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1 Proofs

1.1 Proof of Theorem 4.2
Theorem. If the following conditions are satisfied

[C1] (Complexity) £ o T o H is weak VC-major with dimension d < oo.

[C2] (Consistency) hg € argmin *Ro (T o h).
heH,TET

Ro(T o h) —infrer Ro(T o hy)

i > 0.
heH,TeH%’:R(h»o R(h)

[C3] (Identifiability) n <<

Then, H is T -learnable. That is, for any § € (0, 1), with probability of at least 1 — &, we have:

R(ERM(S(™)) \/ ) +4/2 10%4/ %)

where T',,,(d) is defined in [1] as:

dAm

Tn(d) &£ = log 22( ) =dlogm(1l+o(1)) as m — oo ()

where d A m = min{d, m}. This implies R(ERM(S(™)) — 0 in probability as m — co.

We need several intermediate results to prove this. First, we introduce the definition of the averaged
Rademacher complexity.

Definition 1.1 (Averaged Rademacher Complexity [2]). The averaged Rademacher complexity [2]
of £ o T o H with respect to m samples is defined as

<500T0H>d_6f]Eemo sup

™M heH,heT

Ze(% 20, ((7:)70@)))H 2

i=1

iid 1. . .
where ¢; ~ Uniform{—1,+1} are the so-called Rademacher random variables and the expectation
is taken over m i.i.d. samples of €, x, 0.

The first lemma bounds the empirical risk via the averaged Rademacher complexity.

*Work done while at the Allen Institute for Al and at the University of Illinois at Urbana-Champaign.
2This argmin operator only returns the base hypothesis.
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Lemma 1 (Adapted from the proof of Theorem 26.5 in [3]). In this lemma and its proof, for
convenience, we let the ERM algorithm return the induced hypothesis in H o 7 (rather than the base
hypothesis only).

Given any 6 € (0, 1), with probability of at least 1 — §, we have

Ro(ERM(S"™)) — inf Ro(T'o h) < Myl o T o H) + 21 2280
’ m

Proof. Let T* o h* be any induced hypothesis in 7 x . Given dataset S("), we have,
Ro(ERM(S))) — Ro(T* o h*)

= Ro(ERM(S™)) — Ro(ERM(S™)) + Ro(ERM(S™)) — Ro(T* o h*)

<0

+ Ro(T* o h*) — Ro(T* o h*)
< Ro(ERM(S™)) — Ro(ERM(S"™)) 4+ Ro(T* o h*) — Ro(T* o h*)
By Theorem 26.5 (i) of [3], we have that with probability of at least 1 — 6/2,

~ 2log(4
Ro(ERM(S™)) — Ro(ERM(S(™)) < 2 (fo o T o H) + by | —284/%)
m
where R/, ({o o T o H) is defined slightly differently in [3] as:
RN (looToH) L E,,, sup Y eDlo(h(zD), T, (21, 01)) 3)
M heH,heT ;3

It can be seen that i) (o o T o H) < R, (Lo o T o H) since the two quantities only differ by the
absolute value. Hence

Ro(ERM(S™)) — Ro(ERM(S™)) < 20 (bo o T o H) +b 21%(4/6)

Also, by Hoeffding’s inequality, we have that with probability of at least 1 — §/2,

i log(4
Ro(T* o h*) = Ro(T* o h*) < b 7°g2(m/5)

Combining the inequalities, we have that with probability of at least 1 — 4,

Ro(ERM(S™)) — Ro(T* o h*) < 2R (lo o T o H) + 2b 21%(4/5)

Since the above inequality holds for any 7* o h* € T x H, taking infimum for all 7* o h* gives the
desired result. O

The second lemma bounds the averaged Rademacher complexity via the weak VC-major, which is
provided in [1].

Lemma 2 (Adapted from the Theorem 2.1 in [1]). Suppose the weak VC-major dimension of
Lo oT oH isd. then,

b — _
MR (lo o T o H) < olog <e> 2mT,, (d) + 46T, (d) @)
o
where e is the base of the natural logarithm and
o2 sup \/IELOM%(T, (z,h(z),0))] € (0,0] 5)
hEH,TET



Proof. The proof of the Theorem 2.1 in [1] is long and is presented in the section 3 of [1]. Here we
only point out how to use Theorem 2.1 of [1] (equation (2.8) of the paper) to derive our lemma.

First, the Theorem 2.1 of [1] bounds an empirical process (denoted as IE[Z(F)] in the paper, where F
is a function class and here we let F = £ o T o H) rather than the averaged Rademacher complexity

(denoted as [E[Z(F)] in the paper). However, the proof of Theorem 2.1 of [1] aims to bound
the averaged Rademacher complexity [E[Z(F)] and then uses the relation E[Z(F)] < 2E[Z(F)]
(Lemma 2.1 of [1]) to obtain the bound for [E[Z (F)]. Therefore, the proof of the Theorem 2.1 in [1]
tells:

E[Z(F)] = mRm(lo o T o H) < olog (3) 9mTn(d) + AT, (d) ©6)

ag

Second, in the Theorem 2.1 of [1], it is assumed that the functions in F is bounded in the interval
[0, 1]. Hence, we need scale the annotation loss to £» /b in order to use the theorem (i.e., let f = £o /b
in the definition of E[Z(F)], i.e., equation (1.2) of [1]). Also, in this case, the supreme of variance
(5) is scaled to o /b. So, the inequality (6) is rewritten as:

E[Z(F)] = %snm(e@ oT oH) < %log (Je/b) 9mT,(d) + AT, (d) 7

Rearranging the inequality gives the desired result. O

Now, we are able to give the proof of the original theorem:

Proof. By consistency [C2], we have
}I'Lr,ljf—: Ro(Toh)= 1%f Ro(T o hy)

Therefore, by lemma 1, we have that with probability of at least 1 — 9,

2log(4/0
RO(ERM(S(m))) — irTlf Ro(Tohy) <2R,,(booT o H) +2b #
By identifiability [C3], we have that with probability of at least 1 — 4,
1 2log(4/6
R(ERM(S(m))) < % (25)‘%(60 oT oH)+2b og;i/)) ®)
By [C1] and lemma 2, we bound the Rademacher Complexity by
b 2T, (d b=
R (o o T oH) < olog <e> OBPILE
o m m
_ ©
T _
<b 2L (d) +4£Fn(d)
m m
Now the result follows by combining (8) and (9). ]

1.2 Proof of Proposition 4.3

Proposition. Suppose the Natarajan dimension of H is dy < oo and the weak-VC major dimension
of {p o T is d7 < oo. Then, the weak-VC major dimension of {» o H, d, can be bounded:

d < 2((dy + dr)log(6(dy + d7)) + 2dy log c) where ¢ = | Y|

Proof. First, we translate weak-VC major to the language of standard VC-dimension [6]: For
afixed u € R and every h € H,T € T, we define an binary classifier: fj, 7,(z,0) =
1{lo(h(z), T, (z,0)) > u} and denote F,, := {fnru : b € H,T € T} as the set of such
classifiers. Then C,, shatters a setin X x O if and only if F,, shatters (in VC theory) the same set, so
Lo o T o H is weak VC-major with dimension d if d = max,er VC(F,) < oo, where VC(+) is the
VC dimension for hypothesis class of binary classifiers.



Let M be the maximum number of distinct ways to classify d points in X’ by /. Then for d points in
X x O, suppose there are at most M ways to assign multi-class labels Y to each point. By Natarajan’s
lemma [5] of multiclass classification, we have

M < d%2dn (10)

For each way of assignment, it produces a set of d points in X x )} x O, and for these d points, by
Sauer-Shelah lemma, there are at most

> (0=(3)"
2 ) <o
izo \' T

ways to classify if £o (9, T, (x,0)) > u by T, so in total we have

dT dT
d ed
W<M§ <M|[(=—=

T

where e is the base of the natural logarithm. Therefore, M > 2¢ (dr/ ed)dT. Then, by (10)

dr\ "
d¥c2in > N> 24 (51
- ed
Taking logarithm in both side, we have
dy logd + 2dy logc > dlog 2 + dy(logdr — logd — 1)
Rearrange the inequality,

dlog2+ dr(logdr — 1) < (dy + d7)logd + 2dy log ¢

d
<(d d — + log(6(d dr)) —1 2dy 1
< (dy + T><6(d7{+d7’)+ 0g(6(dy + d7)) )+ u loge
=d/6+ (dy + d7) (log(6(dy + d7)) — 1) + 2dy logc
<d/6+ (dy + d7)log(6(dy + d7)) + 2d3 log e

where the second step follows from the first-order Taylor series expansion of logarithm function at
the point 6(dy, + d7). Therefore,

(dy + d7)log(6(dy + d7)) 4 2dyy log c — d(log(dr))

d<

log2—1/6
< 2((dy + d7)log(6(dy + d7)) + 2dy log c)
where the last step follows from log2 — 1/6 < 1/2. O

1.3 Proof of Corollary 4.4

The first two conclusions of corollary 4.4 are straightforward. We prove the last statement:

Example. Suppose the instance is embedded in a vector space X = IRP. Consider the problem
(Example 5.1.3 in [4]) of binary classification with uniform noise rate which is modeled as a Logistic
regression: IP(O # y|x,y) = S(w'x) where S is the sigmoid function and w is the parameter. Then
the cross-entropy loss becomes: —1{o # 7} log(S(w'z)) — 1{o = §} log(1 — S(w'z)). We have
dr < 2p+ 2.

Proof. Given 2p + 3 points in X' x ) x O, without loss of generality, suppose there are at least p + 2
points such that o # 3. For these points, the value of annotation loss only depends on S(w"x). For
any u € R, the classifier

frrwu(z,0) =1{lo(h(x),T,(x,0)) >u}=1 {log(S(wT:E)) < fu}

is a linear classifier with decision boundary w'x = e~*. Since the VC dimension of hyperplanes
of dimension p is p + 1, we know these linear classifiers cannot classify p 4+ 2 points arbitrarily.
Therefore, the original 2p + 3 points cannot be classified arbitrarily, and we have d < 2p +2. 0O



1.4 Proof of Theorem 5.2

Theorem (Separation). For all x € X, we denote the induced distribution families by label y; as
D;(x) Qef {(T(x)); : T € T} C Do (recall that (T'(z)); is the i™ row of T'()), and the set of all
possible predictions of the label as H(x) gt {h(x): h € H} C ). Suppose
def .
def inf KL(D;(z) || D;(z)) > 0 (11)
T wiire st e ) | DiE)

Then H is learnable from the observations of (X, O) with > ~ > 0 via the ERM of cross-entropy
loss. We call «y the separation degree.

Moreover, if (11) is not satisfied, then there exists a sequence of transitions {T(k)}k € 7 and
distributions {Dg?) }i over X such that limy, 77(’“) =0, where n(k) is defined the same as 7 in [C3],
with the expectation (in the definition of the risk functions) being taken according to 7*) and Dg?).

Proof. Denote the cross-entropy of two distributions D and D5 as H (D1, Ds) and the entropy of a
distribution D as H (D). Let ¢¢ be the cross-entropy loss, for a fixed z € X we have that

]Eo[fo (h(‘r)v T, (1'7 0))] - IEO[EO(hO(‘T)v To, (:E, O))}

= H((To())no () (T(@)n(z)) = H(T0(%))no (2)> (To(2)) ho ()

= H((To(%)) ho(2)> (T(2))n(z)) — H(To(2)) ho(x))

= KL((To(2)no(a) | (T(%))h(2))
If h(x) # ho(x), then by the separation condition we have that

KL((To(@)hoo) | (T(0))ne)) >
Also, if h(z) = ho(x), we have
KL((To (@)oo | (T@)noe)) = KLITo@) note) || (To(@)noger) = 0
Therefore, for a fixed h € H
R@(h o T) - %Ielg-RO(hO o T)

= ]EGE O[EO( ( ) T, (CL’, 0))] - Lo[f(g(ho(l‘),T@, (CL’, 0))]

( ) 7é hO( )) O(m)(]Eo[EO(h(x),Tv (.7;,0))] _]Eo[eO(hO(m)vTv ('T70))])

+ P(h(e) = (“f””(;}lfhm)( ollo (h(@), T, (2,0))] ~ Eolto (ho(z), . (z,0)))
P(h(x) # ho(a) | inf (E,llo(h(@).T.(z.0))] - Eolfo(ho(@). T (z.0))
P(h(x) # hole))

mf KL((To(2)) ho(2) || (T(2))n(a))
P(h(x) # ho(z ))720

z)#ho(z)
This shows the consistency condition [C2]. Also, if P(h(x) # ho(z)) > 0, notice that P(h(x) #
ho(x)) = R(h), we have

Ro(hoT) —infrer Ro(hooT) S ~vR(h)

— inf = 0
A0 R(h) =Ry 7

This shows the identifiability condition [C3].
Moreover, if the condition (11) is not satisfied, by definition we have

= inf KL D;

7 (2,4,5):p(2,y:)>0,574,y; EH(x) (Di(@) Il D;(2))
= inf L(DZ || Dj)
(z 4,7):p(x,yi)>0,j#4,y; EH(x),D; €D;(x),D; €D, (x)
=0

This condition implies that for any k € IN™T, there exists a 5-tuple
(%4759, DO (), DI (29)) € ¥ x ¥ x ¥ x Do x Do

such that



o p(z,y") >0

k k
y§)¢y§)

Thereis a h_ € H such that h_(z(*)) = yﬁk)

KL(D{® («®) || DM (29)) <

1
k

Now, let Dg?) be the point mass distribution with probability one to be z(*), i.e., Dg?) ({z®}) = 1.

Then, we have ho(z(*)) = yfk) since hg has zero classification error. Also, let Ték) € 7T be such that
its i row is D™, and 7™ € T be such that its 5™ row is D§k). We have

i

R@ (h o T) — infTeT Ro(ho O T)

(k) — inf
n }LEH:IE(h)>O R(h)
_ iy BolhoT) - Ro(ho o Tg")
 heM:R(h)>0 R(h)
_ Ro(h® o 7%) - Ro(o o 73"
- R(h™)
k k

< KL(D{M (M) | DI (1))

1
< Z
— k

Let k¥ — oo and the desired result follows. O

1.5 Proof of Proposition 5.5

Proposition (Concentration). A sufficient condition for (11) is that for every 1 < ¢ < ¢, there exists
a set S; C O (we call them concentration sets) such that

def

Yo = P (0 € Si|z,y;) — Pr(O € Sjlz,y:) >0 (12)

inf
(4,5,2,T):TET,p(x)>0,j#i

where IPr(-) is the conditional probability defined by transition 7. Under this condition, we can
relate identifiability and separation degree by n > v > 2+2.. Since a condition imposed on all T € T~
can be regarded as an assumption imposed on the true transition 7}, condition (12) can be rewritten
as:

Yo = P(O € S;|z,y;) —P(O € Sj|x,y:) >0 (13)

= inf
(4,9):p(,yi) >0,i#7

Also, in this case, one can ensure learnability by the ERM which minimizes the following transition-
independent annotation loss

to(h(@), T, (x,0)) <= 1{o ¢ Spu} (14)

For this annotation loss, we can bound the identifiability level by n > v¢.



Proof. First, for any (z,y;) € X x Y with p(z,y;) > 0 and D; € D;(x), D; € D;(x), by Pinsker’s
inequality, we have

1
KL(D; | Dy) = 2D = Dylldy = 51D: = Dj 3

. <Z Difo) - Dj<o>|>

ocO

> S(Di(Si ~ 85) = Dy(S: — )|+ Di(S; — 50)  Dy(8; — S0))?
> %(Di(sz' — 8j) = D;j(Si = 8;) — Di(Sj — Si) + D;(S; — Si))°

= %(Di(&' — 8;) = Di(S; — Si) + D;(8; = Si) — Dj(Si — 55))?

= J(Di(S0) ~ Di(S;) + Dy(S5) — Dy(S)?

> S (20)” = 202

2
where D;(-) is the probability measure over O defined by D;, and S; — S; is the set subtraction:

S — 5 def {o:0€ SN0 ¢ S;} CO. Taking infimum on both sides of the inequality gives the
first result. Another proof for this result can be found in the proof of Proposition 5.8.

Next, consider the annotation loss o (h(x), T, (x,0)) = 1{o ¢ Sj,()} and its ERM. Then we have
By olto(h(2), T, (2,0))] = Ex ollo(ho(2), T, (2,0))]
= ]P(O ¢ Sh(m)) - IP(O ¢ Sh,o(:c))

> IP(h(x) # ho(x)) r:h(mi)f;éfho(z) (IP(0 € Shy(z)) — P(0 € Sp()))

> P(h(z) # ho(z))ve = R(h)ve
Therefore,

Ro(h o T) — infTeT R(f) (ho o T) > WcR(h)
R(h)>0 R(h) ~— R(h)

as claimed. O

=7 >0

1.6 Proof of Proposition 5.8

Proposition (Evidence). A sufficient condition for (11) is that there exists Lipschitz (with respect to
L'-norm) functions D R — R(1 <i# j < c) (we call them evidence) with Lipschitz constants
L;; such that
def .
i — inf P, (D;) — P (D;) >0 (15)
9 T i) >0,05 €H(2),Ds €D (), D €D (2) 3 (D) =245 (D)

2
In this case, the separation degree can be bounded by v > % ming; (zl; ) .

Proof. Since ®;; is Lipschitz, then for any a, b € IR?, we have
[®ij(a) — @4 (b)| < Lijlla — b1
Hence, given (x, 1, j) such that p(z,y;) > 0,j # ¢ and y; € H(z), then for any D, € D;(z) and
D; € Dj(x), by Lipschitz property we have
1 Vij
1Ds = Dyl 2 7—®s5(Di) = ®i(D;)| > 7=
1] 3

Therefore, by Pinsker’s inequality, we have

1 1 [ vi;
KL(D; | D;) > =||D; — D;||? > = (1%
(i1 Dy) > 51D = Dyl > 5 (32

~



Taking infimum on the left hand side of the inequality gives the desired result.

In particular, if ® represents the inner product with a fixed vector u, i.e., ®(a) = (u, a), then ® is
Lipschitz since for any a, b € IR?, by the Holder’s inequality, we have

|®(a) — (b)| = [(u,a — b)| < [lullsclla —bllx
Therefore, we can bound the Lipschitz constant of ® by L < ||u|so-
To recover the concentration condition, given sets S; C O(1 < ¢ < ¢), for any ¢ # 7, let
®;i(a) = < Sooa— Y ék,a>
k:ok€S; k:op€S;

Then ‘P”(Dl) = ]PDl(O S SZ) — ]PDI(O S SJ> and @ij(Dj) = IPDj (O S Sz) — ]PDj (O S SJ)
The concentration condition (13) implies that
inf D, (D)) — P, (D;) > 2 >0
p(2,y:)>0,; €M (x), D €D (2),D; €D () #(Di) = 2ij(D;) = 2o

Moreover, since

Y kores, 6k — kakesj ék‘ = 1, the separation degree can be bounded by

. 2
v > 5 ming; (vi)” = 292 O

o0

1.7 Proof of Proposition 5.10

Proposition. Suppose the separation degrees of y; to y; of O1 and O, are 7y;_, ;1 and y;_, j2 respec-
tively. Then, if the joint transition class is constructed as

'Dl(,’E) = {)\Dl + (1 — )\)DQ Dy € Dﬂ((I}),DQ S ’Dlg(l‘)}
then the separation degrees of y; to y; for the joint supervision satisfies:
Yi—j < >\’7’i~>j1 + (1 - A)%’Hﬂ

Also, if O1 N 02 = @, then the two sides are equal. As a consequence, a necessary condition for y;
being separated from y; by the joint signal O is that y; must be separated from y; by one of Oy, O,.

Proof. Given D; € D;(x) and D; € D;(x), write D; = AD;1 + (1 — A\)D;g and D; = ADj; +

(1 — )\)ng, where D;; € D;y (x), Djl € Djl(l‘), D, € Dig(.’I}), Djz S Djz(.%‘). The summation

D; = AD;1 + (1 — A\)D; means that we combine D;; and D;5 as distributions over O such that

D;(0) = Xl{o € O1}D;1(0) + (1 — M)1{o € O3} D;2(0) for any o € O.

The first result basically follows from the convexity of KL-divergence: we have
KL(D; || Dj) = KL(AD;1 + (1 = A)Dj2 || ADj1 + (1 = A\)Dj2) (16)

< AKL(Di || Dj1) + (1 = A)KL(Ds2 || Dj2)
Hence,

AKL(D;1 || Dj1) + (1 = M) KL(Ds2 || Dj2) > inf KL(D; | D;) = Vi i
(Di | D)+ (1= NKLDy [ D) > inf - KL(Ds | D)) = sy

Take infimum again on the left hand side of the inequality, we have
Mgt + (L= A)Yisjz = Yies;
More over, if @1 N Oy = &, then in (16), we have
KL(ADj1 + (1 — A)Di2 || ADj1 + (1 — A\)Djs2)

— (o _ (oMo AD;1(0) + (1 — A\)Dij2(0)

_ é(wﬂ( ) + (1 — A)Dia(0)) log <)\Dj1(o) = _A)Dﬂ(o))

= : ADi(0) _\\D; (1 = M)Dia(0)
- GZO: AD;1(0) log (ADQ@)) + 062032(1 M) D2 (0) log ((1 — A)Djz(o))

= AKL(D;1 || Dj1) + (1 — A\) KL(D;2 || Dj2)
Hence taking infimum on both sides gives Ay, ;1 + (1 — A)visj2 = Vi

The above discussion shows that if ;_,; > 0, then one of 7;_, ;1 and ~y;_, jo» must be positive.



1.8 Remark 5.11

Finally, we show by a simple example that if O; N O # &, then even if both Av;_, ;1 and ;2 are
positive, we can still have A\y;_,; = 0.

Consider a binary classification () = {£1}) with two noisy annotations (crowdsourcing with two
annotators) O; and Os. Suppose the transitions of the two annotations are known to the learner and
are given by constant matrices

0.6 04 04 0.6
Ti(z) = [0.4 0.6} and T(z) = [0.6 0.4}

Then, individually, both the annotations can ensure separation. However, suppose A = 1/2, then in
this case, if the annotations are mixed (i.e., the learner do not distinguish the annotations of different
annotators, and hence O = O; U Oy = })), then for any z, y,

P(O = ylz,y) = AP(O1 = y|z,y) + (1 = NP(O2 = ylz,y) = 1/2

Here we used the condition that 1{O = Oy} is independent with X . Now, it is not possible to learn
Y from the observation of O since O is simply a random noise that is independent of Y. O
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