; symmetry breaking

in each case. The asymptotic form of the metric here is

t2

36
1

+ 2 (fdal + foda} + £5da3) + O(1 /t)] ,

ds?(Xy)r = Mc[dt2 + —(da? + da2 + da?)

(6.3.23)

where (€1, %2,¢3) = (1,—1,0) for X3;, and the remaining ones are determined by

the X3 action. The “volume defects” are given by

16 t

vol(C®) = (Mc)®? | =nt® — 4n?4;= ) . (6.3.24)
27 c

Notice that, even after subtracting the leading divergent part, these volumes are

now “running”. This running is analogous to the running volume of the two-

sphere at infinity in the resolved deformed conifold, although here the running is

linear, rather than logarithmic. Then the ith effective resolution parameter may
be defined as

t
ol = vol(C®,) — vol(C®)) = (Mc)*?4n®(4;_, — em)Z : (6.3.25)
In Section 6.2.2, we saw that, in the G3-holonomy manifold Xj;, the resolution
parameter o vanished, reflecting a Z, C 33 symmetry of the geometry. Hence,

the relevant® resolution parameter to consider for the manifolds X;; is af®. For

80f course o, and o}*, are also non-zero, since the solutions do not preserve any Z; sym-

metry. However, these are less interesting parameters, since they are non-zero also in the Go-
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example, we find that
t
o (Xa1) = —a5(Xs2) = 87r2(Mc)3/2(—: , (6.3.26)

which is again running. Notice that, keeping Mc fixed, a non-zero value of the
parameter ¢! may then be interpreted as turning on a “resolution” in the manifold
X3. Indeed, we show below that the limit ¢ — oo gives the Go-holonomy manifold
Xs.

We also find a second type of expansion at large ¢, in which the behaviour of

the functions is different and we have

fo= % — 37\/2 + _llgtf'g M +§§;§;3256 o (t) ,
y= g +2 ;28'(” + 20 6§$;t3256 < Lo, (6.3.27)
& __\Z_it+§logt+@w+ 3(1;\/%2:) L 29— 193;8;307252 |
— 2 3
n 9—- 928k +1zgi/2§fz3+ 32768 k L O (t_4) _

In this case, the expansions remain valid at high orders, hence presumably they
do not break down. These expansions may be matched numerically to the IR ex-
pansions for the particular case ¢ = 1/8, thus they correspond to the Maldacena-
Nastase solution®. Despite the fact that s seems a free constant, it can be deter-

mined numerically to be k =~ —0.2189.

Numerical solutions

As can be seen from the expansions, while the behaviour of the functions in the IR
changes smoothly as we vary the parameter ¢, the behaviour in the UV changes dis-
continuously if we choose the extremal'? value for the parameter ¢ = 1/8. Here, we

present some plots of the numerical solutions to illustrate the qualitative behaviour

holonomy manifold X;.

9The factor of /8 difference with respect to the UV behaviour of the functions in [123] is due
to the rescaling t — +/ct.

0This behaviour is analogous to that of the one-parameter family of solutions discussed in
[110, 106]. In that case, for the special value of the integration constant 42 = 1, one obtains the
solution of [13], which has linear dilaton asymptotics.
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Figure 6.2: Plots of the functions c-1/,; for the X$| solution for different values of
c. /lisin red, /2 in purple and /3 in blue. The factor c-1 is there for normalisation
purposes. From the top left to the bottom right, the values of ¢ are increasing and
are 0.2, 0.3, 0.4 for the first three. The bottom-right plot corresponds to the space
X3 where f| = /2. This is formally the plot for ¢ —o0o.

of the metric functions fi for various values of c

In Figure 6.2, we show plots of the functions for large values of c. We see
that, in the IR, the behaviour is that of the space X3. However, despite starting
below /3 (at zero), the function fx eventually crosses /3, in agreement with the UV
expansions. The crossing point moves further and further along the radial direction
as c is increased. In Figure 6.3, we plot the functions for values of ¢ close to the
minimum. We see that in the IR the functions are all very close to the special case
c = 1/8. However, when c is not exactly equal to its minimum value, the functions
start to deviate at some point. For values of c closer and closer to the special
one, there is a larger and larger region where the functions are well approximated
by the profiles of the Maldacena-Nastase solution. Finally, in Figure 6.4, we plot
the dilaton and the function 7 for various values of the constant c. We see that,
generically, e® goes to a constant ¢"°° at infinity, while in the particular case of

Maldacena-Nastase, ep vanishes in the UV.
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fi/c f/c
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fi/e fi/c
0 5 10 15 20 t

Figure 6.3: Plots of the functions ¢~} for the X § solution for different values of
¢ fiisin red, f2 in purple and /3 in blue. The factor ¢~/ is there for normalisation
purposes. From the top left to the bottom right, the values of ¢ are increasing and
are 0.125 (the exact minimum value), 0.125001, 0.12501 and 0.126. The first plot
is the Maldacena-Nastase solution.

6.3.4 Limits

In this subsection, we analyse two special limits of the one-parameter solutions,

namely ¢ —>o00 and ¢ ~ 1/8.

The solution for ¢ —o00 : G2holonomy with flux

The numerical solutions show that, by increasing the value of ¢, the solution X 31
looks more and more like the G: manifold X3. To see this more precisely, we
consider an expansion of the functions and 7 in inverse powersll of ¢ of the

form: 0 A w0

S*=cS TifG)° 7= n (6.3.28)

71=0 71=0

11Prom (6.3.29), it can be checked a posteriori that the first few terms reproduce the UV
expansions (6.3.22). Therefore, the series (6.3.28) is certainly not valid for ¢ = 1/8. In any case,
we only need this for large c here.
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,
0.6
0.4 0.4
0.2 0.2
30 ¢
Figure 6.4: On the left are plots of the function for different values of c. On

the right, plots of the function 7. The orange plots correspond to the minimum
value ¢ = 0.125, the red ones to ¢ = 0.126, the purple ones to ¢ = 0.15 and the blue
ones to ¢ = 0.5. In the Maldacena-Nastase solution at infinity, there is a linear
dilaton and the H(3) vanishes.

For small ¢, it can be checked that this agrees with the IR expansions (6.3.20).
Then one can solve the system (6.3.7) order by order in powers of c-1. There are,
of course, different solutions depending on the boundary conditions and here we
concentrate on the boundary conditions already treated in Section 6.3.3. For our

purpose, we only need the first few orders of the expansion (6.3.28). These read

r o-n 213+ 1q
/10) —/20) 362" ° 13(0) — 2

7q+ Fgr+ ror2 —3r3
Su - -2 - 12r(70+ ror + r2) RO =0, (6.3.29)

r3+r0r2+ Tqr + 6rg

70 = 3r(r2+ r0r + 7f?)

where r is a function of the radial coordinate ¢ defined as in Section 6.2.2, namely

(6.3.30)
The functions /j(0) at the lowest order in the expansion solve a simplified version

of (6.3.7) where 7*= 0 and f\ = /2, which are simply the differential equations for

the G”-holonomy metric X' 3. The metric, in terms of the expansion (6.3.28), reads

ds2= Me d s2(X3) +0{fc~I (63.31)
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Thus, at leading order in ¢, the solution looks like the G2 manifold X3 with a very
large S%, and M units of H(3) flux through it. One could of course take ¢ — oo
while keeping Mc fixed, by taking M — 0 at the same time. This is an exact

solution, where the flux H(s) vanishes.

The solution for ¢ ~ 1/8: Gy-holonomy with branes

Here, we show that when c is very close to the minimum value ¢ = 1/8, there
is a region where the solution X;; looks like a G2-holonomy manifold X; with M
fivebranes wrapped on the non-trivial three-sphere. The calculation is analogous
to that appearing in Section A.2 of [106].

The solution stays close to the Maldacena-Nastase solution up to large values
of t. To analyse the behaviour of the solution where it starts departing from this,

we consider the following ansatz for an approximate solution:

2 1
f1=%-6_t+ﬂ:1, f2=1—6+#2,
(6.3.32)
f«-i+ -—ﬁ
3_16 H3, Y= t

The leading terms are those of the Maldacena-Nastase solution and we require
that p; < ¢, us, us < 1. Anticipating the form of the metric that we are after, we

change coordinates as follows:
1
dsf = M {fz <§dy2 + da%) + fsda? + fida?| . (6.3.33)

We could also have taken f3 in front, but since we later find that us = s, this
does not matter. Then, we plug the ansatz (6.3.32) into the BPS equations (6.3.7)
and expand to first order in the y;’s. The equation for ' is satisfied automatically

at leading order. Working at large y, we can solve the equations for u; and we find

= %(eﬁy/s —1)+fa,

6.3.34
K2 = p3 = ﬁleﬁy/s ) ( )

where 3, and (8, are two integration constants. We can determine the dilaton with
the same precision by considering the ansatz
V2

B=—"tp, (6.3.35)
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where py < t. Then we find
Ha = 861(eV?° — 1) + &y, (6.3.36)

where @, is another integration constant. Inserting these back into the metric and
changing coordinates as r = 41/MBreY?¥/16 we find

M r? &
ds%w(l-kﬁ)[ +§Z ¥ —0;)? +M—y20,,
i=1
e2(*7%4) ~ 16B,e714 (1 + %) :

(6.3.37)
This is the approximate solution for M fivebranes in flat space, wrapped on the
three-sphere parametrised by o;. More precisely, we see that the topology is that
of 3 x R, where the three-sphere C; transverse to the branes (defined by o; = 0)
vanishes smoothly. Hence, this is the same topology as the one of the G3-holonomy

manifold X;. The fivebranes then can wrap C; or —Cj.
This approximation however requires that y is large, but at the same time
y < ys, where ys is defined by B, = e~V%5/8. Presumably, around y ~ ys. the
solution looks more accurately like X; [106], but this seems difficult to analyse in
the linearised approximation. We can also estimate the relation between ¢ and ys

by extrapolating to zero the value of fo + f3. This gives

v (6.3.38)

6.3.5 Summary

In this section, we have discussed a set of gravity solutions characterised by a non-
trivial parameter c¢. The additional parameters of the solutions are the M integral
units of NS three-form flux H(sy and the asymptotic value of the dilaton ®,,. The
constant ®q is a function of @, and ¢, that may be determined numerically. There
are six different solutions, exchanged by the action of the triality group 3;5. In each
case, the internal seven-dimensional manifold is an asymptotically conical space,
with topology S® x R?, that we have denoted X;;, with 4,5 = 1,2,3 and 7 # j.
The base of the asymptotic cone is the nearly Kihler manifold S® x S* with metric
ds?*(Y) = 5(da? + da} + da3) [66]. More precisely, the topology of the space X;;

is that of the G2-holonomy manifold X;, that we reviewed in Section 6.2.
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In each case, the parameter ¢ gives the size of the non-trivial S® at the origin,
hence this is analogous to the deformation in the deformed conifold. On the other
hand, one can also define a resolution parameter by looking at how the metric
breaks a Z, C ¥3 symmetry at large distances. In particular, we have argued that
the parameter 1/c gives a measure of how much the space X;; deviates from the
X; geometry. Hence, from this point of view, 1/c can be interpreted as an effective
resolution parameter. In the case of G2-holonomy, the moduli space of metrics
on S% x R* has three different branches, meeting at the origin. With an abuse of
language!?, we can say that the singular G, cone over S® x S% may be deformed,
resolved or flopped-resolved, with the three possibilities mutually exclusive. The six
solutions that we discussed may be said to be deformed and resolved, analogously
to the resolved deformed conifold geometry [110, 106].

When c is very large, the solution approaches a Ga-holonomy manifold with flux
on a large three-sphere. When c hits the lower bound ¢ = 1/8, the X;; geometry
becomes a solution of the type discussed by [123], corresponding to the near-brane
limit of a large number of fivebranes wrapped on the S® inside a G2 manifold
with topology S® x R*. These have a finite size three-sphere at the origin, but
are asymptotically linear dilaton backgrounds. When c is very close to the critical
value ¢ = 1/8, the solution stays close to the near-brane Maldacena-Nastase one
up to large values of ¢ (see the plots in Figure 6.3) and, when it starts deviating
from this behaviour, the geometry becomes approximately that of the G5 manifold
X; with M fivebranes wrapping the non-trivial three-sphere inside it.

For each X;; solution, the parameter c interpolates between the G2-holonomy
manifold X; with M units of flux on a large three-sphere, and the Gy-holonomy
manifold X; with M fivebranes wrapped on a (different) three-sphere. Hence, this
may be interpreted as a realisation of a G5 geometric transition, purely in the
context of supergravity. Notice that this is different from the closely related setup
in [61, 66], where the relevant geometric transition involved D6-branes wrapped in
the conifold, although this was embedded in the G2-holonomy context by uplifting
to M-theory.

From the point of view of the Gy-holonomy manifold X; (say) with M units
of flux through the three-sphere Cy = —(j, the two solutions Xj, and X;3 break
the Zy symmetry generated by o3 in two opposite directions. These look like a
“resolution” of the manifold X; and its flopped version. The breaking of this Z,

symmetry is analogous to the breaking of the Z, symmetry in the resolved deformed

1215 particular, we do not use these words here in the sense of complex or symplectic geometry.
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Figure 6.5: On the left: the solutions X\$ and X 12 interpolate continuously between
the G2 manifold X| with flux and the G: manifolds X3 and X2 with branes,
respectively. The two solutions are related by the Z2 symmetry a23 and both have
topology of Xi = S§3x R4. On the right: the solution X 3: interpolates continuously
between the G2 manifold X3 with flux and the G2 manifold X\ with branes, while
the solution X2 interpolates between the G2 manifold X2 with flux and the G:
manifold X\ with branes. The two solutions are related by the same Z2 symmetry
a3, however X 3i has the topology of X3 = §3 x R4 while X2/ has the topology of
X2=83x R4.

conifold. On the other hand, from the point of view of the branes wrapped on
the three-sphere C2 = —C3 in Xi, the two solutions X2\ and X3: break the Z2
symmetry generated by a23 by “deforming” the original X\ manifold in two different
ways. In other words, the G2 geometric transition may proceed from branes in X\
to flux in X2 or from branes in X\| to flux in X3. There is no analogue of this in
the conifold case.

Moreover, depending 011 which three-sphere of X\ the branes wrap, in the
geometry after the backreaction this three-sphere may become contractible or not.
For example, if the fivebranes were wrapped on C2 C X! and after the geometric
transition we have the manifold X > (with flux), the sphere wrapped by the branes
is contractible. Whereas, if the fivebranes were wrapped on C2 C 1i and after the
geometric transition we have the manifold X3 (with flux), the sphere wrapped by
the branes is not contractible. This phenomenon has 110 analogue in the conifold
case, where the two-sphere wrapped by the branes always becomes contractible
in the backreacted geometry. In the context of the discussion in [123], these two
possibilities led to two different values of the quantity denoted 6, defined as the
flux of H(3) through the three-sphere wrapped by the branes. In particular, for
the basic solution of [123] (with X3 topology), it is assumed that the three-sphere
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wrapped by the branes is Cy C X; and therefore k¢ = g2 = M. The second solution
of [123] (with X, topology) is interpreted as arising from fivebranes still wrapped
on Cy C X; and therefore here k¢ = g2 = 0 (¢f. Table 6.1). This ambiguity may
also be understood as related to different gauge choices for the connection on the
normal bundle to the wrapped three-sphere. In [123], it was explained how this
corresponds to changing the number of fermionic zero-modes on the brane world-
volume, with all choices leading to equivalent results for the physical Chern-Simons

level of the dual gauge theory, namely |k| = M/2.

6.4 Solutions with interpolating G,-structure

In this section, we discuss solutions of Type IIA supergravity of the type R? x,,
My, where the internal seven-dimensional manifold M7 has a Ga-structure and
there are various fluxes. We then show that, starting from a torsional G, geometry,
one can obtain a more general solution, interpolating between the original solution
and a warped Ga-holonomy solution. The method that we use is quite general and
can be applied to supergravity solutions different from the ones of the previous

section.

6.4.1 Supersymmetry conditions

We write the metric ansatz in string frame as

ds?, = e*2+22/3(dg? , +ds?). (6.4.1)
The solutions are characterised by a Go-structure on the internal space, namely an
associative three-form ¢ (and its Hodge dual) and a non-trivial phase ¢. The non-
zero fluxes are the RR four-form F{4) and the NS three-form H(s). The equations
characterising the geometry may be written in the form of generalised calibration
conditions [42], and can be obtained straightforwardly by reducing the equations
presented in [111] from eleven to ten dimensions. Some details of this reduction

are presented in Appendix 6.B. The equations read

d(e®® %7 ¢) =0, 2d¢ — e * cos¢d(e**sin¢) =0,

(6.4.2)
dAdp=0, d(e*2T2* B cos () = 0.
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In addition, the fluxes are determined as follows:

1
(3) = - 6—4A+2¢'/3 K d(eGA COSC¢) ,
cos? ¢ (6.4.3)
: in in Sin — o
Flo = vols Ad(e**sin€) + Fiy,  Fi@y = _&%e A (e cos (4).
Notice the relation
sin ¢ 2723 H gy + *7Fiy = 0. (6.4.4)

From the results of [111], we have that any solution of these conditions, supple-
mented by the Bianchi identities dH(3) = dF{4) = 0, solves also the equations of
motion. This geometry is the G analogue of the interpolating SU(3)-structure
geometry discussed in Chapter 5 (see also [107]). Notice that this case is not
contained in the equations presented in [129], which instead describe an SU(3)-
structure in seven dimensions. Although the ansatz for the bosonic fields in the
latter reference is equivalent to ours, the ansatz for the Killing spinors does not
allow the structure that we are interested in here. A discussion of spinor ansatze
can be found in Appendix C.2 of [11].

The conditions (6.4.2), (6.4.3) include the Type I torsional geometries as a
special case, which are obtained by simply setting ( = w. The warp factor is
related!® to the dilaton as e?® = e %2 so that the ten-dimensional metric in string
frame is unwarped. The limit cos { — 0 is slightly singular since, in this case, the
Ga-structure in eleven dimensions from which our equations have been obtained

breaks down!4.

However, going back to the equations in [111], one can see that,
in this limit, the internal eight-dimensional geometry becomes a warped Spin(7)
manifold with self-dual flux [130]. A careful analysis then shows that, in the
cos( — 0 limit, we obtain the warped Gj-holonomy solutions derived in [125].

The warp factor is again related to the dilaton
et =e ¥ =h, (6.4.5)
and, rescaling the internal metric as ds% = hdé2, the full metric becomes

ds?

str

= hV2da? , 4 RV2d42, (6.4.6)

where the rescaled metric now has Ga-holonomy, namely d¢ = d%;¢ = 0. Taking

13An integration constant can always be reabsorbed in a scaling of the coordinates.
11n particular, the one-form K does not exist. See Appendix 6.B and [111].
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directly the limit on the relation (6.4.4) gives Hs)+%7F, (’Z)t = 0. Hence the four-form
flux can be written as
Fl4y = voly Adh™" — %7H 3, . (6.4.7)

The equation of motion for F(4) implies that the warp factor is harmonic with

respect to the Go metric, namely

. 1
O/h = —6H(23) . (6.4.8)

6.4.2 Solution generating method

We now discuss two different methods to generate solutions of the equations pre-
sented above, starting from a solution of the Type I torsional system. One method,
analogous to the procedure discussed in [106], involves a simple chain of dualities.
Another method exploits the form of the supersymmetry conditions. We refer to
this second method as “rotation” (see Chapter 5, or [107]).

Dualities We start with a solution of (6.3.2). The non-trivial fields are the
dilaton @, the three-form flux H(s) and the metric ds?%, = dz%,, + ds?. First we
uplift to eleven dimensions. We rescale the new eleventh dimension by a constant
factor e~®=, boost along z;; with parameter £, and finally undo the rescaling of

x1;. This gives the transformation
t — coshpBt—sinhBe®=z;;, z; — —sinhBe %~t4coshfzy;. (6.4.9)

Then, we reduce back to Type IIA supergravity along the transformed z;;, and we
perform two T-dualities along the two spatial directions of the R? part. At the

level of brane charges, the steps in the transformation may be summarised as
NS5 — M5 — M5, pkxg — NS5 D0 — NS5, D2.

Notice that a non-zero magnetic C’(g) field is generated in the process. The dualities

above result in the following Type IIA supergravity solution:

d&?, = h_l/zdxir2 + h1/%ds2 h =1+ sinh? B(1 — e 22~ %))
Hs) = cosh B Hyzy, e?® = (22R1/2

A e~ % _ . -

Fg = _tanhﬁVOIS Ad(h7!) + sinh B e®~e™?® x; Hgy,

(6.4.10)
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where the hatted quantities denote the new solution while the unhatted ones denote
the initial background. Notice that, in contrast to the case in [106], the dilaton
is changed in the transformation. This can be understood because the procedure
here introduces D2-branes, to which the dilaton couples. Notice also that we need
h > 0, which imposes 2®2~2%= > tanh? 3. Thus the transformation may be applied
only if, in the initial solution, the dilaton is a bounded function. We can write the

transformed fluxes as

ﬁ(3) = —cosh B e*? %7 d (e_mqb) ,

; e % (6.4.11)
Flay = —mvolg Adh™ — sinhﬁe‘}ood (e—2<1>¢) 7

from which we can read off the internal é(g) field in terms of the associative three-

form ¢, namely
Cls) = —sinh fe?="2%¢p. (6.4.12)

From these expressions, it is clear that the Bianchi identities of the initial solution
imply the ones of the transformed solution. In principle, this method may be also

applied to non-supersymmetric solutions.

Rotation The same transformation can be done directly on the supersymmetry
equations, without doing any dualities. One advantage of this method is, for exam-
ple, that it is applicable to configurations with sources (see Chapter 5). Suppose
that ®© = —3A( and a three-form ¢(® are a solution of the system (6.3.2). Then

one can define

5 coSC a0
2% — o2
1

2

A 5! —3(0)

B
cos (

. . s - 0)2 .
and a new seven-dimensional metric di2 = c;?cos?( dsg) . It is easy to check

, (6.4.13)

that the new quantities é’, A and gﬁ are a solution of the first three equations of
the general system (6.4.2). The fourth one can be solved and it gives a relation

between ( and the dilaton of the original solution:

sin¢ = cye ¥ (6.4.14)
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Here c¢; and c, are integration constants. The rotated background, in terms of

unrotated quantities, reads

1
ds?, = h_l/zdacf+2 + hl/zdsgo)2 , h= 2 (1 — c%e_zq’(o)) ,
1
A = Cie?q’“” 7 d (e—w‘”(p(")) : e2® = 220 p12 (6.4.15)
1

~ 1
F(4) = gVO]3 A dh_l - z—jd <642q>(0)¢(0)) .

In order to match the result of this method to the previous one, one has to identify

1

e 2 e~ tanh (6.4.16)

As before, the Bianchi identities of the general solution follow immediately from

the ones of the unrotated solution.

6.4.3 Deformations of the warped (G3-holonomy solutions

We can now apply the above transformation to the solutions of Section 6.3. Notice
that, indeed, in those solutions the dilaton is bounded from below. For each
solution of Section 6.3, we then obtain a one-parameter family of solutions of Type
ITA supergravity, with D2-brane charge and an internal C(3) field. The background
is simply obtained by plugging the solutions of Section 6.3 into the equations
(6.4.10) or (6.4.15). Notice that the warp factor h in (6.4.10) goes to one at infinity.
However, for AdS/CFT applications, one would like to take a decoupling limit in
which the warp factor goes to zero at infinity. In this way, the asymptotically
Minkowski region is removed and replaced by a boundary. Later we are more
precise about the asymptotics. To proceed, first recall that one should quantise

the transformed three-form H (3) as
Y /H M cosh B € N (6.4.17)
= — = C X,
47T2 S3 ®) 08 ’

where S2 is the appropriate non-trivial three-sphere in each case. Then, we rescale

the Minkowski coordinates as

— 1/2
M cosh
zH (—COS—B> o (6.4.18)

c
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In the limit 8 — oo, keeping M fixed, the metric is finite and reads

str

a3, =M [B“1/2c-1dx§+2 + B1/2d§$] . (6.4.19)
Here d52 does not have a factor of M and the new warp factor h = 1 — e~ 2(2~%x)
goes to zero at infinity. The factor of ¢ makes sure that the asymptotic form of
the metric is independent of ¢ and, in addition, allows us to take the further limit
¢ — o0. From the expressions in (6.4.10), we see that this limit is problematic for
the transformed F; (4) and dilaton ®. To obtain a finite limit, we also send 2> — 0,
while keeping fixed
e**=sinhf =c. (6.4.20)

The factor ¢ on the right-hand side is again inserted to allow to take a further

¢ — oo limit in the solution. Now, taking B — oo, the solution is completed with!®

2% — ¢ HE-20) 12 Hg = M 2(@%) 5.4 (e—z(é—cpoo)q;) 7
= (6.4.21)
F(4) = — M3/ [C_2V013 Adh~Y + 124 (e—Q(Q—Qm)QS)] .

Here, tildes on %; and ¢ indicate that the expressions are computed with respect
to the metric d52. We can now show that, in this solution, the limit ¢ — oo gives
a solution of the type found in [125]. Firstly, as we saw in Section 6.3.4, for large

c the metric for each X;; solution reads

str

ds2, =M [iflﬁc"ldxf” + hY%c (ds3(X;) + (’)(c“l))] . (6.4.22)
From the differential equation for the dilaton, we find that

P =c? (%H’ +0 (c"1)> , (6.4.23)

where H is the warp factor of the solution found in [125], which reads

- 3(ro+7)
4rgr3(r? +ror 4+ 1g)3

(1677 + 2470 7® + 4872 r° + 471374 + 57 r®

8v/3 2r+ro
+36r5r2+18r6r+9r7)+——arctan +q.
0 0 0 7"3 \/37"0 q

(6.4.24)

'5In the expressions below ®,, enters only in the combination ® — ®,, which is finite in the
limit.
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q is an integration constant and, taking ¢ = —4/3 TTy 4 we have that H ~

81/(47*) when r — co. Solving for the dilaton in an expansion in ¢!, we find
%) =14 cPH+ O (c7?) . (6.4.25)

Notice that, although this was obtained in [125] for the Ga-holonomy metric on
X, it follows from our discussion in Section 6.3.4 that this expression is invariant
under Y3 and hence the same function H in (6.4.24) appears for any X;. Thus

taking the limit ¢ — 0o on a X;; solution gives the following solution:

g2, = M [H™'da?, + H*ds3 (X)) e*® = H'/?,
) _ ) ) (6.4.26)
Fiay = =M% [voly AN AT~ = #7Ls| | Ha = Ls,

where L3 is a harmonic three-form?!® on X;. This is precisely the warped G4 solution
presented in [125]. Notice that, asymptotically, the string-frame metric goes to
AdSy x Y, where Y 2 §3 x S3; however the dilaton vanishes like €® ~ 9/(2r2). In
fact, by setting ro = 0, we have the exact solution with metric

—~—

di2, = gM [ds?(AdS,) + ds*(Y)] | (6.4.27)

str
e2® = 9/(2r*) and non-trivial Fi4) and H(3) fluxes. However, the solution does not
have conformal symmetry because the dilaton depends on the radial coordinate
r. In (6.4.27), we can replace Y = S3 x S3 with another nearly Kiahler metric,
provided there exists the appropriate harmonic three-form L3 on the G5 cone, thus
obtaining a solution generically preserving the same amount of supersymmetry.

These metrics are in fact solutions of massive Type ITA supergravity [131]. This is
a curious fact that might be relevant for AdS/CFT applications [132].

In conclusion, for any solution of the type of [125], arising from configurations
of D2-branes and fractional NS5-branes transverse to a G5 manifold X;, we have
constructed a one-parameter family of deformations, with the same AdS; x Y
asymptotics. These are analogous to the baryonic branch deformations [110] of the
Klebanov-Strassler solution [109]. In particular, they break the Zy; C 33 symmetry

of a Go-holonomy manifold X;.

16This can be extracted from the ¢ — oo limit of ¢=1/2%;d¢.
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6.5 Discussion

In this chapter, we have discussed various supergravity solutions related to config-
urations of fivebranes wrapping a three-sphere in a G,-holonomy manifold X; =
S% x R*. Our basic solutions are examples of torsional G, manifolds [24] and
comprise some cases previously studied in [128, 123, 36]. There are six solutions
characterised by a non-trivial parameter. As we change this parameter, each solu-
tion interpolates between a (G5 manifold with (NS5 or D5) branes on a three-sphere
and a distinct G manifold with (NS or RR) flux on a different three-sphere. This
is then an explicit realisation of a geometric transition between a pair of G, man-
ifolds, analogous to the version of the conifold transition described in [106]. The
six solutions pairwise connect the three branches of the classical moduli space of
Ga-holonomy metrics on S3 x R* [66]. It would be interesting to see if the picture
that we discussed, which is purely classical, may be related to a “large N duality”
similar to [64].

From each of the basic solutions, we constructed new Type IIA supergravity
backgrounds with D2-brane charge by employing a simple generating method ap-
plicable to a class of geometries with interpolating Ga-structure. The solutions
constructed in this way are one-parameter deformations of the solutions presented
in [125], corresponding to D2-branes and fractional NS5-branes transverse to the
G manifold $2 x R*. Therefore, they are analogous to the baryonic branch defor-
mation [110] of the Klebanov-Strassler solution [109].

In the next chapter, we come back to the problem of flavouring. In particular,
we develop a method for avoiding the IR singularity present in all backgrounds

with flavours we investigated in previous chapters.
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6.A SU(2)-invariant one-forms

Consider three elements ay, as, az € SU(2) obeying the constraint ajasaz = 1. We

define the following SU(2)? Lie-algebra-valued one-forms

Biti, az'das = —%%‘Ti, (6.A.1)

1 l
-1 — -1
a, da1 = 5&,’7’;’, [25) da2 = 5

where 7; are Pauli matrices. We can invert these, obtaining

@ = —iTr[r a7 dar], By = —iTr[napdaey’], v = iTx[r a3 das].
(6.A.2)

Parametrising the group elements explicitly in terms of angular variables as
a; = 6—‘id>1T3/26Ai01T1/26~’i’l,l11T3/2 ,
as = ei¢2T3/26i0271/26i¢2T3/2 ’ (6A3)
1 —i 2_—ibym1 /2, —i(tha— 2_i6171/2 i 2
i9273/2 =021 /2 ,—i(Y2~Y1)73/2 ;1011 /2 i1 T3/ ,

agzaz_lal_ =e

we get after some computation

o +iog = —e ™¥(df, + isinb; dey), az = —(dy;, + cos 0, dey), : )
6.A.4
ﬁl + 2,82 = —6_“/)2 (d92 + 1 sin 92 d¢2) y ,63 = —(d'(,[)z + cos 92 d¢2) .
Notice ¢; and B; are SU(2) left-invariant one-forms, obeying
daz = +a; A oy , d,Bg = +,31 A Bz , (6A5)

and cyclic permutations. We can also define the following Lie-algebra-valued one-

forms: ] .
aq dal_1 = %&m, a;ldag = —;—,ém ) (6.A.6)
A similar computation gives
5[1 + ’Ldg = 6i¢1 (d01 —¢8in 01 d’(,/)l) 5 &3 = d¢1 + cos 91 d'l/ll s
. . _ _ (6.A.7)
,81 + ’Lﬁz = 61¢2(d02 — ¢sin 92 d'(/Jg) , B3 = d¢2 + cos 92 d’lpz .

These are SU(2) right-invariant one-forms, obeying

dés = +an A Ga, dBs = +B1 A B, (6.A.8)
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and cyclic permutations. Computing the ;, we obtain

=Y = @& + My;B;, (6.A.9)
where M;; is the following SO(3) matrix:

cosgicosyy —cosfysingysiny;  —cos#ycosyising; —cosgising;  sinfising;

M;;=| cosysing;+cosficospysinyg;  cosfcospicosy; —singisiny;  —cosdysinfy
sinf1siny cosysindy cost
(6.A.10)

We note the following identities:

doaf=3lal, =3B, Yoal=)(a-p). (6AL)

%

To prove the third one, we have to use M;; M, = 0;; and o; = —M;;&;. We identify

the above with the (left-invariant) one-forms o; and %; used in the main text
0; = —a; = i Tr[ri a7 'day], ¥ = —fB =i Tr[riagday '], (6.A.12)

where the minus signs have been included in order to match with our conventions

on the Lie-algebra relations doy = —o3 A 03, and so on. Notice that
Yi = iTI’[Ti a;ldag,] = 5'2 + Miij = MZ(EJ - O'j) . (6A13)

We also define
da? = -2 Z(Tr[n ay'day)?,

daj = -2 (Tr[r;a2da;"))?, (6.A.14)

da2 = -2 Z(Tr[’ri a3 'day))?.

6.B Type ITA supersymmetry conditions from
M-theory

General conditions characterising N = 1 solutions of eleven-dimensional supergrav-
ity of the warped-product type X;.2 X, Mg, where X1, is either R*? or AdSs,

were presented in [111]. Here, we are interested in the case where Xy, = RM2.
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The eleven-dimensional metric is written as
d&?, = e*2(dzi,, + dsj), (6.B.1)
and the four-form flux reads
Gy = € (Fay + volz A f). (6.B.2)

Thus Fiy4) is a four-form and f is a one-form. Upon setting m = 0, the equations
(3.11) - (3.16) of [111] become

d(e**K cos¢) =0,

K Ad(e% %, 4) =0,
(6.B.3)
d(e'*volzcos¢) =0,

dp A dcosC =2x%(cos( f—2d() .

Here ¢ is a three-form, K is a one-form and ( is a function, all defined as spinor
bilinears, that characterise the Gy-structure in eight dimensions. The Hodge star
operator in seven dimensions is defined as x; = ix* and vol; = %qﬁ A *7¢. The

electric and magnetic fluxes are then determined in terms of the Go-structure as

e 32d(e* sin¢) = f,
(6.B.4)
e %2d(e®® cos () = — * Fay +sin( Fy).

The latter equation obeyed by the magnetic flux Fi4) may be inverted, giving
cos® ( Fay = —e % [sin ( d(e%* cos ( ¢) + +d(e®* cos ( ¢)] - (6.B.5)

The one-form K in general does not correspond to a Killing vector. However, in
order to reduce to Type IIA supergravity, we assume that the dual vector K# is
Killing. In particular, by writing K = ¢?%/3-2dy, the eleven-dimensional metric
takes the form

dg2, = e?(da?,, + ds? + e**/37224y?) (6.B.6)

and its reduction to ten dimensions then can be simply read off:

ds?, = e*A+2%3(da? , 4 ds?). (6.B.7)

str
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Then we write

d =d; +dyV,, f=fr+dyf,. (6.B.8)

Looking first at the fluxes, we find
f,=0, fr = e32d;(e**sin ). (6.B.9)
Using these equations, from (6.B.3), we obtain

d7 (% 7 ¢) =0, ¢Ndrp =0,

_ ,-3A 3A _ 2A423/3 _ (6.B.10)
2d;¢ — e cost7(e sm() =0, d7(e cosC) =0.

Finally, the reduction of the four-form G4y gives the NS three-form H 3y and the
RR four-form Fiy):

1
— e 4AH2R/3 4, (82 cos C @)

cos? (

Fl4y = vol3 A dy (63A sin C) —

Hg) =
din¢ (6.B.11)

-3A 64
cos2§e d7(e cosC¢).




Chapter 7

Massive flavours in the MIN model

7.1 Introduction

We study, in this chapter, the flavouring of the Maldacena-Nunez background
[13] with massive flavours. We show that the main issue in doing so is finding
embeddings for the flavour branes whose backreaction is compatible with our ansatz
for the background metric. The holomorphic structure of our complex space proves
very useful in addressing this problem. In addition, we propose a method for
detecting which embeddings have an appropriate backreaction. This technique
also provides an easy way to calculate the smearing form corresponding to those
suitable embeddings. This chapter is based on [12] which was done in collaboration
with Conde and Ramallo.

So we are interested in adding backreacting flavours in the holographic dual
of N' = 1 super Yang-Mills. In this case, one has to compute the backreaction
by solving the equations of motion of a system of gravity with brane sources.
Generically, these sources modify the Einstein equations and the Bianchi identities
of some Ramond-Ramond field strengths. We follow the approach initiated in [21],
in which one has a large number of flavour-brane sources which are delocalised and
one has to deal with a continuous smeared distribution of branes (see [20] for an
earlier implementation of this idea in the context of non-critical string theory). In
this approach, the sources do not contain Dirac §-functions, which greatly simplifies
the task of solving the equations of motion. On the field-theory side, this setup
corresponds to the so-called Veneziano limit, in which both N, and Ny are large
but their ratio is kept fixed. In [28, 29|, different aspects of the supergravity duals

of N = 1 super Yang-Mills with smeared flavour branes were studied, whereas this

201
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approach has also been successfully applied to other types of backgrounds (see [22]

for a detailed review).

The N = 1 flavours added in [21, 28, 29] are massless, which amounts to con-
sidering flavour branes extended along the full range of the holographic coordinate
r. The corresponding supergravity solutions are singular in the IR. This is actu-
ally a common feature of most massless flavoured solutions found so far with the
smearing technique (see, for example, [30, 32, 34] for the D3-D7 systems on the
conifold). This curvature singularity can be qualitatively understood as due to the
fact that, for massless flavours, all branes extend all the way to the origin r = 0
and, therefore, the brane density is highly peaked at 7 = 0 (an exception to this be-
haviour is the solution found in [133] for the gravity dual of Chern-Simons-matter

theories with flavours).

To remove the IR singularity, one can consider massive quarks or, equivalently,
a family of flavour branes which do not reach the origin (another possibility is
adding temperature and hiding the singularity behind a horizon, as was done in
[134]). For the D3-D7 system, these regular solutions for massive flavours were
found in [35, 41, 102]. As argued in [30], going from the massless to the massive
case in these systems just amounts to substituting in the ansatz Ny by N;S(r),
where S(r) is a profile function that interpolates between 0 in the IR and 1 in
the UV. To calculate S(r), one has to perform a microscopic calculation of the
flavour-brane charge density, whose result is not universal since it depends both
on the characteristics of the unflavoured system and on the particular family of
flavour-brane embeddings.

In this chapter, we find supergravity backgrounds dual to N' = 1 super Yang-
Mills theories with backreacting massive quarks. The first step in our analysis
is finding the precise deformation of the background which corresponds to the
backreaction induced by the massive flavours. We show that the compatibility
with the /' = 1 supersymmetry implies a certain type of deformation which is also
parametrised by a profile function S(r). When this function .S is identically equal
to one, we recover the results of [21] for massless quarks. However, it is important
to point out that, in this D5-brane case, the massive quark ansatz cannot be
recovered by performing the Ny — Ny S(r) substitution in the massless ansatz of
[21].

From our ansatz, we are able to obtain a consistent system of first-order BPS
equations, which can be partially integrated and reduced to a second-order master

equation which is the generalisation to this massive case of the equation derived in
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[29] for massless quarks. In order to solve this master equation (and the full BPS
system), one first needs to know the profile function S(r) which, as mentioned
above, is not universal and depends on the family of embeddings of the flavour
D5-branes. Such families are generated by acting with isometries on a specific
embedding. It turns out that only a particular set of these families produce a
backreaction which is compatible with our ansatz. For this reason, we must gen-
eralise the results of [49] and find new classes of supersymmetric embeddings of
flavour D5-branes. To carry out this analysis, we introduce a convenient set of
complex coordinates suitable for representing the metric and forms of the SU(3)-
structure of our geometry. Using these variables, we are able to find a family of

compatible embeddings and to compute the corresponding profile function S(r).

For massive quarks, the function S(r) vanishes when r is less than a certain
value 7y, which is related to the mass of the quarks. When r < g, the BPS system
coincides with the unflavoured one, which corresponds to the fact that the quarks
are effectively integrated out in this low-energy region. As shown in [21, 29], there
exists a one-parameter family of solutions of the unflavoured system which are
regular at r = 0. Our flavoured solutions coincide with these, studied in [21, 29),
in this 0 < r < 7y region and, although a potential threshold singularity could
appear at r = rg, we show how to engineer brane distributions which give rise to

geometries that are regular everywhere.

The rest of this chapter is organised as follows. In Section 7.2, we study the
addition of massive flavours to the N’ = 1 background and we introduce our ansatz
for the backreaction induced by a smeared distribution of flavour branes. In that
section, we also present the result of the partial integration of the BPS system, as
well as the master equation for massive flavours. The holomorphic structure of the
model is worked out in Section 7.3. In Section 7.4, we develop a technique to com-
pute the charge-distribution function S(r). With this method, S(r) is obtained by
comparing the Wess-Zumino action for the continuous set of branes and that of a
single representative embedding. Applying this procedure, we discover that not all
the families of embeddings produce a backreaction compatible with our ansatz. In
Section 7.5, we find a simple class of compatible embeddings and we compute the
corresponding profile function. The problem of the threshold singularities is anal-
ysed in Section 7.6, where we show how to avoid them and how one can construct
regular flavoured backgrounds. Finally, in Section 7.7, we integrate numerically
the master equation and we provide numerical solutions for the different functions

of the ansatz.
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7.2 Addition of massive flavours

In this section, we deal again with the flavouring of the Maldacena-Nurez back-
ground [13], briefly reviewed at the beginning of Section 2.2.1. But, this time, we
consider massive quarks. Let us introduce flavours in the field theory by means of
pairs of chiral multiplets ¢ and é transforming in the fundamental and antifun-
damental representations of both the gauge group SU(/NV,) and the flavour group
SU(Ny). The Lagrangian for the (Q,Qv) fields is given by the usual kinetic terms
and the Yukawa interaction between the quarks and the KK modes, which can be

schematically written as

In the effective low-energy theory obtained by integrating out the massive modes,
the Yukawa coupling between (Q, @) and the ®; gives rise to a quartic term for
the quark fields (see [21, 28, 29] for details).

On the gravity side, as we know from Chapter 2, the addition of quarks can
be performed by means of flavour branes, which add an open-string sector to the
unflavoured closed-string background. For the case at hand, the flavour branes
are D5-branes extended along a non-compact cycle of the six-dimensional internal
space. If the branes reach the origin r = 0 of the geometry, the corresponding
flavour fields are massless. If, on the contrary, the D5-branes do not reach r = 0,
the quark fields are massive (the minimal value of r attained by the brane is related
to the mass of the quark fields).

In this chapter, we are interested in getting a holographic dual of the N' = 1
model with matter, in which the dynamics of fundamentals is encoded in the
background. To achieve this goal, we must go beyond the probe approximation
and take into account the backreaction of the flavour branes. As presented in
Chapter 2, we use for that purpose the technique of smearing. Let us briefly recall
here, for completeness, how this method is applied in the particular case we are

interested in (see Section 2.2.1). We want to study solutions of the action
S= SIIB + Ssources ) (722)

where Sj;p is the action of ten-dimensional Type IIB supergravity and Sgources
denotes the sum of the DBI and WZ actions for the flavour branes. Generically,
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the branes act as sources for the different supergravity fields. In particular, the
WZ term of Syyyrees 18 @ source term for the RR fields which induces a violation of
the Bianchi identity of the corresponding RR field strength. In our case, the WZ

term of the action of a set of D5-branes is
Ny
SWZ = T5 Z/ @ 2* (C(G)) y (723)
i=1 Me

where C(g) is the RR six-form potential and * (O(G)) denotes its pull-back to the
D5-brane world-volume. Let us rewrite (7.2.3) as a ten-dimensional integral, in

terms of a charge-distribution four-form =:
Swz = Ts C(ﬁ) ANE. (7.2.4)

The term (7.2.4) induces a violation of the Bianchi identity for F{s), which is just
dFz) =4r’=. (7.2.5)

The four-form = is simply the RR charge distribution due to the presence of the
flavour D5-branes. Clearly, = is non-zero at the location of the sources. In a lo-
calised setup, in which the Ny flavour branes are on top of each other, = contains
Dirac dé-functions and finding the corresponding backreacted geometry is techni-
cally a very complicated task. For this reason, we separate the Ny branes and we
distribute them homogeneously along the internal manifold in such a way that,
in the limit in which Ny is large, they can be described by a continuous charge
distribution =.

As we detail below, the continuous set of flavour branes that we use in our
construction can be generated by acting with the isometries of the background
on a particular embedding and, therefore, all the branes of the continuous set
are physically equivalent. Actually, we do not choose an arbitrary distribution
of branes. First of all, we require that all branes are mutually supersymmetric
(and thus they do not exert force on each other) and that they preserve the same
supercharges as the ones of the unflavoured background. Moreover, we also require
the deformation induced on the metric to be mild enough, in such a way that it
reduces to squashing the unflavoured metric with functions depending only on the
radial coordinate r. One can prove that the most general squashing of this type

compatible with the N/ = 1 supersymmetry of the unflavoured background is the
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one used in the following ansatz for the Einstein-frame metric of the flavoured

theory:

ds? = e2/(1) [d:vi3 + e dr? 4 e (462 + sin® 0 d?)
e29(r)
4

2k(r)
+

((cbl + a(r)d&)2 + (@® — a(r) sin0d¢)2) + £ (@ + cos&dcp)z],
(7.2.6)

where - ~

Wy = cosydf +sinysinfdy,

@y = —sintpdf + cosysin A d@, (7.2.7)

@3 = dep + cosAd@.

Notice that the ansatz (7.2.6) is exactly the same as the one considered in [21] for
the case of massless flavours.

Let us next consider the deformation of the RR three-form F{3). Clearly, due to
the modified Bianchi identity (7.2.5) that must be satisfied in the flavoured case,
F(3) cannot have the same form as in the unflavoured case. We then adopt the
following ansatz for the RR three-form F{s):

Fioy= =22 (@' = BYA (@~ BY) A (@~ BY) + 52 30 (Fo 4 /) A (6%~ BY),

a

(7.2.8)
where B® is an SU(2) one-form gauge connection and F'* is its two-form field
strength, defined as

1
F*=dB° + 5ea"CBb A B°. (7.2.9)

In (7.2.8), the f* are two-forms that parametrise the violation of the Bianchi
identity and thus the flavour deformation of the RR three-form. Indeed, when
f* = 0, the three-form F{sy is closed by construction, due to the relation (7.2.9)
between F* and B We take, as in [21], the following ansatz for B*:

B! = —b(r)dd, B? = b(r)sinfdy, B3 = —cosfdey, (7.2.10)

where b(r) is different from the fibring function a(r) of the metric (they are equal
in the background of [13]). By applying the definition (7.2.9), we get that the

different components of the two-form field strength F'¢ are

F'=_Vdradd, F?2 =¥sinfdr Ady, F3=(1-b%)sinfdfAdp.
(7.2.11)
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We adopt for the flavour-deformation two-forms f* an ansatz that parallels F'%,

namely:

fr=—Li(r)dr Adf, f? = Ly(r)sin@dr Ady, f3 = Ly(r)sinfdo Adyp,

(7.2.12)
where L, and L, are two functions of the radial variable to be determined. Actually,
after a detailed study of the realisation of supersymmetry for the metric ansatz
(7.2.6), one can show that (7.2.12) gives rise to the most general form of Fi3).
By computing the exterior derivative of (7.2.8) and applying (7.2.5), one gets the

following expression for the smearing form =:

_ Ne . ~1 A ~2 / ~3
= 167r251n9d9/\dtp/\[L2w AQ —L2dr/\w]

N.L
+ =LdrA d@/\d)2/\®3+dcp/\(sin@cblAcD3+0059d9/\(Ijz) .
1672
(7.2.13)

One can now study the realisation of A/ = 1 supersymmetry in Type IIB su-

(1

pergravity for a background with metric and RR. three-form given by the ansatz
written in (7.2.6) and (7.2.8). Following the conventions of Chapter 5, we define

the SU(3)-invariant forms as

J=¢?+ (cosae’ +sinae?) Ae’ + (—sinae? + cosae®) Ae,

Q=(e"+ie®) A ((cosae’ +sinae?) +ie’) A ((—sinae? + cosae®) +ie'),

(7.2.14)
where
e" = efdr, e = ehdf,
g
e¥ = e'sinfdy, el = %(J)l + a(r)dd), (7.2.15)
2 € . 3 e* ~3
e :5@ —a(r)sinfdyp), e =5(w + cosf0dyp).
In terms of those forms, the BPS system can be written as (see (5.2.8))
d (86f+<1>/2Q) — 0, d (er—¢/2) — 0’
(7.2.16)
d(e¥JnJ) =0, —e 232G (e ]) = % Fiz)

where *¢ denotes the Hodge dual with respect to the internal part of the metric
(7.2.6). This system can be reduced and a partial integration is possible. Let us

summarise in this section the results of the study of the BPS equations (additional
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details can be found in Appendix A of [12]). First of all, one can verify that the
functions Ly and L, parametrising f* and = are not independent. Actually, L; can

be written in terms of the derivative of Ly as follows:

L/
L= - 7.2.17
! 2 cosh(2r) ( )

Therefore, if we define the function S(r) as
Ny S(r) = —N.Ly(r), (7.2.18)
then the two-forms f* of (7.2.12) become

_ Ny S'(r)

1= — _drAdf
S = 5N, cosh(2r) M40
N; S'(r) .
LR M 7.2.19
f 3N, cosh(2r) sinfdr Ady, ( )

N
2= —#S(r) sinfdf Ade,

and the smearing form = can be written in terms of S as

N
E= hosin0doAdp A [S@! A& - S'dr A&

Ny S’ 9 . 3 a1 .~ ~
+ gﬁmdr/\ [d&/\w2 NG 4 dp A (sm9w1 N +cos€d9/\w2)}
(7.2.20)
Moreover, for the function b parametrising the one-forms B?, we find
2r + n(r)
== 0/ 7.2.21
b(r) sinh(2r) ’ ( )
where 7)(r) is defined as the following integral involving S:
N T
n(r) = —2]\’; tanh(2r)S(r) + 2/ tanh?(2p)S(p)dp| . (7.2.22)
c 0

It follows from these results that the RR three-form F{3y in (7.2.8) is determined in
terms of a unique function S(r). Notice that the case of massless flavours studied
in [21] is recovered by taking S = 1 in our formulas. Indeed, in this case, only
the first term of the right-hand side of (7.2.20) is non-zero and the charge density

distribution = is independent of the radial variable. Moreover, by computing the
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integral in (7.2.22), one can show that our ansatz for Fis) is reduced to the one
adopted in [21].

In the case of massive flavours, one expects the charge distribution to depend
non-trivially on the radial coordinate and, actually, to vanish for values of r smaller
than a certain scale related to the mass of the quarks. In our approach, this non-
trivial structure is encoded in the dependence of the function S on the radial
variable. Notice also that S should approach the massless value S =1 as r — oo
since the quarks are effectively massless in the deep UV. The way in which the
profile function S interpolates between the IR and UV values depends on the
particular set of D5-branes that constitutes our delocalised source and should be
obtained by means of a microscopic calculation of the charge density (see below).

Another interesting observation is that, contrary to the backgrounds with mas-
sive flavours studied in [35, 41, 102], passing from the massless to the massive case
is not, in our current example, equivalent to substituting Ny by N;S(r) in the
massless ansatz. Indeed, it is immediate to check that making this substitution
only generates the first line in (7.2.20), while the last two components of = (which
are essential for the consistency of the approach) are missing. Notice that these
last two terms are precisely those in (7.2.13) which are proportional to the function
L, which, according to (7.2.17), always vanishes when r — co. This means that,
in the UV, the two-form f® that implements the flavour deformation of F{s) is non-
vanishing only along the third SU(2) direction, while its other two components are
excited when we move towards the IR.

Actually, it turns out that one can also integrate partially the BPS system for
the functions of the metric in terms of S(r). First of all, the function f is related
to the dilaton ® as f = ®/4. Moreover, the dilaton can be expressed in terms of

the other functions h, g and k as

eh+g+k
e2® =270 ______ (7.2.23)

sinh(2r)’
where @ is a constant. In order to solve for the remaining functions in the metric
(7.2.6), let us define, following [29], the functions P(r) and Q(r) in terms of a and
g as
@ = (acosh(2r) —1)e*, P = ae*sinh(2r). (7.2.24)

The inverse of this relation is

P

29: 2 - = '
e Pcoth(2r) — @, a P cosh(2r) — Qsinh(2r)

(7.2.25)
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Again from the BPS system, one can express h and k in terms P, () and S, namely:

_ 2 7.2.26
4Pcoth(2r) —Q ¢ 2 (7.2.26)

It follows from equations (7.2.23)-(7.2.26) that the dilaton and the functions of the
metric are determined in terms of P, () and S. Actually, the function ) can be

integrated in terms of the profile S as
" 2N, — Nf S(p) ]
= coth(2 ——————=dp + , 7.2.27
@ = cottzr)| [ gt B0, 1 (r.2.27

where go is a constant of integration. Moreover, as in [29], one can find a master

equation:

P —Q+2N;S P+ Q +2N;S

Fr O P-0 —4coth(2r) | =0.

(7.2.28)
One can first notice that, in the case S = 1, (7.2.28) reduces to the equation found

P"+N;S'+(P'+N¢ S) (

in [29]. Otherwise, knowing the function S (from a microscopic description of the
smearing), one can get @ from (7.2.27) and solve the second-order master equation
(7.2.28) for P. As argued above, eacli solution of this equation gives a complete

solution of the problem, as long as it satisfies the following conditions:
Pcoth(2r) > Q, P> @Q?, P+ N;S>0. (7.2.29)

Moreover, in Appendix 5.A, we have explicitly written the equations of motion
derived from the Type IIB supergravity plus sources action. One can check that
any solution of the BPS system also solves the second-order equations of motion
written in Appendix 5.A.

Finding an analytic solution of this master equation is probably not possible,
but we are able to find numerical solutions, and study their asymptotics. In order to
achieve this goal, we first have to identify a family of supersymmetric embeddings
whose backreaction on the background is compatible with our ansatz, and then we
must be able to compute the corresponding profile function S. In the next section,

we start to develop the necessary machinery to carry out this computation.

7.3 Holomorphic structure

As stated at the end of Section 7.2, in order to find the profile function S(r), we

must analyse the families of supersymmetric embeddings of the flavour D5-branes.
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This problem was addressed in [49] by looking at the realisation of x-symmetry for
probe D5-branes in the unflavoured background of [13]. The analysis of [49] was
performed in terms of the angular coordinates of the metric (7.2.6) and some par-
ticularly interesting embeddings were found. For our present purposes, we clearly
need a more systematic approach, which could allow us to study different families of
embeddings and to determine whether or not their backreaction is consistent with
our ansatz (7.2.6)-(7.2.12). As the internal manifold of our background is complex,
it is quite natural to work in a system of complex coordinates. The purpose of this
section is to introduce these coordinates and to uncover the holomorphic structure
of our background.

Let us begin by introducing a set of four complex variables z; (1 = 1...4)

parametrising a deformed conifold, i.e. satisfying the following quadratic equation:
2129 — 2324 = 1. (7.3.1)

We also introduce a radial variable r, related to the z;’s, as
4
> " |zi* = 2cosh(2r). (7.3.2)
i=1

In order to find a useful parametrisation of the z;’s, let us arrange them as the

following 2 x 2 complex matrix Z:

z=| = 7] (7.3.3)

—Z1 T4
Then, the defining equations (7.3.1) and (7.3.2) can be written in matrix form as
det (Z) =1, Tr (ZZ") = 2cosh(2r). (7.3.4)

It is immediate to verify that the matrix
Zy = (7.3.5)

is a particular solution of (7.3.4). The general solution of this equation can be found
by realising that the equations in (7.3.4) exhibit the following SU(2) x SU(2)g

symmetry:

Z - LZR', with L € SU(2),, Re€SU(2)z. (7.3.6)
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A generic point in the conifold can be obtained by acting with these isometries on
the point (7.3.5). Actually, if we parametrise the SU(2) matrices above in terms

of Euler angles as

a —b a = cos? et ,
L=
Ay —
b a b =sin g e ,
E -1 k = cos g e 5
R= B v (7.3.7)
Ik [ = —sin g e~z
then the four complex variables z1, 22, 23, 24 that solve (7.3.4) are given by
I v . 0 0 v 0 8
2 = —e 2(¥F9) (e“”% sin 5 sin 5 — e~""¥ cos 5 cos 5) ,
I v 0 0 v . 6 .8
2 = e3(#+9) (e””‘l22 CO8 5 €8 5 — e~"~1¥ sin 2 sin 5) ,
_ (7.3.8)
i (s . 0 0 : 0 0
23 = e1(#~9P) (e’“% cos 5 sin 5 + e~ ¥ sin 3 cos 5) ,
o v 0 0 v 0 0
24 = —e 2(#=9) (e’“% sin 5 cos o +e ¥ cos 7 sin 5) ,

where ¥ = ; + 5. We show below that these holomorphic coordinates are
very convenient to analyse the supersymmetric embeddings in our flavoured back-
grounds. It is also useful to introduce a new set of complex variables w;, related

to the 2;’s by means of the following linear combinations:

21+ z 21— 2y 23 — 2
wy = 12 27 Wy = 122 27 Wg = 32 47 w4:Z3;;-Z4' (739)

These variables satisfy
(w1)? + (w2)® + (ws)® + (wa)® = 1. (7.3.10)

There is an obvious SO(4) invariance that is obtained by rotating the w;’s. The
so-called SO(4)-invariant (1,1)-forms are defined as (see [135])
ijkl

m = 6Ydw; Adw, e = (69wdw;) A (Fdwy) | N3 = €9%pm;dwy Adw, .

(7.3.11)




7.3. HOLOMORPHIC STRUCTURE 213
In terms of the radial and angular coordinates, these forms are given by

m=—i ( cosh(2r) dr A (&* + cos 8 dy)

1. . Y ~
~3 sinh(2r) (sm 0df Adp +sinfdf A d(p) ) :
ny = isinh®(2r) dr A (6:13 + cosfdy) ,
A1 . : N Y I
N3 = —1 (Z sinh(4r) (sm9 dd Adp —sinfdé A d(p)

- %sinh(%) (d6 A & +sin9d<,o/\w1)>. (7.3.12)

The fundamental two-form J of the SU(3)-structure can be written in terms of the
n; forms, which is very useful in what follows (we use the conventions of Chapter
5):

ek -3 e* a cosh(2r) — 1 P 1
J—Tdr/\(w +COS€d(p)+Tw(d9/\w +sm0dg0/\w)
e? (a cosh(4r) — cosh(2r) cosh(2r) —a . - =
Z ' \e 7 dé ) .
2 ( sinh(2r) sinddfd Adp + Sinh(21) sin 6 df A cp)
(7.3.13)

In terms of the 7;’s, J becomes

1{ ek

1 cosh(2r) ) ngacosh(Zr)—l ]
24 | sinh®(2r) ’

= aet (771 * sinh?(2r) 2 sinh?(2r)

(7.3.14)
Let us now check that the complex variables z; defined in (7.3.8) are good holo-
morphic coordinates for the internal manifold. Indeed, since our six-dimensional
internal manifold is a complex manifold, we can write its metric in terms of the

(1,1)-form J. Actually, if one writes J as

1

7=3

hegdz® AdZP (7.3.15)

which is allowed thanks to the fact that J is a (1, 1)-form, then one can prove that

the metric of the internal space is

ds? = %haﬁ (dz* ® dzf + dz# © d27), (7.3.16)

where we have split the ten-dimensional metric (7.2.6) as ds® = e®/2[da? 5 + dsZ)].
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The h,j coefficients appearing in (7.3.15) and (7.3.16) can be read from (7.3.14) by
using the relation between the 7;’s and the z; coordinates (see (7.3.11) and (7.3.9)).

Moreover, the SU(3)-invariant three-form € is written in complex coordinates as:

1 1
Q= edthth_ dzs . 7.3.1
Sinh(QT)e P le AN d22 N dzs ( 3 7)

In addition, taking into account (7.2.23), the previous equation becomes

280—29
Q:_e le/\de/\ng) (7318)

2 z3

which shows that (2 is, indeed, a holomorphic (3, 0)-form for the complex structure
corresponding to the coordinates (7.3.8).

The RR six-form potential Cl), defined as F7) = —e® % Figy = dCg), can also
be written in terms of the 7; one-forms. In fact, it follows from the SU(3)-structure

equations that
Cy = eX*d'z A T, (7.3.19)

where d*z = dz®Adz! Adz? Adz3. Obviously, since J can be written in terms of the
z* variables, the six-form C(g) can also be written as a (1,1)-form in the internal
space. Notice that Cg) is related to the calibration form of a D5-brane, whose
pull-back onto the world-volume determines if the embedding is supersymmetric
or not. Having Cs) written in complex coordinates is very convenient from the
technical point of view, since it allows us to analyse the different supersymmetric
embeddings by employing the full machinery of the complex variables.

Another relevant quantity that should be invariant under the SO(4) isometry
is the smearing form = in (7.2.20), since it gives the charge distribution of the

system. It is a (2,2)-form which can be cast in terms of (1,1)-forms as follows:

2N; S ( N 2 cosh(2r) >+ N; S /\( 1 )
sinh?(2r) NG sinh?(2r) " sinh3(2r) RO cosh(2r) )
(7.3.20)

167258 = —

Supersymmetric embeddings

It is now straightforward to show that any embedding defined with holomorphic
functions of the complex coordinates is supersymmetric. Let us study the case of

an embedding extended in the Minkowski directions, and defined in the internal
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space in the following way:
Z9 = F(Zl) N 3 = G(Zl) y Z9 = F(Zl) y Z3 = G_’(Zl) , (7321)

where, for definiteness, we have chosen z; and z; as world-volume coordinates in
the internal space. The calibration form K for a D5-brane in Einstein frame, is
given by

K=¢e* A" A J =e¥2C . (7.3.22)

By using (7.3.15), one can easily get the pull-back of this calibration form onto the

world-volume of the embedding, namely
* (K) = i 32K d*z Adzy A dzy, (7.3.23)
where we have defined the function K as

K= (hlj-l-F"th-I-G'h]g—}—F'hgi +F’F’h2§+F'(_}'h2§+G'h3i-I-G'F"hgg+G"G_"h3§) .
(7.3.24)
Now, we look at the induced metric d33 on the world-volume of the embedding.

From (7.3.16), we get

N | =

ds} = e®/? [dz?; + 2K dzydz) (7.3.25)
Therefore, det § = e**K?, and one has
V—detgdiz Adz Adz =i ¥ 2Kdc Adz AdZ =" (K) . (7.3.26)

This means that the embedding is supersymmetric, proving explicitly that all holo-

morphic embeddings are supersymmetric.

7.4 Charge distributions

The supersymmetric D5-brane embeddings we are interested in are characterised

by two algebraic equations of the type
Fi(z) =0, Fy(2:) =0, (7.4.1)

which define a non-compact two-cycle C, in the internal six-dimensional manifold.

As argued above, the preservation of supersymmetry is ensured if the two functions
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in (7.4.1) are holomorphic. However, in the brane setup we consider, we do not deal
with a particular embedding of the flavour D5-branes but, instead, with a family
of equivalent embeddings. This family can be generated from a particular repre-
sentative of the form (7.4.1) by acting with the SU(2)L x SU(2)g isometries of the
conifold. Let us recall how these symmetries act on the holomorphic coordinates.

Under SU(2)y, the holomorphic coordinates transform as z; — Z;, where

23 22 _ azz + le azg + ,824 7 (742)
—21 —"24 —azy + ,623 -2y + ,822
with |@|® + |8]> = 1. Similarly, the SU(2)y transformation is
Zz 2y _ Yz3 — 029 5f3 + v2o | (7.4.3)
—21 -24 —;)’Zl + (524 ——521 — Y24

where the complex constants v and § satisfy the condition |y|> + |§]> = 1. We
now want to determine the charge distribution four-form = (parametrised by the
profile function S(r)) for a given family of embeddings. For that purpose, we
employ a procedure which does not require performing the detailed analysis of the
whole family and that allows to extract the function S(r) by studying one single
particular embedding belonging to the family [136]. This method is based on the
comparison between the action for the whole set of Ny flavour branes and the one
corresponding to a representative embedding. We can choose to compare either
the DBI or WZ part of the actions, since supersymmetry guarantees that they are
the same. The WZ term of the action of the full set of D5-branes is given by the

following ten-dimensional integral:

Sgmeared — T, Cie) A E, (7.4.4)

whereas the action of one of the embeddings is simply

S{j‘i,rgle =15 /A4 7 (0(6)) , (7.4.5)

with Mg being the world-volume of the chosen representative embedding and
v (C(G)) denotes the pull-back of C) to Ms. Since all the embeddings of the

family are related by isometries, they are equivalent and their actions should be
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the same. Thus, we should have
Soreered = Ny Sprg' . (7.4.6)

The left-hand side of (7.4.6) can be obtained by plugging the expressions of = and
Cie) written in (7.2.20) and (7.3.19) respectively. After integrating over the angular

coordinates, one gets a remarkably simple expression, namely
1
Sgmeared — 9 Ny Ty / d*z dre®® (e2k5+ 5e29 tanh(2r)S’) : (7.4.7)

The non-compact two-cycle Cy that the D5-branes wrap can be parametrised by
the radial coordinate r and an angular variable. After integrating over the latter,
the WZ action (7.4.5) becomes

Ssingle — or Ts/d4x dre*?S(r), (7.4.8)

where the function S(r) is related to the integral of the pull-back of J along the
two-cycle by means of the expression

/c2 v (J) = 27r/dr$(r) ) (7.4.9)

By plugging (7.4.7) and (7.4.8) into (7.4.6), we arrive at the following relation
between the profile S(r) and the function S(r):

e*S + %e2g tanh(2r)S" = S(r). (7.4.10)

The function S appearing on the right-hand side of (7.4.10) depends both on the
embedding and on the different functions of our ansatz. In the case in which &
depends only on the functions & and g and this dependence is the same as on
the left-hand side of (7.4.10), it is possible to obtain the profile function S from
(7.4.10). However, this is a highly non-trivial condition which most families of
embeddings do not satisfy. To illustrate this fact, let us consider the families of
massive embeddings obtained by acting with the SU(2); x SU(2)g isometries on
the two non-compact two-cycles found in [49]. The first of these two-cycles is the
so-called unit-winding embedding (see Section 6.1 of [49]), which has the following

representation in terms of the real coordinates of the metric (7.2.6):

sinhr,

sinhr = 6=0, G=¢, Y=m, (7.4.11)

sing ’
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where 7, is a constant. In terms of the complex coordinates (7.3.8), one can
easily show that (7.4.11) is a particular solution of the following two holomorphic
equations:

2129 = cosh? Tq, 23+24=0. (7.4.12)

By using (7.4.11) and (7.3.13), it is straightforward to compute the pull-back of J
and to obtain S(r). One gets

sinh?r sinh?r
S(r)=14/1- A RN cosh? r) . 7.4.13
(r) sinh®r ( sinh® r — sinh®r, ( )
Notice that the right-hand side of (7.4.13) contains the function a(r), which is not
present on the left-hand side of (7.4.10). Therefore, the determination of the profile
S is not possible in this case. Similarly, one can consider the so-called zero-winding
embeddings of Section 6.2 of [49]. In that case, the cycle is characterised by the
equations
__sinh(2r;)

sinh(2r) = —mg sinf = —

cos 8 -
cosh(2r,)’

which solve the following system of two complex equations:
1 —2rq —ip
2129 = 3 z1 —e T W0z = 0. (7.4.15)

In (7.4.14) and (7.4.15), @o is a constant. Computing S(r) for the zero-winding

embeddings, one gets

sinh?(2r,) sinh?(2r)

S — _ 2k 29
(r) sinh?®(2r) (e e sinh®(2r) — sinh®(2r,)

(2a cosh(2r) — 1)) ,
(7.4.16)

which, as in (7.4.13), contains the function a(r) and, as a consequence, is not of
the form displayed in (7.4.10).

Our interpretation of the fact that S is not of the form (7.4.10) for the embed-
dings (7.4.11) and (7.4.14) is that their backreaction is not compatible with our
ansatz. Notice that our F{3y in (7.2.8), as well as the charge-density four-form =
in (7.2.20), is dictated by the SU(3)-structure of the N’ = 1 supersymmetry and is
highly asymmetric with respect to the exchange (6, @) < (8, ). This interpreta-
tion is supported by an independent microscopic calculation of =, which we present

in Appendix 7.A. Indeed, we show in this appendix that a simple embedding whose
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S is not of the form (7.4.10) gives rise to a charge density = which does not fit
into our ansatz. Thus, in order to proceed further with our formalism, we have to
find a concrete example of compatible embeddings and we have to determine the
corresponding charge profile.

Fortunately, we have been able to find a simple family of embeddings for which
S(r) depends on the functions k£ and g in the same way as the left-hand side of
(7.4.10) and, as a consequence, one can directly read the profile function S(r) for
this configuration. The profile S(r) obtained in this way can be used to get Q(r)
from (7.2.27), as well as an input for solving the master equation (7.2.28). In the
next section, we present these embeddings and we determine the corresponding

profile function.

7.5 A simple class of embeddings

As shown above, the massive embeddings found in [49] do not seem to produce a
backreaction compatible with our ansatz and with its underlying SU(3)-structure.
In principle, we should consider the logical possibility that such a compatible set
of embeddings does not exist. In this section, we discard this possibility by finding
a family of embeddings for which (7.4.10) can be solved and a simple expression
for the profile function S can be found. We confirm this fact in Appendix 7.A by
means of an explicit microscopic calculation, in the UV region of large r, of the
charge density four-form =. By considering the full distribution of flavour branes,
we indeed show that, for the embeddings discussed in this section, the density =
is of the form displayed in (7.2.20), and we find an expression of S(r) which is just
the large-r limit of the one found by solving (7.4.10).

In terms of the holomorphic coordinates (7.3.8), the simplest embeddings one
can think of are those characterised by two linear relations of the 2;’s. Many of
these embeddings are related by the action of the SU(2), x SU(2)g symmetry
and they belong to the same set. Instead of considering the full set, we only deal
with a particular representative. Using the machinery developed previously, it is
rather easy to consider systematically the different linear embeddings, to compute
the pull-back of the fundamental two-form J and to verify if the function S(r)
depends on the functions of the ansatz in the same way as the left-hand side of
(7.4.10). Most of these linear embeddings do not give rise to a compatible charge
density. Let us now study one example for which everything works fine. The

representative embedding we want to focus on can be written in terms of the
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holomorphic coordinates (7.3.8) as the following two linear equations:
23 = AZl , 24 = BZQ, (751)

where A and B are two complex constants. We can parametrise the two-surface

defined by (7.5.1) in terms of, for example, 2;:

1 1 B 1
= — =A = —. 7.5.2
Z2 1—ABz ' 23 21, 24 1— AB 2, ( )
This allows us to get the relation between r and 2;:
1+|B? 1
2cosh(2r) = (1 + |AP)|a)* + —— 5 5.
cosh(2r) = (1 + AP + T s (75.3)

where we have used the relation between 7 and the holomorphic coordinates writ-
ten in (7.3.2). From (7.5.3), we can compute the minimum distance r, that this

embedding reaches, namely:

1+ |A]2/1 + |B|?
cosh(2r,) = v ||1 '_\A/BI B (7.5.4)

Notice that this minimum distance depends on the modulus of the constants A
and B, as well as on the phase of AB. In order to compute the function S(r) for
these embeddings, let us compute the pull-back of J. It is quite useful to work
with the complex coordinates z; and to obtain first the pull-back of the 7; forms.
Actually, the pull-backs of the SO(4) invariant (1,1)-forms can be cast nicely as

1 o 2. 1H|BF 1 \dzAdzn dz; Adz
* = — == h 2
)= (04 WP+ s ) S e e
(1) = 1A+ [BP) = 1+ [AP)|1 = ABPP|1|*) dz A d2y
"=y 11— AB| 2] BAE
= (cosh®(2r,) — cosh’(2r)) % :
1
* |A + BIZ dzl A le 9 dz1 N le
CO = ABE O T
(7.5.5)

From these pull-backs, we can readily compute the pull-back of J, namely:

_ 2 2 _ . _
" (J) = eszOSh(4?") + 1 i 2 cosh®(2r,) N 6292co§h (22rq) 2) idzn Adz
sinh®(2r) sinh?(2r) 4 [z
(7.5.6)
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Magically, the pull-back of J does not contain the function a, and it is ready for
comparison with the smeared action. In order to obtain the actual value of S(r),
we need to express dz; A dz; = dr A d(angular). With this purpose in mind, we
parametrise z; as

2 = ue®, (7.5.7)

Then, one has

dandz _gdu 4y (7.5.8)
u

|21[?

and, since from (7.5.3) it follows that

du _ " sinh(2r)

u \/ cosh?(2r) — cosh?(2r,)

(7.5.9)

we can write

1) = o ar( e \/cosh(4r) — cosh(4r,)
/czZ () =2 /d ( v/2sinh(2r)

2 inh?(2
+ €29 tanh(2r)— 2\/_cosh(2r) sinh*(2r,) .
sinh®(2r)+/cosh(4r) — cosh(4r,)
(7.5.10)
Thus, the function S(r) in this case is given by
S G2t \/cosh(4r? — cosh(4r,) + €% tanh(2r)— 2\/5 cosh(2r) sinh?(2r,) ‘
/2 sinh(2r) sinh®(2r)+/cosh(4r) — COShE4T‘q)
7.5.11)

Plugging this result in the right-hand side of (7.4.10), and taking into account that

the coefficients of e2* and €29 tanh(2r) are related by a derivative,

, (75.12)

d \/cosh(4r) — cosh(4ry) | 5 /2 cosh(2r) sinh?(2r,)
dr /2 sinh(2r) B sinh?(2r)4/cosh(4r) — cosh(4r,)

one immediately gets that the profile function S(r) for this family is given by

_ y/cosh(4r) — cosh(4r,)
/2 sinh(2r)

B sinh?(2r,)

St sinh?(2r)

O(r —ry) = O(r —r,), (7.5.13)
where we have taken into account that » > r, on the cycle. Notice that S(r) — 1

as 7 — 00, and the massive solution becomes the solution of [21] in the far UV, as it
should (see Figure 7.1). Notice also that S(r) = 1 in (7.5.13) for the massless case
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r, = 0 and, therefore, we recover the results of [21] for that limit. As mentioned
above, in Appendix 7.A, we have checked the form of = and the expression of S
for these embeddings by means of a microscopic calculation in the UV, where the
unflavoured model reduces to the “abelian” model.

Near r = ry, the profile S(r) in (7.5.13) vanishes as

S(r) ~ 2y/cosh(2ry) /T —rg, (7.5.14)

which means that S(r) is continuous at r = r,. However, S'(r) diverges as
1//r =74 when r — r,. Since S'(r) enters into the energy momentum tensor
of the branes through =, it follows from the Einstein equations that this diver-
gence induces the divergence of the Ricci tensor at r = r,. This divergence is due
to the hard-wall effect that we introduce in our configuration when the flavour
branes are added, and it should be thought of as the gravitational analogue of the
threshold effects of field theory. In the next section, we propose a way to resolve

this singularity in our string duals.

7.6 Removing the threshold singularity

Let us consider the class of embeddings studied in Section 7.5. We show now how
one can engineer a brane setup such that the unwanted singularity of S'(r) at
r = r4 disappears. The idea is to consider branes whose tips reach different radial
positions and perform an average over the value 7, of the radial coordinate of the
tip of the flavour branes. Actually, this is the way in which the threshold singu-
larity is removed in the Klebanov-Strassler model with massive flavours studied in
[102]. Indeed, in Appendix D of [12], this last model is reconsidered with the tools
developed here and it is shown explicitly how averaging over a certain phase is
equivalent to a particular superposition of flavour branes ending at different radial
positions. Moreover, the function S(r) is also computed in that case for a set of
branes ending at a fixed r, (i.e. the analogue of (7.5.13) for the Klebanov-Strassler
model).

Inspired by the resolution of the threshold singularity in the Klebanov-Strassler
model, we consider a flavour-brane distribution containing branes with different
ro’s. Furthermore, we allow r, to vary in a certain finite interval and we weight the
different values of r, with a non-negative measure function p(r,), which should be

conveniently normalised. In this way, the hard wall at r = r, is substituted by a
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shell of non-vanishing width. If the resulting profile function S and its first radial
derivative are continuous, the geometry is free of threshold singularities. As we
see explicitly below, if the measure function is smooth enough, the resulting profile
satisfies the conditions to have a regular supergravity solution.

For convenience let us redefine the radial coordinate as
z = cosh(4r), z>1. (7.6.1)

We also denote z, = cosh(4r,). We consider distributions of branes having z,’s in
the interval 7o < z; < 2o + 0. The resulting charge density distribution is additive
and can be obtained by integrating over z, the profile functions (7.5.13) multiplied
by the measure p(z,). Since the branes with a given z, only contribute to the

charge density distribution S(z) for © > z,, one has

S(z) = /w dz, p(xq)ﬁ'a;:xlq : (7.6.2)

The measure function p(z,) must obey the normalisation condition

/100 dz, p(z,) = 1. (7.6.3)

When the measure p is a d-function of the type p(z,) = d(z, — z5), the profile
(7.6.2) reduces to (7.5.13) which, as we have seen, leads to background with a
threshold singularity. To resolve this singularity, we consider measures with a
finite width §, and we regard § as a regularisation parameter of the threshold
effect. As d — 0, we recover (7.5.13). Below, we work out two simple prescriptions
for the functional form of p. In both cases, p(z,) is non-vanishing only on a finite
interval 2o < z, < zo + §, and the resulting S(z) and S'(z) are continuous. Thus
they source a regular geometry. Moreover, the profile functions for both measures
are actually very similar if one compares distributions with the same width, as one

can appreciate in the right plot of Figure 7.1.

7.6.1 Flat measure

As a first example of a weighting measure, we consider the situation in which all
the embeddings with different tips in the interval zo < z, < zo +  have the same

weight. This prescription corresponds to choosing a rectangular step function in
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the interval zo < 2, < 2o + 6 which, conveniently normalised, reads

plz) = Ozq = 20) = 5@(% ~Z0=9) (7.6.4)

Performing the integral (7.6.2) for this measure, we get

o \3/2
S(ﬁ)zg% Whenz0§$§$0+5,
/ / (7.6.5)
— 3/2 _ _ _ 53/2
S(z) = 2(z = 7o) (z =z =9) when z > x9+ 6,
3 0vVz —1

and it is understood that S(z) = 0 for z < zo. In Figure 7.1 (left), we plot the
function S(z) for different values of the width . As shown in this figure, when 0
is increased, S(z) grows slower in the transition region and, thus, S(z) is a milder
function of z.

Let us now consider the issue of the regularity of S(z). The potentially dan-
gerous points are £ = zo and £ = xo + §, where the measure p is discontinuous. It
can be straightforwardly checked that S and its first derivative are contimious at

these two points. Actually, one has

2 V6
S = 0, S 0) =2 )
(o) (T + 0) 3Vea 10 -1
(7.6.6)
(o) =0, (o4 6) = 2+ 3T0 =3

3vVo(zo+6—1)32

3/2 as we approach

Moreover, it follows from (7.6.5) that S(z) vanishes as (z — z)
the endpoint of the charge distribution at z = z,. Thus, this profile function gives

rise to a solution without threshold singularities, as claimed.

7.6.2 Peaked measure

In our previous example, we have considered a weighting function p which is dis-
continuous at zo and zo + . We now want to explore the possibility of having
a measure which vanishes continuously at these endpoints. To choose this new
measure, we think of taking a distribution that reproduces a mass peak with finite
width for the quark. It means that we choose a distribution that looks like a peak

of finite width, somewhat similar to a Gaussian function, but we want something
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Figure 7.1: We show plots of the function S for the flat measure on the left. The
red curve is the singular profile, the blue one is for s = 0.15 and the purple one is
for § = 0.4. On the right, we plot, for s = 0.5 and s = 1, S for the flat measure
(red) and the peaked one (blue) and we see that there is almost no difference.

simpler to be able to perform the integration. For that reason, we choose

PM =~2V “Xopxo+S- xq 0(xq- xo0) ~ Ofxq- x0- S) . (7.6.7)

The integral (7.6.2) now gives

s 16 1 My 4 Xt s + XOS 5E(X-Xo\
™) smsyayjx —1 2 TAT e Hx0S2e B
X Xo
+(x0 + 6 —x)(x —xqg —26)K when xq < x < X0+ 5,
16 y/x —Xo
S(x) - 2{x + x0+ s + xo5 —2 —xS)E

) = sgsp y . 1 2% TEOT 0 T xes —2xne —x) f—x,)

+(x —Xg —5)(2xq+ 6 —2x)K when x > x0+ 6,

X — Xo
(7.6.8)

where, again, it is understood that S(x) = 0 for x < xQ0. The functions K and E

in (7.6.8) are complete elliptic integrals of the first and second kind respectively.

They are defined as

pn/2 P — Ftt/2 1
E(k) = | J 1—ksin2(®)dt, K{k) = ds. (7.6.9)
Jo Jo  y/l —ksinz(1)

!We thank Angel Paredes for discussions on this point.
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If we now look at the properties of our solution at z = zy and x = xo + §, we get

32V

S == O, S + 6 = ,
(20) (20 +9) 157v/To + 0 — 1 (76.10)
, ) 8(38 + 5z — 5) >
S'(z0) = 0, S'(z + ) =

157/ (w0 + 6 — 1)36

which shows that S and S’ are regular and, therefore, this measure leads to another
solution free of threshold singularities. In order to compare the profile (7.6.8) with
the one obtained with the flat measure (7.6.5), we plot in Figure 7.1 (right) the
two functions S(z) for two values of . It is rather clear from this figure that the
choice of p does not influence much S (and even less the functions of the ansatz)
and, therefore, the physically relevant parameter is the width. For this reason, in

the numerical calculations of the next section, we use the simpler result (7.6.5).

7.7 Solutions of the master equation

After discussing the details of our setup in the previous sections, we now move on
to the task of finding explicit Type IIB supergravity solutions. As we argued in
Section 7.2, it is enough to solve the master equation (7.2.28), since all the other
functions of our ansatz follow. For each P, we have a background preserving four
supersymmetries that solves the equations of motion of Type IIB supergravity.

The master equation involves the profile S(r), and the function Q(r) that can
be obtained in terms of S (see (7.2.27)). Notice that in the cases S =0 and S = 1,
this master equation has been extensively studied in the literature [29]. These
cases are precisely the IR and UV limits of our profiles S(r), so the asymptotics
of our solutions are already known. What we have to find is a smooth matching
between them.

We cannot provide an exact analytic solution of the master equation, but we
can give analytic expansions in the relevant regions (around r = 0, r = 19, and

r = 00), and solve numerically in between them.

7.7.1 Analytical matching

On general grounds, we expect S(r) to be null up to a certain point r = ry, where
we have enough energy to start seeing the effects of virtual quarks running in
the loops. Then it starts growing because, as the energy increases, it is easier
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to produce quarks. Eventually, it stabilises around S(r) = 1 since we then have
enough energy so that the quarks appear massless. Although we know the specific
functional form of S(r) in some cases, let us keep the discussion more general
and assume that S(r) can be expanded in a kind of power series around ry of the

following form:

S(r) = O(r — 1o) [S1(r — ro) /2 + Sao(r — 1) + S3(r — 10)¥* + O ((r —10)?)] .

(7.7.1)

It is important to notice that, according to this expansion, although S(r) is con-

tinuous, the |2#}]-th derivative is not when S, is the first non-zero coefficient of

the expansion. Note that S calculated with both the flat measure and the peaked

measure are included in this expansion (we only have the odd coefficients for the
former, and the even ones for the latter).

Of course, up to r = rg, the solution of the master equation is the unflavoured

one. This solution was written close to r = 0 in [29]%

Punﬂ(T) :Nc |:2ﬁr+% (]___ %) 7‘3_*_% (1_ 3%32_5%) T'5+O(T'7):! :
(7.7.2)

where 8 > 1. Unfortunately, far from this point, it is only known numerically
(except for the case 8 = 1, where the previous expansion truncates to the exact
solution P = 2N,r of [13]). Near r = 0, the different functions of this solution

behave as

et = N, [51"2 + & (-128°+ 158 -8)r* + O (rs)} ,

(38* + 358° — 3647 — 2) r4+(’)(r6)] ,

157583

e’ = N, [ﬁ+% (68> —58—1)r’*+

4 16
e* =N, {6+%(52— 1)r® + A (3,34—,32—2)7"4-’;-(9(7'6)} :
_ 4 16 32
eH®=%0) = N [1 + —9527"2 + 10558 (-158°+31)r* + O (7"6)} :

4 2
a=1+ (—2+@)7’2+45183 (756° — 116> + 408 + 8) r* + O (r°) .

(7.7.3)

This solution is regular in the IR. For small r, the different curvature invariants

2The parameter by found in [29] is related to 8 by hy = 2N, 8.
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are Bo/2 7/4
e 0 2
R= 3 Nf/gﬁm/s + O(r),
3le=% 25/
Ry R™ = 25 O(r), (7.7.4)

27 NO/M 21/ +
e~%0 976 — 307262 + 345684
45 21/2Nc5/4ﬁ21/4

+ O(r).

Voo
Ry po R*P7 =

From rg on, S # 0, and we have to solve the master equation with initial
conditions given by the unflavoured solution: P(r¢) = Puna(7o), P'(r0) = Pipa(ro)-
The form of the solution then depends on the form of S(r) around r = 7.

To solve the master equation in a power series around the matching point r = 7o,
we need to know the expression for Q(r), which can be obtained from (7.2.27):

sinh(4rg) — 4rg

Q(r)=N, {21‘0 coth(2rg)— 1+ (r—rmo) — 2—Nf5’1 tanh(2r)(r — ro)%

sinh?(2ro) 3N,
8rgcoth(2rg) —4 Ny , .
- h(2 - _ .
( Sinh2(21“0) 2N, tan ( TO)SQ (r TO) + 0O ((7‘ TO) 2)

(7.7.5)
To arrive at (7.7.5), we have fixed the integration constant qo in (7.2.27) to match
the unflavoured solution at r = ry, that is go = 0. Notice that, in ), Vs appears
only through the combination N¢/N, and N, is just an overall factor. Actually,
the master equation (7.2.28) can be written in terms of P/N., Q/N,, Ny/N. and
S and no other term depends on V..
As there are no singular terms in the master equation at r = rg, the uniqueness
and existence theorem for ordinary differential equations guarantees the existence
of a unique smooth solution (actually as smooth as [ drS) for this second-order

differential equation. Therefore, let us propose an expansion for P(r) as

N;1P(r) = N Pana(ro) + Ny Popa(r0) (r — o) + Pa(r — r0)3/2 + Py(r —ro)?
+ Py(r —mo)*/2 + O ((r —mo)®)
(7.7.6)
Plugging the expansions (7.7.1), (7.7.5) and (7.7.6) in the master equation (7.2.28),

we obtain the following solution:

ON 1/ . N
P3=—3N':31, P4=§<Ncl unﬂ('l"o)——]\—,f52> N
. » (7.7.7)
o 2Npo . BNy o No'Pg(ro) (N Pana(ro) — 2ro + tanh(2ro))
7 BN, T 15N, (2ro coth(2ro) — 1)° — N72P2 4 (ro) '
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An important lesson to extract from here is the following: our background
presents no curvature discontinuity as long as P” is continuous (if only P’ is con-
tinuous, then the Ricci scalar has a finite jump at r = rp). So in this case, no
curvature singularity amounts to having S; = S = 0.

In the UV, we have S — 1. The asymptotic value S = 1 is reached exponen-
tially, in a fashion that depends on the particular details of the measure used to
compute S, although the first subleading term is universal (given by the abelian

limit):

S=1- (?‘C"Sh(;”")) o 1) e+ O () . (7.7.8)

As we mentioned, the case S = 1 has been studied already in [29], where two
possible analytic UV expansions were found, dubbed Class I (linearly growing P)
and Class II (exponentially growing P). We also have two possible UV behaviours,
and the analytic expansions have the same coefficients as those in [29] for the
solutions with linearly growing P, and the same leading coefficients for the solutions
with exponentially growing P. As argued in the next subsection, we are interested

in the Class I behaviour.

7.7.2 Numerical matching

If we solve the master equation (7.2.28) numerically, we find, regardless of the
specific profile S(r) we use, two qualitatively different behaviours as we go to
r — 0o, which are in correspondence with the two classes of UV described in
Section 4 of [29]. Indeed, in the deep UV, the massive flavours we introduce can be
considered massless. We have checked that our numerical solutions comply with
the UV asymptotic behaviours described in [29].

We find that, in general, the flavoured solution only matches nicely (meaning
that the solution reaches infinity) with the unflavoured solution (7.7.2) if we choose
B to be bigger than some critical value 8., which is only known numerically (see
Figure 7.3) and bigger than 1. This means in particular that the unflavoured
solution cannot be that of [13]. We observe the following.

Assume the unflavoured P up to 7y is given by the numerical solution charac-
terised in the IR by (7.7.2). Then there exists a j; such that:

e For # < fB., P eventually starts decreasing, crossing ) at some finite value
of the radial coordinate and making e** = 0 at that point. This solution is

then singular.
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Figure 7.2: Numerical solutions for N;'P for different values of Ns/N., keeping
fixed the profile (flat measure), ro and & (in the plot, cosh(4r;) = cosh(4rg) + 6).
The blue dotted line corresponds to Ny/N. = 1. The purple line corresponds to the
conformal case Ny/N. = 2. And the olive dotted line corresponds to N¢/N, = 3.
Notice the expected asymptotic UV behaviour.

e For 8 = (3., P reaches infinity linearly (see Figure 7.2). This solution has pre-
cisely the same asymptotics as those described as Class [ in [29], characterised

by a linearly growing P and a linearly growing dilaton.

e For 8 > f., P reaches infinity exponentially. This solution possesses the
asymptotics dubbed as Class II in the previous reference, characterised by

an exponentially growing P, and an asymptotically constant dilaton.

So the IR expansion (7.7.2) can be connected with any of the two known UV
behaviours as long as we choose the parameter 8 appropriately. For an interpreta-
tion of our solutions as gravity duals of ' = 1 SQCD, we are interested in the ones
with asymptotically linear dilaton [21], i.e. the ones which have 8 = (.. Notice
that the IR effects of the flavours is codified in the dependence of 8. on N¢/N.,.
We can then regard f. as a measure of the deformation induced by the flavours in
the IR. In Figure 7.3, we explore the dependence of S, on the number of quarks
and their mass.

Even if we fix § = £, and for a given ratio N¢/N,., we can still play with
several parameters in the profile S(r), such as ry and 6, or even with the functional
form of S itself. When doing that, we find that the qualitative behaviour of the
metric functions does not change. For instance, varying the width § of the mass
distribution of the quarks just makes more or less sharp the transition from the
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N

Nec

Figure 7.3: We plot the different values of 3C—1 as one varies the ratio Nf/Nc.
The curves are for fixed width ¢ = 0.2 but different quark masses: moving from the
upper curve to the lower one, the values used are r0 = 0,0.15,0.3,0.7,1.2. Notice
that, as r0 increases (the mass increases), the growth of 3Cwith Nf/Ncis less and
less noticeable, and the solution in the unflavoured region is almost that of [13]
(3C~ 1). This was to be expected since the more massive the flavours are, the less
they affect the IR dynamics.

unflavoured region to the flavoured one. We gathered, in Figure 7.4, the plots of
the various metric functions for some particular values of the parameters, just to
exhibit explicitly this transition from unflavoured to flavoured background that

happens around TQ.

7.7.3 The solution for massless flavours

Let us take ro —0 in our expressions, keeping a finite width s for the measure
(also taking 5 —>0 gives back the singular solution of [21]). This makes the lightest
quark we introduce massless. Nonetheless, due to the non-zero width, some of the
quarks are massive; notice however that their mass can be chosen to be as small as
one wants. In that respect, this solution is not a typical massless-flavour solution,
as in [21].

Let us consider the following expansion for the profile function S(7):

Sir+ S2r2+ S3r3+ G(r4). (7.7.9)

We set the first coefficient to zero because we want to impose S(0) = 0.

For this S(r), we have to integrate the differential equation for Q in a series
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2k
2h

Figure 7.4: Metric functions for a case with Nf / 2Arc. We have used the flat
measure profile with rO = 0.5, 5 = 0.5. All the functions have the expected
asymptotics. Notice in particular the linearly growing dilaton, in red.

expansion. We get

NfSi 3 /16 , 2NfS:  2NfSi  NfS;

=Nc¢ - -1 — PO(re6
O =Ney one” " Nas tosar " ONe 3K (r9
(7.7.10)
The expansion we get for P now is
p:Nr2/3r_5Nfc r2 . M f1_2. + _ 9INfsA
4Nr 1 15V /32 256:;Y232 8 Nc0)
™ Nin (M _ 7 7 7 NfSi 7 1VjSf..

18/VC Ne 1\ 135 273 45132 360 NcO 1280 N?02

+ C2(r5)
(7.7.11)

where (3 is a free parameter. We then find the following asymptotics for the metric

functions and the dilaton:

o as €72 SIV. 63 f 2 5 9 /V[S? 9 NfS2|
Pr W Cr 15 f 332 43 1024 /NYR 32 NeO )
+0 (r5)
5N I 5 3 NpS: 3 NfS
2 o =1 83 £S: / to (13)
sNeSIt+ 5\ 632 63+ 512W22 16 Ne@

eh=nNr 1 Nor, 4 i 1, 9~ 2L
4A3 T A 256 V232 . Ac/3 +° (r
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4 N:S 16 21N%2S?2 N, S

4(d—Py) __ 1 1 f 2 2 3

A = [HQNCB’"*(@J_&*?NM * Ncﬂ)r +olr )] !

4 N; S 5
a=1—<2—-3—ﬁ->r2—6]<,cﬂ (3—B>T3+O(r4). (7.7.12)

We have checked that the above solution presents no curvature singularity in

the IR if we choose S; = 0. For instance, the Ricci scalar near r = 0 is given by

NS, 1

— 30— %0/2 =
R =23e 25/4N013/8ﬂ13/8 r

+O(r?), (7.7.13)
and the metric is clearly singular at = 0 if S; # 0.

Note that what is done in this subsection might be thought as a regular way
to introduce massless flavours, as opposite to what happens in [21], where the
geometry is singular in the far IR. This statement should be taken with caution: if
we interpret Ny S(r) as giving the number of flavours that are effectively massless
at a given scale r, we clearly read off S(r = 0) = 0 that there are no massless
flavours in the far IR. But, given that the tips of some branes reach the origin of
the space, there are certainly massless quark states in the dual theory. One could
conjecture about the existence of some field-theoretical counterpart to the fact
that the tips of the branes should be spread in order not to generate a curvature

singularity. Unfortunately, we cannot make any strong claim in this direction.

7.8 Conclusions

Let us summarise our main results. We have considered the addition of backre-
acting massive fundamental matter to the gravity dual of the A/ = 1 SQCD-like
theory obtained when D5-branes wrap a two-cycle inside a Calabi-Yau threefold.
The matter fields are added by means of D5-branes that wrap a non-compact two-
dimensional submanifold in the internal space. These flavour branes do not reach,
in general, the origin of the holographic coordinate r and their charge density de-
pends on 7. In order to incorporate consistently, in the backreacted background,
the effects of this dependence, we have modified in a non-trivial way the ansatz
of [21], including new terms in the RR three-form F(3y which depend on a profile
function S(r) and its derivative. We have shown that the BPS system reduces
to a master equation, containing S and S’, which is a generalisation of the one
found in [29]. This equation can be integrated numerically and, by matching with

the unflavoured solution at the scale at which S becomes non-zero, one finds a
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supergravity solution in the whole range of the radial coordinate.

Our solutions solve the Einstein equations with sources, and one of the non-
trivial points we have addressed is the determination of the distributions of branes
whose charge density and backreaction have precisely the form that we have derived
from our ansatz. We have verified this fact by means of a macroscopic calculation
(comparing the action of the full set of branes with the one corresponding to a
representative), as well as by a direct microscopic calculation of the charge density
in the UV. We have also shown how to resolve the curvature singularities which
appear at the position of the tip of the branes.

After all these developments, we were able to find regular supergravity back-
grounds dual to A/ = 1 SQCD-like theories with massive flavours. Our results
generalise those of [21] in the sense that our solutions incorporate the effects of
the mass scale introduced by the quark mass and, at the same time, they resolve
the IR curvature singularity that limits the applicability of the geometry of [21] to
explore holographically the N' = 1, SU(N,) gauge theory with flavours.

In the next chapter, we recall and summarise the results derived in this thesis.
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7.A  Microscopic computation of =

Let us show here how the results obtained for the smearing form in Section 7.5,
using only the knowledge of one embedding of the family plus an ansatz for the
functional form of = (7.2.20), could be derived from a purely microscopic computa-
tion, 7.e. by summing the contributions to the smearing form of all the embeddings
in a given family.

Notice that this microscopic approach does not assume any specific ansatz for
the smearing form. Obviously, one can expect it to be much harder to carry out.
Indeed, except for some very simple cases ([35, 41, 102, 134]), a full reconstruc-
tion of the functional form of = for massive quarks from the microscopic family of
embeddings giving rise to it is not available in the literature. The use of the holo-
morphic structure of our internal manifold developed in Section 7.3 is instrumental

in carrying out this microscopic computation.

7.A.1 Holomorphic structure in the abelian limit

For simplicity, we focus in this appendix on the UV limit (r — oo) of our back-
grounds. This limit corresponds to the so-called abelian solution. The holomorphic
structure simplifies a little bit in this limit, and one can define a new set of four

complex variables (; (i = 1,...,4) that parametrise now a singular conifold:

C1C2 - C3C4 = 0 . (7A1)
The radial variable r is related to the (;’s in this case as

4
Z |G? = €. (7.A.2)

The expression of these complex variables in terms of the coordinates of the internal

manifold can be read from (7.3.8). One just needs to take the 7 — co limit there

to obtain
o= 9 0 . )
(1= —€singsinze" =, (2 = €' cos cos—e‘ﬁfiﬂ,
22 2 2
7] . (7.A.3)
0 . 0 vt 9 0 yvis

ngercosisinﬁe z C4=—ersin§cos§eZ 2
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This abelian geometry inherits the SU(2);, x SU(2)g symmetry of the non-abelian
one (actually the isometry group is enlarged to SU(2) x SU(2)g x U(1)). Again,
taking carefully® the limit r — oo in the non-abelian expressions (7.3.13) and
(7.2.20) for the fundamental two-form J and the smearing form =, we get
2k 29 .
J= —2—dr/\ (W3 + cos B dy) — Tsin@d& Adp — e*sin@df A dep,
(7.A.4)

== 127;2 sinfdf A dop A (ssinédé/\ d@ — S'dr A (d¢+cos§dgb)) .

Then one can define SO(4)-invariant (1,1)-forms n; (¢ = 1,...,4) as in (7.3.11),

and express both J and = in this abelian setup as

J=2ie ™ !eZh (171 + 272y, — 26_2Tﬂ3)

2g
+ eT (m + 272y + 2e72;) — e*Fe | (7.A.5)

E=-8e"Sm A (m +4e ¥ n) +8 Sy A (m — 27 n3)

where the 7,’s are the abelian (1, 1) two-forms, which can be obtained from (7.3.12)

by keeping the leading term when r — oo.

7.A.2 Abelian limit of the simple class of embeddings

Let us now calculate S(r) for the abelian version of the class of embeddings dis-
cussed in Section 7.5. The first thing to notice is that the parametrisation (7.5.1) is
not good in the UV limit. Indeed, as z4 = 2122/23 when r — 0o, the two equations
in (7.5.1) become the same. For this reason, to study this cycle in the UV, it is
better to use instead the first two equations in (7.5.2) and write the equations of
the embedding as z; = Cz3 and 2,2, = 1, with C and i being arbitrary complex
constants. By taking the UV limit in which z; — (;, one concludes that the abelian

limit of the particular representative of the embedding studied in section (7.5) is

G =0C¢, Cile=[t. (7.A.6)

3In the abelian limit: a — 0, cosh(2r) — sinh(2r) — %, and ae? — 1+ 4e?h~29,
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One nice thing about the abelian limit is that (7.A.6) can be easily solved in terms

of coordinates:

1 ~ . 1 )
0=6b,, © =g, and 2 sinfe’e¥ == 562"'6” : (7.A.7)
where we have parametrised the constants above as
90 _iWO ~ « =1
C =tan 2 = 2psin”" by, (7.A.8)

and r, is the minimum radial distance this embedding reaches (e*"® = |2u|). If we
now rotate this embedding with the SU(2) x SU(2)g isometry group (see (7.3.6)),
we obtain the expression of a generic embedding of the family as f; = 0 and f, = 0,
with
f=6-21,
fa = (K = 1D)GGo = kTG + RICEE) — (a2 = b2 — abC +abC) .
(7.A.9)

The smearing form should be computed as an appropriately weighted sum of the

transverse volume forms of each embedding. The formula for real constraints was
first written in [35], and the generalisation to complex constraints like the ones we

have now is immediate?:
E= ﬁ / dp6® (f1)6P (f2)dfi Adfi Adf2 Adfa, (7.A.10)
_ o

where p is the (normalised to the unity) measure of SU(2), x SU(2)g, multiplied
by Ny, and is given by

dp = dadadbdbdkdkdldlé (|af® + [b]> — 1) & (|k|*> + |I]* — 1) 1—2’;—4 . (7.A11)
A shortcut for computing (7.A.10) is to notice that all the embeddings of the
present family, in virtue of the first equation in (7.A.9), sit at constant values of §
and . Since it turns out that the action of SU(2) [ corresponds precisely to varying
these constant values over a two-sphere, the smearing form = necessarily exhibits
a isiné’dﬂ A dy factor. We are not interested in getting this trivial part from

(7.A.10), so we factor it out by defining an effective (complex) two-dimensional

4The complex Dirac é-function should be understood as 6 (f) = §(Re(f))6(Im(f)). The =
prefactor is included because df A df = —2i d(Re(f)) A d(Im(f)).
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problem. We can define a new pair of effective complex variables as

& = ¢ cos 0 et & = €’ sin g et (7.A.12)
and the family of embeddings over which we want to smear recasts as
f=(AP - |B)&& + ABE — ABEE — =0, (7.A.13)

with [A]* + |B|> = 1 (Recall that p = 1e®¢”, see (7.A.7)). Forgetting for the
moment about the correct normalisation factors, the integral we want to compute
is

W= | dAdAdBdB§(|A? + |B|? — 1)6®B(f)df Adf. (7.A.14)

C2
Performing this integral requires some attention in dealing with the d-functions
but, other than that, it can be considered straightforward. Let us sketch how
one could proceed. To simplify the calculation, we reparametrise the integration

variables as follows:

A= ,/%é% B= \/%ei”. (7.A.15)

Clearly, one has |A|? + |B|? = u; and |A|? — |B|?> = up and

(o] 00 27 27
/ dAdAdBAB (AP + |BJ — 1) = % / dus / duy / doy [ dan8(uy —1).
C2 —0o0 Juz| 0 0
2 (7.A.16)

The integral in u; is then immediate. Rewriting €'*? = x5 + iy,, and using that

27
/ dag = 2/ dz, dys 5($§ + y% - 1), (7.A.17)
0 R2

we can write
27 1 _
W = / dcxl/ dug [ dzody, d(z3 +y2 — 1)6(R)S(I)df Adf,  (7.A.18)
0 -1 R?

where R = Re(f|u,=1), { = Im (f|u,=1). In the new variables, one has

1, 1.
fly=1= —ie“"l“”) 1— w3 & +whé + -2—e1<—al+02> 1—u2€ —p. (7.A.19)




7.A. MICROSCOPIC COMPUTATION OF = 239

Solving R = I = 0 for z, and gy, the integral of the corresponding 4-functions

produces the following factor:

dR dI
dz, dys

4 1

_ , 7.A.20
A A TE—TAT (7.4.20)

and leaves the argument of the remaining -function as

(16 + &)
(1 —ud) (|l — &P

o(ai+ 13 -1) =6 Sl —ua)) , (7A2)

where us4 are given by

_ Alp&i ol cos(v — ) £ [|a]® ~ &P [V +[&2)? — 4]ul” .

Ut (&P + &) (7.A.22)

At this point, we have

on 1 4 2 2\2
o ' <(|§1|+]§2|)(U2—“2+)(“2_u2‘))d df.
/ alf.ld“ﬂlglv—mzvl‘g - w6l - el <fA f)
7.A.23

In this expression, nothing depends on «;, so one can integrate it easily. Also, both

uoy and u,_ are between —1 and 1, so they both contribute to the integral. Using

(7.A.2), and replacing us; and up_ by their values (7.A.22), we finally get

1 — cos§ + 27 cos . 14cosh— 2 cos .
W — dr cos bt + 2e CcoSs dé, A dE + 4n + cos e coS dé, A dE
edr — edrg edr — edrg

(1 — 2e*a~4)sin §

edr — edrq

— 4e™

(déy A déy +dé A dE).

(7.A.24)
Plugging the values of £; and & in (7.A.12), and taking into account the proper

normalisation factors, we find exactly

N
4—’i,sin0d9 Adp AW =16m2 2, (7.A.25)
e

where Z is the one written in (7.A.4) with the following function S(r):

S(r)=vV1—etr 4 O(r—ry). (7.A.26)
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Notice that (7.A.26) is the limit of the function S(r) written in (7.5.13) when r

and 7, are large. This confirms our results of Section 7.5.

7.A.3 An example of a non-compatible embedding

As we saw in the previous subsection, one has to work quite hard in order to obtain
the smearing form = from the microscopic average over a family of embeddings.
Certainly, the trick described in Section 7.4 gives a much faster and simpler way
to get =. One can wonder nevertheless about the reliability of the trick, since it
assumes a given functional form for =, and the only unknown is the radial profile
of the brane distribution S(r).

In principle, this trick can be run for any representative embedding. However,
it is hard to think that any given family of embeddings, even if supersymmetric,
generates (when we place flavour branes along the embeddings of the family) a
backreaction of the metric that is compatible with the initial ansatz we assumed
for this metric, if this is not the most general possible. It seems nonetheless that
the trick is able to detect this “compatibility property”, and we present in what
follows some arguments in favour of that argument.

Recalling the discussion in Section 7.4, the trick was to compute the effective
radial action of the smeared brane distribution, and to compare it with Ny times
the WZ effective radial action of a single brane sitting at one of the embeddings of
the family over which we smear. Both actions should be equal. The smeared action
always contains two terms, one proportional to S(r), and another proportional to
S'(r):

Lemeared — By (P)S(r) + Fo(r)S'(r), (7.A.27)

where F) and F, depend on the functions of the ansatz. We conjecture that the way
to detect if a family of embeddings generates a backreaction compatible with the
ansatz is to take any representative embedding of this family and to compute its
WZ effective radial action. We must then check whether or not the result depends
on the functions of the ansatz in the same way as in (7.A.27). Let us assume
that this is the case and that the effective WZ radial Lagrangian density for the

representative embedding is of the form
Lyg® = R(r)G(r) + Fy(r)H(r), (7.A.28)

where Fy and F, are the same as in (7.A.27) and G(r) and H(r) are functions
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of » which do not depend on the functions of the ansatz. In order to verify that
(7.A.28) is of the form (7.A.27), one must finally check that

dG(r)
dr

= H(r). (7.A.29)

If this is the case, we conjecture that the backreaction is compatible with the ansatz
and, furthermore, that the profile function S is proportional to G.

In Section 7.5, we have worked out one example in which the compatibility
condition is satisfied. Moreover, in Subsection 7.A.2, we checked explicitly with an
independent calculation of = that the trick gives the right result. In what follows,
let us illustrate with an example the case in which the compatibility condition is
not satisfied, and show with a microscopic calculation that indeed the resulting =
is incompatible with the ansatz for it.

We choose to work again in the abelian background, since it is simpler and

therefore the explanation will be clearer. Let us focus on the following embedding:

G =C, G =u, (7.A.30)

where the (;’s are the complex coordinates (7.A.3) and C and p are constants
that we parametrise as C' = tan £e~%° and p = cos £e*?/2e’. We can solve the

embedding equations in (7.A.30) in terms of coordinates as

~ 0
0=0,, &=, and e’cosize"’, v4+ep=20. (7.A.31)

It is then easy to compute the effective radial Lagrangians® of the smeared dis-
tribution and of a single brane extended along the embedding (7.A.30), with the
result:
e?9
Lipgered = 2w Ny Tps €°® <e2’“S + 7S'> ;

inel _ _
£i;1§e =2 TDS eZ@ (e2k: (1 _ e2rq 27') + 4e2h62rq 21') )

(7.A.32)

where we have assumed that = should be as in (7.A.4). As we see, the €29 term in
the smeared Lagrangian is not present in [Za}l%le (we have instead an e®* term), so
the compatibility condition is not satisfied.

Let us now check with a microscopic computation that, indeed, the family of

5We compare the WZ actions but, since we have supersymmetry, the trick would also work if
we compared the DBI actions.
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embeddings generated by rotating (7.A.30) with the SU(2);, x SU(2)g symmetry
gives a = that is not of the form of (7.A.4). After using the relation (7.A.1), the
family can be characterised by f; = 0 and f; = 0, where

fi=al+b¢,

IR (7.A.33)
fo=kG+IG+bpu,

with |a|? + |52 = 1 = |I|> + |k]®. In this case, it is easy to perform the integral
(7.A.10) by making use of the following two results:

2t

T (7.A.34)

I, = /dzd25(2) (w1 2 —wp) = —

I, = /dazdy (P + v +oaz+ By +m) 6 (22 + v° + oz + Loy + 12)

a2 + B2 — ajag — 1B
ZW(’YI—’72+ 5+ 053 212 1Pz

(7.A.35)

The final result we get for the smearing form is

(11

N ] 0 v
= 167];2 sin @ dIAdPA (1 — € 7*) sinfdf A dp — 2”7 dr A (dy + cos 6 dp)),
(7.A.36)
and we see that this is clearly incompatible with (7.A.4) (the roles of (8, ¢) and

@ @) are exchanged in these two expressions of Z).
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Conclusion

Let us now summarise the results presented in this thesis. Our goal was trying to
see how the mathematical concept of G-structures could be used in the context of
gauge/gravity correspondence, and what we could learn from it. We have focused
our attention on two main topics: the flavouring problem (see Chapters 2, 3, 4, 5
and 7) and solution-generating techniques (see Chapters 5 and 6). In the following,
we sum up the results we found on those two issues, plus some others that do not
exactly fit in one of those categories, but that are interesting and were discovered
along the way.

The central result that the use of G-structures brought to the issue of flavouring
was the fact that supersymmetric flavour branes wrap calibrated cycles. It was
previously known that flavour branes were k-symmetric, which gave conditions on
the cycles those branes were allowed to wrap in the internal geometry. However,
those conditions were quite difficult to solve, except in the most simple cases.
In addition, the way the smeared DBI action for the flavour branes was written
was quite obscure and apparently highly non-linear, despite the fact that the WZ
term was linear and often very simple. Finally, writing an ansatz for the RR field
strengths of flavoured background boiled down to physical intuition and guess work.
As explained in Chapter 2 and illustrated in the rest of this thesis, realising that
k-symmetry was equivalent to calibrated geometry, and that the whole framework
of flavouring could be recast in terms of G-structures, allowed a more systematic
approach to the flavouring problem. Indeed, the number of supercharges one wants
to preserve and the dimension of the dual field theory dictate which G-structure one
has to impose on the internal manifold. From there, the k-symmetric embeddings of
the flavour branes become calibrated cycles, with their calibration forms provided

by the G-structure. The smeared DBI action can be written linearly, in terms of
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the appropriate calibration form, putting it on equal footing with the WZ action.
Moreover, ansatze for the fluxes, and consequently for the smearing forms, that
are compatible with the metric ansatz can be deduced easily by performing some

simple operations on the G-invariant forms provided by the structure.

But, as we showed in this thesis, the power of the G-structure formulation of
the flavouring problem goes beyond reproducing known results. In addition to
improving the understanding of some of the known flavoured solutions, using G-
structures made it possible to find new supergravity solutions. For example, in
Chapters 2 and 3, we constructed two new flavoured backgrounds in Type IIB
and Type ITA supergravities. We also saw one of the limitations of the formalism,
which is that one still needs the input of a family of flavour embeddings to find
a solution that can be interpreted with certainty as coming from the addition of
flavour branes in a background. This issue was resolved in Chapter 7, where we
studied what is necessary to get a flavoured solution. In that chapter, we saw that
the knowledge of one particular embedding is sufficient to know if there can be
a smeared solution involving this embedding, that is compatible with the ansatz
for the metric. We showed as well that, once a compatible embedding is known,
it is quite straightforward to get the exact expression for the smearing form it

contributes to.

Through the formalism of G-structures, one can also study the lift to M-theory
of flavoured Type IIA supergravity solutions. Indeed, in Chapter 3, we were con-
cerned with the lift to eleven dimensions of a Type ITA supergravity background
with flavour D6-branes. The relation between Type IIA and eleven-dimensional
supergravities is well known, but it implies that the RR two-form of Type ITA
supergravity is closed. However, having smeared D6-sources in the background
means that this particular form is not closed. That lead to the question of the
lift of such a background to M-theory. Once again, G-structures provided a very
adequate framework to study this problem, and we proposed that the smeared D6-
branes lift to geometric torsion in eleven dimensions. We were even able to write
eleven-dimensional equations of motion that reduce to the Type IIA flavoured ones

in ten dimensions.

In Chapter 4, we combined flavouring techniques with the use of hyperbolic
geometry to construct supergravity solutions dual to field theories exhibiting a
Kutasov-like duality. We saw that G-structures could deal with hyperbolic spaces
as simply as with the usual spherical ones. We found that there were great simi-

larities between the hyperbolic and spherical cases, all the way to the form of the
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BPS equations. However, the apparently small differences ended up having a very
non-trivial impact on the solutions. Indeed, we showed that it was not possible to
find solutions of the BPS equations that would extend over an infinite range for the
holomorphic radial coordinate. All the solutions we presented were consequently
singular in the UV as well as in the IR. Nevertheless, we were still able to study
their field-theory duals to find that they displayed a Kutasov-like duality.

With the flavouring of backgrounds comes the issue of singularities. Indeed,
in almost all examples of adding backreacting massless flavours to supergravity
solutions, one creates an IR singularity. It has been argued that in most cases
it is a “good” singularity, meaning that theses solutions could still be used to
understand some properties of their field-theory duals. Nevertheless, it seems that
having completely regular supergravity backgrounds would put the solutions and
their field-theory interpretation on a stronger footing. This has been done by going
from massless to massive flavours and, in Chapter 7, we did exactly this for the
Maldacena-Nuniez background. We found that the whole setup depends on the
choice of a profile function for the distribution of flavour branes in the internal
space of the background. This function cannot be chosen arbitrarily, but can be
deduced from the choice of embeddings for the sources. It is then possible to have
solutions that are regular. In addition, we noticed that we could take the mass to
zero and preserve the regularity of the solutions, providing an example of a regular
solution with massless flavours. Moreover, the techniques applied in this particular

example could easily be transposed to other cases.

In addition to its importance in dealing with flavouring, the concept of G-
structures can also be useful in finding new supergravity solutions, regardless of
the presence of sources. This is what we showed in Chapters 5 and 6. In both
chapters, we used G-structures as a support for finding solution-generating methods
in either Type ITA or Type IIB supergravity. In Chapter 5, we explained how some
transformations on the SU(3)-invariant forms can be used as a way to create new
Type IIB supergravity solutions from known ones. In particular, the new solutions
are more complicated than the ones we start from, in the sense that they involve
more fluxes. We proved that this solution-generating technique is equivalent to a
certain chain of string dualities, but has the advantage of being able to include
flavours. Indeed, we used it on a flavoured solution to find a new solution with
sources, showing at the same time that G-structures have no problem in dealing

with flavouring in a background where a non-zero By field is turned on.

In Chapter 6, we saw that the method discovered in Chapter 5 for SU(3)-



246 CHAPTER 8. CONCLUSION

structure could be adapted to the case of Gy-structure. Indeed, we provided a
set of transformations on the Go-invariant objects that generates new Type ITA
supergravity solutions. As in the case of SU(3)-structure, there is also a chain
of dualities that is equivalent to this method, at least as long as one does not
consider the addition of sources. Thanks to this solution-generating technique, we
found a family of new Type IIA supergravity solutions which would have been
difficult to uncover directly because of the various fluxes that are turned on. In
addition, this family has two interesting and quite well-known limits, one being
the solutions of Maldacena-Nastase and the other one the so-called warped Go-
holonomy backgrounds.

Overall, we showed in this thesis the interest of using G-structures in the context
of gauge/string duality. We saw that this mathematical concept offers a way to
study supergravity solutions in a more systematic fashion, exhibiting relations
between solutions that first seem very different. One of the main issues now would
be to find out how this very general formalism and the results it provides can be

transposed and understood on the field-theory side.
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