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A Bounding solution of restricted program

In this section we prove that || & — x*||, is small with high probability, where Z is a solution to
Program [3| Specifically, we use regularization parameter A = O(4/(logn)/m), and prove that

[ — 2|l < O(y/(klogn)/m).

The proof is motivated by the following rephrasal of part (a) of Lemma[5.2}

1 1
- Ay = EAE(]E[ZA@] —E[Z44+]) + EAE(]E[ZA,.@*] ) )

where |Zy7]| . < 1. For intuition, consider the untruncated setting: then E[Z;] = ¢, so the equation
is simply

1 1
Ny = —AL Ay iy — of,) — — AL
U mU v(Tu — zp7) m vw

where w ~ N(0,1)™. Since w is independent of AY; and has norm ©(m), each entry of AL w is
Gaussian with variance ©(m), so - A% w has norm ©(+/k/m). Additionally, |[A\Zy|l, < AWk =

m

O(+/(klogn)/m). Finally, L AT A is a ©(1)-isometry, so we get the desired bound on Zy — 7.

Returning to the truncated setting, one bound still holds, namely || A%;||, < Av/k. The remainder of
the above sketch breaks down for two reasons. First, E[Z4 ,~] — y is no longer independent of A.

Second, bounding - A7 (E[Z 4 5] — E[Z4 4-]) no longer implies a bound on Zy — x7;.

The first problem is not so hard to work around; we can still bound A% (E[Z4 .+] — y) as follows;
see Section [J.T| for the proof.

Lemma A.1. With high probability over A and v,

AL(E[Z42+] — y)“i < a 'kmlogn.

So in equation |4} the last term is O(1/(klogn)/m) with high probability. The first term is always
O(y/(klogn)/m), since ||Zy|l, < vk. So we know that 2 AT(E[Z4 3] — E[Z4 ,+]) has small
norm. Unfortunately this does not imply that E[Z4 3] —E[Z 4 ;-] has small norm, but as motivation,
assume that we have such a bound.

Since Ay is a ©(y/m)-isometry, bounding & — x* is equivalent to bounding A% — Ax*. To relate
this quantity to E[Z4 3] — E[Z 4 4+ ], our approach is to lower bound the derivative of y; = E[Z;]
with respect to ¢. The derivative turns out to have the following elegant form (proof in Section [J.2)):

Lemma A.2. Foranyt € R, %Ht = Var(Z,).

Crucially, Var(Z;) is nonnegative, and relates to survival probability. By integrating a lower bound
on the derivative, we get the following lower bound on p; — p¢+ in terms of ¢ — t*. The bound is
linear for small ¢ — ¢*|, but flattens out as [t — t*| grows. See Section|[J.3|for the proof.

Lemma A.3. Let t,t* € R. Then sign(us — py=) = sign(t — t*). Additionally, for any constant
B > 0 there is a constant ¢ = ¢(8) > 0 such that if ys(t*) > B, then |y — pg=| > cmin(1, [t —t*]).
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If we want to use this lemma to prove that ||E[Z4 z] — E[Z4 .~]|, is at least a constant multiple of

|A(Z — z*)]|,, we face two obstacles: (1) vs(A;z*) may not be large for all j, and (2) the lemma
only gives linear scaling if |A;(Z — 2*)| = O(1): but this is essentially what we’re trying to prove!

To deal with obstacle (1), we restrict to the rows j € [m] for which yg(A;z*) is large. To deal with
obstacle (2), we have a two-step proof. In the first step, we use the 2(1)-lower bound provided by
Lemmato show that ||A(Z — z*)|l, = O(y/m) (so that |A;(Z — 2*)| = O(1) on average). In
the second step, we use this to get linear scaling in Lemma [A.3] and complete the proof, showing
that || A(Z — z*)||, = O(vklogn).

Formally, define Iyooq to be the set of indices j € [m] such that vs(A4;z*) > «/2 and

|Ajz* — A;x2 < (6/(am)) || Az* — AZ|?. In the following lemmas we show that Igo0a cON-
tains a constant fraction of the indices, so by the isometry properties we retain a constant fraction of
||A(z — x*)||, when restricting to Igo0q. See Appendices |J.4{and |J.5|for the proofs of Lemmas
and [A.5]respectively.

Lemma A.4. With high probability,

Ioo0d| > (a/6)m.

Lemma A.5. For some constant € > 0, we have that with high probability,
* (12

e||Az* — Az|”.

2>

Tgooa —

Ax* — Ax|

We now prove the weaker, first-step bound on || A(Z — z*)||,. But there is one glaring issue we must
address: we made a simplifying assumption that ||E[Z4 5] — E[Z4 ,-]| is small. All we actually

know is that || AL (E[Z4 5] — E[Z4 2+ , is small. And A, has a nontrivial null space.

Here is a sketch of how we resolve this issue. Let a = A(Z — 2*) and b = paz — pag+; we
want to show that if ||a|| is large then HAEZ)H is large. Geometrically, |A5b” is approximately
proportional to the distance from b to the subspace Null(A%;). Oversimplifying for clarity, we know
that |b;| > c|a;]| for all j. This is by itself insufficient. The key observation is that we also know
sign(a;) = sign(b;) for all j. Thus, b lies in a hyperoctant shifted to have corner ca. Since ca lies in
the row space of A7, it’s perpendicular to Null(A%), so the closest point to Null(A%) in the shifted
hyperoctant should be ca.

Formalizing this geometric intuition yields the last piece of the proofs of the following theorems.
See Section .6 for the full proofs.

Theorem A.6. There are positive constants c,,, = c},,(a), M' = M'(«), and C' = C'(«a) with

reg reg
the following property. Suppose that X < c;,,/ Vk and m > M'klogn. Then with high probability,
|Ava* — Ay, < C'/m.

Theorem A.7. There are positive constants )., = cl (a), M" = M"(«), and C" = C"(«)

reg reg

with the following property. Suppose that X < ¢/, /'k and m > M"klogn. Then ||z* — 7|, <

reg

C"(MWk + \/(klogn)/m) with high probability.

B Proof of statistical recovery

Extend Z to R™ by defining
5 1
Zye = —mAEC(]EZA7i — y)

We would like to show that ||zp<||, < 1. Since Af. is independent of E[Z4 x| — v, each entry of
Al (E[Z4,5]) — y) is Gaussian with standard deviation ||E[Z 4 ;] — y||,,. It turns out that a bound of
O(M/km + \/m) suffices. To get this bound, we decompose

E[Zaz]| —y=AZ —2")+ERa s — (y — Az™)

and bound each term separately. Here we are defining Ry = Z; —t,and R, = Z, ., — a
Ra s = Z4 5 — Az similarly.

T2 and

We present the proof of the following lemmas in Section [J.7]and Section [J.8|respectively.
Lemma B.1. There is a constant ¢ = () such that under the conditions of Theorem@ with high
E[Ra |5 < cm.

probability over (A, y),



g < cym with high probability.

Lemma B.2. There is a constant ¢, = c¢,(«) such that |R A -

Combining the above lemmas with the bound on ||Z — z*||, from the previous section, we get the
desired theorem. See Section[J.9|for the full proof.
Theorem B.3. There are constants M = M(a), 0 = o(«), and d = d(a) with the following

property. Suppose m > Mklogn, and A = o+/(logn)/m. Then with high probability we have
[Zvelloe < 1.

As an aside that we’ll use later, this proof can be extended to any random vector near  with support
contained in U (proof in Section [J.T0).
Theorem B.4. There are constants M = M(«), 0 = o(«a), and d = d(«) with the following

property. Suppose m > Mklogn and A = o+/(logn)/m. If X € R™ is a random variable with
supp(X) C U always, and |& — X |, < 1/m with high probability, then with high probability
|5 Ave(BZax —y)| . <N/2

Returning to the goal of this section, it remains to show that A%, Ay is invertible with high prob-
ability. But this follows from the isometry guarantee of Theorem [G.I} Our main statistical result,
Proposition 3.2} now follows.

Proof of Proposition@ Take M, o, and d as in the statement of Theorem@ Letm > Mklogn
and A = o4/(logn)/m. Let & € R™ be any optimal solution to the regularized program, and let
# € RY be any solution to the restricted program. By Theorem [B.3| with high probability we have
|z* —#| < dy/(klogn)/m and ||Zy<|| < 1; and by Theorem|G.1| A}, Ay is invertible. So by
Lemma it follows that & = Z. Therefore ||2* — Z|| < d+/(klogn)/m. O

C Primal-dual witness method

Proof of Lemma 5.1} For a single sample (A}, y;), the partial derivative in direction x; is
o 6a:l f e—(A r— z) /2 dz
B, @ A v) = Anldjw = y) & [ge- @72 d,
Js Aji(Ajz — z)e”(Aia=2"/2 ¢
Jo e G272
= Aji(Ajz —y) — E[A;;(Ajz — Za,q)]

= Aji(Ajz —y) -

where expectation is taken over the random variable Z 4, (for fixed A;). Simplifying yields the
expression
Vll(z; A, y;) = A;(E[Z4,2] — y)-

The second partial derivative of nll(z; A;,y;) in directions x;, and x;, is therefore

0? 0
I nll(z; Aj,y;) = %Ajiz (E[Za;2) —v)

A 0 (fSZe(A-zz)2/2dZ _y)

7291, \ [geAe=/2 ¢,
S fy 22 s
= Aji, ( llfs ey Py
f se—(Ajz—2)"/2 dza f e—(Ajz=2)"/2 4,
e )

[ jiv ZA I(A xr — ZAJ.I)] — E[ZAjz]]E[_Ajil (AJ:E - ZA.jI)]

— A, (E
= Aji, Aji, Var(Za,z).



We conclude that
H(z;Aj,y;) = AJ»TAj Var(Za;z).
Averaging over all samples yields the claimed result. O

The following lemma collects several useful facts that are needed for the PDW method. Parts (a)
and (b) are generically true for any ¢;-regularized convex program; part (c) is a holdover from the
untruncated setting that is still true. The proof is essentially due to [27], although part (c) now
requires slightly more work.

Lemma C.1. Fixany (A, y).

(a) A vector x € R™ is optimal for Progmm if and only if there exists some z € O ||x||, such
that

Vaull(z; A, y) + Az = 0.

(b) Suppose that (x,z) are as in (a), and furthermore |z;| < 1 for all i & supp(z). Then
necessarily Supp(fn) C supp(x) for any optimal solution & to Program

(c) Suppose that (x, z) are as in (b), with I = supp(z). If AT Ay is invertible, then x is the
unique optimal solution to Program|2}

Proof. Part (a) is simply the subgradient optimality condition in a convex program.

Part (b) is a standard fact about duality; we provide a proof here. Let £ be any optimal solution to
Program We claim that 27z = ||#||,. To see this, first note that 27z = ||z|, since z;2; = |z;]
always holds by definition of a subgradient for the /1 norm. Now, by optimality of = and &, we have
fl@) = f(2) < f(tx+(1—1t)Z) forall 0 < ¢t < 1. Therefore by convexity, f(tx+(1—t)%) = f(x)
forall 0 <t < 1. Since f is the sum of two convex functions, both must be linear on the line segment
between x and Z. Therefore

nll(tz + (1 — ¢)&) = tnll(x) + (1 — ¢) nll(2)
forall 0 <t < 1. We conclude that
(Vull(2)) - (& — 2) = nll(#) — nll(z) = ]|,  [2],

Since V nll(z) 4+ z = 0 by subgradient optimality, it follows that 27 (# —z) = |||, — ||||,. Hence,
zT# = ||2||,. Since |z;| < 1 forall i, if |2;| < 1 for some i then necessarily #; = 0 for equality to
hold

For part (c), if A?A 1 1s invertible, then it is (strictly) positive definite. The Hessian of Program is
— ZA GALG Var(Za, «)-
Since Var(Z 4, .) is always positive, there is some ¢ > 0 (not necessarily a constant) such that
I <=1 L o7
7214 JArVar(Za, 2) = %ezlALjALj = —cATAr.
=

Thus, the Hessian of the restricted program is positive definite, so the restricted program is strictly
convex. Therefore the restricted program has a unique solution. By part (b), any solution to the
original program has support in 7, so the original program also has a unique solution, which must
be x. O

As with the previous lemma, the following proof is essentially due to [27]] (with a different subgra-
dient optimality condition).



Proof of Lemma By part (a) of Lemma|C.1] a vector z € R™ is optimal for Program 2] if and
only if there is some z € 9 ||z||; such that

1
—AT(BZ40 —y) + A2 =0,
m

This vector equality can be written in block form as follows:
1 AE zZU
m {AEC (BZaz —y) +2 zue| 0-

Since ¥ is optimal in RY, there is some %y € 0 ||Z||, such that (%, ) satisfy the first of the
two block equations. This is precisely part (a). If furthermore ¥ is zero-extended to R™, and 2 is
extended as in part (b), and Z satisfies ||Zye||,, < 1, then since z; = 0 for all i ¢ U, we have that
% is a subgradient for ||Z||,. Therefore & is optimal for Program If || 2|, < 1 and AL Ay is
invertible, then & is the unique solution to Program 2] by parts (b) and (c) of Lemma|C.1] O

D Sparse recovery from the Restricted Isometry Property

In this section we restate a theorem due to [[6] about sparse recovery in the presence of noise. Our
statement is slightly generalized to allow a trade-off between the isometry constants and the sparsity.
That is, as the sparsity k£ decreases relative to the isometry order s, the isometry constants 7,7 are
allowed to worsen.

Theorem D.1 ([6]]). Let B € R"™*"™ be a matrix satisfying the s-Restricted Isometry Property
7 llvlly < [[Bully < Tvll,

for all s-sparse v € R™. Let w* € R"™ be k-sparse for some k < s, and let w € R" satisfy
wlly < [lw*[|;. Then

[1B(w —w)lly = (1(1 = p) = Tp) [lw — w[|,
where p = \/k/(s — k).

Proof. Let h = w — w* and let Ty = supp(w*). Then

G+ wm = ||

Jw*lly = Nl = ||hrg e A

so [Ihylly > |

. Without loss of generality assume that 7§ = {1,...,|T¢|}, and |hy| >
|hit1] forall 1 <74 <1\TOC |. Divide T into sets of size s’ = s — k respecting this order:
¢ =Ty UTU---UT,.
Then the Restricted Isometry Property gives

1Bhlly > | Bhryur, |, = D I1Bhzlly = 7 |hryumll, = T I, )

t=2 t=2
Forany t > 1 and ¢ € Ty, we have h; < ||hr,||; /5, so that
2
2 _ |[hg|
||hTt+1||2 < Tfl

Summing over all ¢ > 2, we get

- 1 ¢ HhToc [, | [k
E h < E h = L < olll Rl
s H TtH2 = /*S/ s || Tt”l /75' >~ /73' >~ 5 H ||2

The triangle inequality implies that ||hr,ur, ||, > (1 — \/k/s") ||h]|5. Returning to Equation [5| it

follows that
1Bhlly = (r(1 = VR/S) = TV/ES ) [l

as claimed. O




E Summary of the algorithm

Algorithm 1 Projected Stochastic Gradient Descent.

1: procedure SGD(N, \) > N: number of steps, \: parameter
2 20 « argmin ||z, st. z € &, > see the Appendix@?or details
3 fort=1,...,N do

4 Aoy

5: v® < GRADIENTESTIMATION(z(!~1)))

6 w(t) < x(t—l) — ntw(t)

7 2« argmin,cz ||z — w® ||2 > see the Appendix @for details
8 return 7 + & SN 2(®) > output the average

Algorithm 2 The function to estimate the gradient of the ¢; regularized negative log-likelihood.

1: function GRADIENTESTIMATION(x)
2: Pick j at random from [n]
3: Use Assumptionor Lemma |K.4{to sample z ~ Z 4 )

4: return A;(z — y,)

F Algorithm details

In this section we fill in the missing details about the algorithm’s efficiency. Since we have already
seen that the algorithm converges in O(poly(n)) update steps, all that remains is to show that the
following algorithmic problems can be solved efficiently:

1. (Initial point) Compute z(¥) = argmin, » |||, -

2. (Stochastic gradient) Given 2(*) € &, and j € [m], compute a sample Aj(z —y;), where
z ~ ZA OR
J

3. (Projection) Given w") € R, compute z('+1) = argmin, ¢ ||z — w™® |,
Initial point. To obtain the initial point 2(°), we need to solve the program

minimize ||z,
subjectto || Az — yl|, < ry/m.

This program has come up previously in the compressed sensing literature (see, e.g., [6]). It can be
recast as a Second-Order Cone Program (SOCP) by introducing variables ™+, x~ € R™:

minimize i, (z; — ;)

subjectto  [|[Azt — Az~ —yll, < ry/m,
zt >0,
—x~ > 0.

Thus, it can be solved in polynomial time by interior-point methods (see [4]]).

Stochastic gradient. In computing an unbiased estimate of the gradient, the only challenge is sam-
pling from Z, .. By Assumption this takes T'(ys(A;2(")) time. We know from Lemma

that yg(A4;x*) > a?™. Since ™), x* € &,, we have from Lemmathat
,YS(ij(t)) > VS(t*)Qe—\Aj(ar(t)—w*)|2—2 > a4me—47'2m—2 > e—@(m/a).

Thus, the time complexity of computing the stochastic gradient is T’ (e’e(m/ O‘)).



In the special case when the truncation set S is a union of r intervals, there is a sampling algorithm
with time complexity 7'(3) = poly(r,log(1/8,n)) (Lemma [K.4). Hence, in this case the time
complexity of computing the stochastic gradient is poly(r, n).

To be more precise, we instantiate Lemma [K.4] with accuracy ¢ = 1/(nL), where L = poly(n) is
the number of update steps performed. This gives some sampling algorithm .o/ In each step, <’s
output distribution is within ¢ of the true distribution N (¢, 1; S). Consider a hypothetical sampling
algorithm ./’ in which &/ is run, and then the output is altered by rejection to match the true
distribution. Alteration occurs with probability ¢. Thus, running the PSGD algorithm with <7’, the
probability that any alteration occurs is at most L{ = o(1). As shown by Theorem PSGD with
o/’ succeeds with high probability. Hence, PSGD with <7 succeeds with high probability as well.

Projection. The other problem we need to solve is projection onto set &;.:

minimize ||z — v||,
subjectto  [|Az — y||, < ry/m.

This is a convex QCQP, and therefore solvable in polynomial time by interior point methods (see

[4]).

G Isometry properties

Let A € R™*™ consist of m samples A; from Process |1} In this section we prove the following
theorem:

Theorem G.1. For every € > 0 there are constants § > 0, M, 7 > 0 and T with the following
property. Let V. C [n]. Suppose that m > M|V|. With probability at least 1 — e~°™ over A, for
every subset J C [m] with |J| > em, the |J| x k submatrix Ay satisfies

mvm vl < [Asvoll, < Tvmll, Vo eRY.

We start with the upper bound, for which it suffices to take J = [m].
Lemma G.2. Let V C [n]. Suppose that m > |V'|. There is a constant T = T'(«) such that

Prsmax (Av) > T] < e~ 20,

Proof. In the process for generating A, consider the matrix A’ obtained by not discarding any of the
samples a € R™. Then A’ is a £ x n matrix for a random variable &; each row of A’ is a spherical
Gaussian independent of all previous rows, but £ depends on the rows. Nonetheless, by a Chernoff
bound, Pr[¢ > 2m/a] < e~™/ () In this event, A’ is a submatrix of 2m/a x n matrix B with
i.i.d. Gaussian entries. By [22],

Pr[smax (Bv) > Cy/2m/a] < e™ ™

for some absolute constants ¢, C' > 0. Since A’ is a submatrix of B with high probability, and A is
a submatrix of A’, it follows that

Prlsmax (Av) > Cy/2m/a] < e~

as desired. O
For the lower bound, we use an e-net argument.
Lemma G.3. Let € > 0 and let v € R™ with ||v||, = 1. Leta ~ N(0,1)". Then
Prlja’v| < aer/7/2]aTz* +Z € S] < e.
Proof. From the constant survival probability assumption,
Pr[la’v| < 6la’z* + Z € S] < a~ ' Pr[|a”v| < 4]

But a”v ~ N(0,1), so Pr[la®v| < 6] < 2§/+/2. Taking § = ce(/7/2 yields the desired bound.
O



Lemma G4. Let V C [n]. Fixe > 0 and fix v € RY with ||v||, = 1. There are positive constants
To = To(a, €) and co = co(, €) such that

Pr [EIJ Cm]:(|J| =em)A(||Asvol, < 7'0)} < e “m,

Proof. For each j € [m] let B; be the indicator random variable for the event that |A; v v| < ae/3.
Let B = Z;n:l B;. By Lemma EB < em/3. Each Bj is independent, so by a Chernoff bound,

Pr[B > em/2] < e~<m/18,
In the event [B < em/2], for any J C [m] with |J| > em it holds that
[Asvoly = (Av0)? > Y (Ajv0)? > (ae/3)B > ae’m/6.
jeJ j€J:B;=0

So the event in the lemma statement occurs with probability at most e ~¢™/18, O

Now we can prove the isometry property claimed in Theorem|[G.1}

Proof of Theorem|[G.1} Let V C [n]. Let € > 0. Take v = 4|V'|/(com), where ¢y = co(a, €) is the
constant in the statement of Lemma Let Z C RY be the k-dimensional unit ball. Let ¥ C %
be a maximal packing of (1 + ~/2)% by radius-(v/2) balls with centers on the unit sphere. By a
volume argument,

(v/2)k ~
Applying Lemma[G.4]to each v € Z and taking a union bound,

k
|9| < (1+7/2) < eZk/'y < 6C0m/2.

Pri3J Cml,ve Z:(|J] = em) A (|Asvolly < 7)) < em ™2,

So with probability 1 — e~2("™) the complement of this event holds. And by Lemma the event
Smax (Ay) < T'y/m holds with probability 1 —e~?("™)_ In these events we claim that the conclusion
of the theorem holds. Take any v € RV with [[v||, = 1, and take any J C [m] with |J| > em. Since
2 is maximal, there is some w € Z with ||v — w||, <. Then

[Asvvlly > |Asvwll, = |Asv (v —w)ly, > 70 —AT.

But v < 4/(coM). For sufficiently large M, we get v < 79/(2T"). Taking 7 = 7¢/2 yields the
claimed lower bound. O

As a corollary, we get that Af; is a \/m-isometry on its row space up to constants (of course, this
holds for any V' C [n] with |V| = k, but we only need it for V' = U).

Corollary G.5. With high probability, for every u € R,
7.2 T T2
T\/EHAUqu < HAUAUUHQ = TﬁHAUUHQ

Proof. By Theorem with high probability all eigenvalues of A7, Ay lie in the interval
[7+/m, T+/m]. Hence, all eigenvalues of (A% Ar7)? lie in the interval [72m, T?m]. But then
2
-
|AG Avul|, = v (AL Av)*u > Pmu’u > T\/mHAUuHQ :

The upper bound is similar. O

We also get a Restricted Isometry Property, by applying Theorem to all subsets V' C [n] of a
fixed size.

Corollary G.6 (Restricted Isometry Property). There is a constant M such that for any s > 0, if
m > Mslogn, then with high probability, for every v € R™ with | supp(v)| < s,

Tvm|olly < [[Av]ly < TvVm v,



Proof. We apply Theorem to all V C [n] with |V| = s, and take a union bound over the
respective failure events. The probability that there exists some set V' C [n] of size s such that the

isometry fails is at most
<n> e—5m < eslogn—ém.
s

If m > M slogn for a sufficiently large constant M, then this probability is o(1). O

From this corollary, our main result for adversarial noise (Theorem @) follows almost immediately:

Proof of Theorem [3.4} Let M’ be the constant in Corollary [G.6] Let p = min(r/(47),1/3), and
let M = (1+1/p?)M’. Finally, let s = (1 + 1/p?)k.

Let € > 0. Suppose that m > Mklogn and ||Az* — y|| < e. Then m > M’slogn, so by
Corollary A/\/m satisfies the s-Restricted Isometry Property.

By definition, # satisfies ||AZ — y||, < e and ||Z]|, < [|*||, (by feasibility of z*). Finally, z* is
k-sparse. We conclude from Theorem [D.1]and our choice of p that

[(A/Vm) (@ — =)

- * T s *
|y = (F(1=p) =Tp) & = 2"l > 5 & — 27l

But ||A(Z — x*)||, < 2€ by the triangle inequality. Thus,

& —a*||, < Te/\/m. O

H Projected Stochastic Gradient Descent

In this section we present the exact PSGD convergence theorem which we use, together with a proof
for completeness.

Theorem H.1. Ler f : R™ — R be a convex function achieving its optimum at £ € R™. Let
P C R™ be a convex set containing ¥. Let 0 € P pe arbitrary. For 1 <t < T define a random
variable () by

z® = Projg,(a:(t_l) - nv(t_l)),
where Ev®|z®] € of (™)) and 1 is fixed. Then

E[f(@)] - /() < (1T)'E [Hx(m - xHj TS E [va j
i=1
where 7 = L ST 2.

Proof. Fix 0 <t < T. We can write

2 2

o O

2 2
oo o] < \
2 2

— 2w ®, 2 ® — ) 4 g2 Hv(t)

2 2
since projecting onto &, cannot increase the distance to = € &;..
Taking expectation over v for fixed (9, ... 2(*), we have

2
o®

E {H;«(Hl) %

2@ ,:c(k)] < Hz(t) - 1“:H2 —2(Ev®, 2 — 2) + n’E [
2

2
)
2
)
where the last inequality uses the fact that Ev(®) is a subgradient for f at 2(*). Rearranging and
taking expectation over 2(?), ..., (! we get that

2 2

|) - (Il
2 2

2 (8[r] ~s) <o (s 0 o]

2

< o0 — ], - 207 ) - £@) + 7 [Hv“)

2

—-E Hx(tH) -
2



But now summing over 0 < ¢ < T, the right-hand side of the inequality telescopes, giving

T—
E[f(2)] - f(z) < = Z FE)] - f(2)
1 o . T—1
el 1Bl
This is the desired bound. O

I Survival probability

In this section we collect useful lemmas about truncated Gaussian random variables and survival
probabilities.

Lemma L1 ([9]). Lett € R and let S C R be a measurable set. Then Var(Z;) > Cvys(t)? for a
constant C > 0.

Lemma L2 ([9]). Fort,t* € R,

log + 2.

1 < 1
<2lo
vs(t) ¥s(t*)
Lemma 1.3 ([9]). Fort € R,

1
E[R?] < 2log —— + 4.
(] g’Ys(f)

Lemma L.4. With high probability,
1
Z log < 2mlog
x*) @

Proof. Let X; = log1/ys(Ajz*) for j € [m], andlet X = X; + --- 4+ X,,,. Since X1,..., X,
are independent and identically distributed,

et =B =[] = () <o

Therefore
Pr[X > 2mlog1/a] = Prle¥ > ¢?mlosl/a] < g~mlogl/a

by Markov’s inequality. O

J Omitted proofs

J.1  Proof of Lemmal[A.T]

We start by bounding the subGaussian variance proxy of a truncated Gaussian random variable. The
following tail bound is standard:

Lemma J.1 (Gaussian tail lower bound). Let Z ~ N(0,1). Foranyt > 0,
e—t2/2

01 :=Pr(Z >0 2 oy

for an absolute constant C > 0.

Lemma J.2 (Moments of tail-truncated Gaussian). Let p > 1 be integer, and let t > 0. Then

F(t) == o(t)™? /too aPe™™ /2 4y < (Ca(t +1)/D)P.

10



Proof. We distinguish two cases. Suppose ¢ < 2,/p. Then

F(t) < o(t)! / [P/ du < C(t+1)e! /2pr/?

—00
by moment bounds for the standard normal. But ¢ + 1 < e < e2VP and et /2 < e?P, s0
F(t) < C(e'yp)
Now conversely suppose ¢ > 2,/p. Define f(x) = aPe~*"/2. For any x > tand 6 > 0, we have

flz+0)
f()

Therefore taking 6 = 1/(t + 1), the decay is exp(—t/(2(t +1)) — 1/(2(t +1)?)) < exp(—1/3), so

/Oof(x)d it—i—l_
t o

So

S\" _(sx+62/2) po 2 2
=(1+—) e\ <exp|— —dx—067/2) <exp(—dt/2 —§°/2).
x x

/t+(k+1)/(t+1)

<) DT <A+1) T ().
t-+k/(t-+1) =0

F(t) <4o(t) Mt + 1) f(t) < 40t
as desired. 0

Lemma J.3 (Moments of truncated Gaussian). Let p > 1 be integer, and let S C R. Let a =
Pr[Z € S)and let X ~ Z|(Z € S). Then

(E|X|P)/P < C3/plog(2/a).

Proof. Observe that E| X [P = E[|Z|P|Z € S] = a 'E[|Z|P1z¢s]. For fixed a, this expectation is
maximized when S = (—o0, a] U [b, 00) for some a < 0 < b (shifting mass towards the tails only
increases the expectation). In fact, it’s maximized when a = —b. In this case we have o = 2¢(b)
and

E[|Z[P1 715) = 2 / 2Pe ™" 1 dx < 26(b)(Caby/p)".
b

Asa consequence,

E|X|P < (Ca(b+1)4/p)?.
But a = 2¢(b) < 2¢=b*/2_ S0 in terms of «, the moment is bounded as

(EIX[P)/P < Cay/p(1 + /2l0g(2/a))

as claimed. O

Corollary J.4 (Truncated Gaussian is subGaussian). Let S C R. Let o = Pr[Z € S| and let
X ~Z|Z € S. Then

X —EX ~ subG(Cylog(2/a)).
Proof. Let Y = X — EX. By the previous lemma, |EX| < C3/log(2/«a) and for any integer
p=1

(EIY[7)!/? < (BIX[P)/7 + [EX]| < 2051/plog(2/a).

Since Y has mean 0, it follows from subGaussian equivalencies that Y ~ subG(Cylog(2/«)). O
Now we can prove Lemmal[A-]]

11



Proof of Lemmal[A.1

Recall that Eys(a’2*) > o > 0 for a ~ N(0,1)", and (A, y) are the m truncated linear samples
of z*.
Fix i € U. For any j € [m], we have

Eono,1)n [¥s(a®z*) Ly (a®z*)]

Eano,1)n [vs(a”z*)]

< 0471

— )

Elys(42") "] =

so for ¢ > 0 we get the tail bound
Prllog(2/vs(A;2%)) > 1] < 2a~te .

Since Aj; is the result of conditioning a Gaussian on an event of likelihood at least «, we also get
the tail bound

Pr[A?i > 1] < 20 e 2,

So
Pr[A3; log(2/vs(Ajz*)) > t] < 4o~ Lo V2,
By concentration of sums of independent, heavy-tailed random variables (see, e.g. Theorem 8.4 in

[18]), it follows that with probability 1 — e~2(m""*),

> A%log(2/ys(Ajz)) < O(m).
J€[m]
With probability 1 — ke‘Q(ml/5), this above bound holds for all ¢ € U. Call this event E.

Condition on A and suppose that event E occurs. For fixed A, we can write y; ~ N(A,z*,1,5)
for j € [m]. Moreover

yj — Ey; ~ subG(Cylog(2/7s(A;z7))).

Fix ¢« € U. Then (AT); - (y — Ey) is subGaussian with variance proxy
C1diem) A2 log(2/vs(Ajz*)). Since event E is assumed to hold, we have that (AT); - (y — Ey)
is subGaussian with variance proxy Csm. So

1
Pr[|(AT); - (y — Ey)| > /10Csmlogn] < —5.
Y n
Thus, union bounding and summing over 7 € U, we have that
T 2
| AT (y — Ey)||, < Comklogn

with probability 1 — 1/n? over y. Taking probability over A and accounting for the probability that
event F fails, the total failure probability is O(1/n® + ke=2(m™"/"), O

J.2  Proof of Lemmal[A.2]

We can write
B s re~(@=0/2 4g
e e @2 dy

By the quotient rule,

4 fealt- o) w02 gy (fgwem @2 dz) ([l — w02 dr)
==
e’ [gem@=D*/2 dx (Jge—t@=?/2 dx)2
—E[Z:(t - Z1)] + E[Z]E[t — Z]
—Var( t)
as desired.
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J.3  Proof of Lemmal[A.J)]

The fact that sign (p; — 14+ ) = sign(¢t—t*) follows immediately from the fact that %, = Var(Z;) >
0 (Lemmal[A.2).

We now prove the second claim of the lemma. Suppose t* < ¢; the other case is symmetric. Then

we have
t

¢ e
e — pe = | Var(Z.)dr>C | ~s(r)*dr > Cﬁ2/ 2 g
0

t* £
by Lemmas[A2] [T and [[2] respectively. But we can lower bound

t—t* R min(1,t—t") )
/ e 2dr > / e " 2dr
0 0

> e P min(1,t — t*).

This bound has the desired form.

J.4  Proof of Lemmal[A.d]

Since E,n0,1):vs(a’2*) > a and ys(a’z*) is always at most 1, we have Prlyg(a”z*) <

a/2] < 1 — «a/2. Since the samples are rejection sampled on ~ys(a®x*), it follows that
Privs(A;z*) < /2] < 1 — a/2 as well. So by a Chernoff bound, with high probability, the
number of j € [m] such that ys(A,;z*) < /2 is at most (1 — /3)m.

The condition that |A;z* — A;#|> > (6/(am)) ||Az* — A#|? is clearly satisfied by at most (ov/6)m

indices.

J.5 Proof of Lemmal[A.5]

By Lemma[A.4]and Theorem [G.T} with high probability Ay, 7 and Ay both have singular values

bounded between /7m and v/T'm for some positive constants 7 = 7(«) and T' = T'(«). In this
event, we have

good T

NIV o2 T NI
[A@" = B[,y 2 Tmfla” = 2" 2 7 [ Al2” — 2)]

which proves the claim.

J.6  Proof of Theorems[A.6 and[A.7]

Proof of Theorem [A.6, Let a = A(Z — z*) and let b = paz — praz=. Our aim is to show that
if ||al|, is large, theﬁAng , is large, which would contradict Equation El Since A} is not an
isometry, we can’t simply show that ||b||, is large. Instead, we write an orthogonal decomposition
b= v+ Ayu for some u € R* and v € R™ with ALv = 0. We’ll show that || Ay ul|, is large. Since
ATLb = AT Apyu, and A, is an isometry on the row space of Ay, this suffices.

For every j € Igo0q With |a;| > 0, we have by Lemma [A.3|that
[b;| = C'min(L, [a;]) = Cla;| min(1/]a;[, 1)

where C' is the constant which makes Lemma work for indices j with vg(A;2*) > a/2. Take

C" = /6/c, and suppose that the theorem’s conclusion is false, i.e. ||a||, > C’y/m. Also suppose
that the events of Lemmas[A.Tland[A.3]hold.

Then by the bound |a;|? < (6/(am)) |3 for j € Iy We get

2 2

where ¢ = C'y/a/6. We assumed earlier that |a;| > 0 but Equation |§| certainly also holds when
la;| = 0.

13



By LemmalA.3] a; and b; have the same sign for all j € [m]. So a;b; > 0 forall j € [m]. Moreover,
together with Equatlon@ the sign constraint implies that for j € Igo0d,

cy/m a2,
% = T
Summing over j € Igp0q4 We get
llally 2 llall,
P R IR f<a,b> = it Avu).
J€1g00d J€1g00d

By Lemmal[A.5|on the LHS and Cauchy-Schwarz on the RHS, we get

2
2 _ llal
ellally < - —2 [l Avull, -

cy/m

Hence ||Ayull, > ecy/m. But then HATbH2 = ||ATAUuH2 > (72/T)ecm. On the other hand,
Equation 4] 1mp11es that

1
LAzl < 3E+ LA EIZase] - )l <y + VT GRlogm)/m

since event (2) holds. This is a contradiction for A" sufficiently large and c;,, sufficiently small. So
either the assumption ||a|l, > C’/m is false, or the events of Lemma or|A.5|fail. But the latter
two events fail with probability o(1). So ||al|, < C’/m with high probability.

O

Now that we know that ||z* — Z||, < O(1), we can bootstrap to show that |z* — Z||,

\/(klogn)/m. While the previous proof relied on the constant regime of the lower bound pro-
vided by Lemma[A_3] the following proof relies on the linear regime.

Proof of Theorem As before, let a = A(Z — 2*) and b = paz — jtas-. Suppose that the
conclusion of Theorem holds, i.e. |[lall, < C’y/m. Also suppose that the events stated in
Lemmas [A T and [A-5] holds. We can make these assumptions with high probability. For j € Ig0d,

we now know that |a;|? < (6/(am)) ||aH§ = O(1). Thus,
[bj| = Claj| - min(1/]a;|, 1) > 6]ay|
where § = C'min(1,/a/6/C"). By the same argument as in the proof of Theorem except
replacing (¢y/m)/ ||al|, by J, we get that
2 —
ellally <67 lally - | Avull, -
Thus, ||al|, < e 1671 |[|Ayull, . By the isometry property of A%, on its row space (Corollary [G.5)),
we get

2 /
lall < e 145 v, = = | 45,

for an appropriate constant ¢’. Since a = A(& — z*) and AU is a y/m-isometry up to constants
(Theorem|[G.I)), we get

/
i -2l < 12 < < jaz),.

-
By Equation and bounds on the other terms of Equation the RHS of this inequality is O()\\/E +
(klogn)/m). O

J.7  Proof of Lemma [B.1]
For 1 < 7 < m we have by Lemma@that

1
ER4. #)? <E[R% ;] <2log——— +4.
(ER4,.2)" <B[Rj, 5] < 2log s
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By Lemma([[.2] we have

log < 2log + A% — Ajz*|? + 2.

1
vs(AjT) ~

Therefore summing over all j € [m],

1
vs(Ajz*)

IERAs[l5 <4 log + 2| A& — 2¥)||3 + 8m.
j=1

1
Vs(Ajz*)
Lemma [4]bounds the first term. Theorems [A.7and [G.T|bound the second: with high probability,

A& — 2|, < 2T(AVEkm + C"\/klogn).

Thus,
|E[RA, 53]||§ < 8mlog(1/a) 4+ 8m + 8T?X\’km + 8(T'C")*klogn

with high probability. Under the assumptions A < creg /Vk and m > M"klogn, this quantity is
O(m).

J.8 Proof of Lemma|[B.2]

Draw m samples from the distribution R4, .- as follows: pick a ~ N(0,1)" and n ~ N(0,1).

Keep sample 7 if a’x* + € S; otherwise reject. We want to bound 77 + --- + n2,. Now
consider the following revised process: keep all the samples, but stop only once m samples satisfy

Ta* +n € S. Let t be the (random) stopping point; then the random variable n? + --- + n?
defined by the new process stochastically dominates the random variable 7; + - - - + 12, defined by
the original process.

But in the new process, each 7; is Gaussian and independent of 7y, . .., 1;—1. With high probability,
t < 2m/a by a Chernoff bound. Andif 7, ..., 75, ,, ~ N(0,1) are independent then

77/? ++n/gm/a < 4m/a

with high probability, by concentration of norms of Gaussian vectors. Therefore n? + - - - + 7?7 <
4m/« with high probability as well.

J.9 Proof of Theorem [B.3]

Set 0 = 4(y/c + ,/c,), where ¢ and ¢, are the constants in Lemmas and Set
M = max(16T2C"2(c + 1)2/02,02/¢"%,). Note that M is chosen sufficiently large that

reg
A =o/(logn)/m < Creg/\f

By Theorem[A.7] we have with high probability that the following event holds, which we call Eqjose:

k1
|o* = &, < C"(Wk + /(klogn)/m) = C" (o + 1)y ;’f”

Now notice that

EZaz—y=AE@—2")+ERaz — (y— Az™).

If Ejose holds, then by Theorem we get ||A(Z — z*)||, < TC"(0+1)Vklogn. By Lemma
ith hi ili ¢|l, < v/em. And by Lemma with high probability ||y — Az*||, <
/Cym. Therefore

[EZa s = ylly < TC" (0 + )v/Rlogn+ /e + Ve < 5/
where the last inequality is by choice of M and o. Thus, the event

o
E: ”EZA.,m - y”z < 5\/%

occurs with high probability.
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Suppose that event E occurs. Now note that A7;. has independent Gaussian entries. Fix any i € U,;
since (AT); is independent of Ay, %, and y, the dot product
(AT)i(EZaz — )
is Gaussian with variance ||EZ4 » — yHg < 0?m/4. Hence, %; = ;- (AT);(EZ 4z —y) is Gaussian
with variance at most (o2m/4)/(Am)? = 1/(4logn). So
2
Pr[|| > 1] < 2e7218" < =
n
By a union bound,
9 2
P00 > 1 < =
n

So the event ||Zy<|| < 1 holds with high probability.

J.10  Proof of Theorem B.4]
We know from Theoremthat | AL (E[Zaz] — ) ||Oo < A/3. So it suffices to show that

1 A
— | ALe (BlZa,x] — y) — ADe(E[Zaz) — y)| < G
Thus, we need to show that
1
%I(AT)i(E[ZA,x] —E[Z4s])| <

for all ¢ € U*. Fix one such 4. Then by Lemma[A.2]

m

g = Z(NALX - MAii:)2

1
Az 2
( Var(Z;) dt)

A X

IE[Za,x] = E[Za,4]

i

.

=1

(A; X — Age)® - sup  Var(Zy).
te[A; X, A;)

I

<

i=1

By Lemma|[[4] we have

m

1
log —— < 2mlog(1/a)
218 /

with high probability over A. Assume that this inequality holds, and assume that || X — Z|, < 1
and ||Z — z*||, < 1, so that || X — z*||, < 2. Then by Theorem |A(X —2%)||, <2T\/m. By
Lemma[[.2] for every j € [m] and every ¢ € [A; X, A; 7],

1
log —— < 2log +|t—ij*|2+2§cm

vs(t)

for a constant c. Hence, by Lemma|[[.3]

1
vs(Ajz*)

Var(Z;) < E[(Z; — t)?] < 2log +4 < 2em + 4.

1
vs(t)

We conclude that
2

T
IE[Za x] ~ ElZa s[5 < (2em +4) [ AX — AZ]3 < 2em +4)—; < O(1).

m2 =
Additionally, ||(AT);]|,, < T'/m with high probability. Thus, Cauchy-Schwarz entails that
1 1 A
—|(AT)i(B[Za.x] —E[Zaz])| < —=Tvm-0(1) < =
ml( )i(E[Za,x] — E| A,lem vm O()*6
for large n.
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J.11 Proof of Lemma[5.4]

Note that
AL = yll, < [[A(Z —2")[5 + [[Az™ = yll, -
With high probability, ||Z — z*||, < 1. Theorem gives that ||A(Z — 2*)||, < T'\/m. Further-

more, [|Az* —yl|, < 2y/m/a by Lemma
J.12  Proof of Lemma[5.3]

With high probability & € &, by the above lemma. Note that ||z(% H1 < ||z||;, and
Az —2)||, < 2ry/m. Set p = min(r/(4T),1/3) and s = k(1 4+ 1/p?). If m > Mklogn
for a sufficiently large constant M, then by Corollary A/ v/m with high probability satisfies
the s-Restricted Isometry Property. Then by Theorem [D.1| (due to [[6], but reproduced here for
completeness), it follows that Hm(o) — iH2 <O0(1).

J.13  Proof of Lemma [5.6]

Note that sign(z(®)) is a subgradient for ||z, at z = (). Furthermore, for fixed A4,
E [AJ( ® _ Yj )’ (t)} Z AJ”(]EZAJ.,,;CM —yj) = anl(:p(t);A,y).
—

It follows that
Ep®]z®] = E [Aj(z(t) — yj)‘x(t)} + sign(z®)
is a subgradient for f(z)atz = z(®).
We proceed to bounding E[[|v(*) ||; |z(®]. By definition of v(®),
| 0 _ sien(@|”
v <2||4;(z yi)l| +2||A-sign(z'?)
2 2 2

where j € [m] is uniformly random, and 2 |z(®) ~ Zy, - Since A sign(m(t))H; = o(n) it
remains to bound the other term. We have that

2 1 & 2
A0 = )| ] = = ;E[\\Aj/<zAj,,x(t> ~ )

IE[‘ Al

With high probability, HAZ||§ < 2nforall i € [m]. Thus,

2 n <&
]E[HAj(Z(t) - yj)H2 2] < - > E[(Za, »0 = yj0)°]-
i=1

Now
m m

ZE[(ZA £t — <QZ Aa: — ;) —|—22]E AJZ ZAi,z(t,))2].

i=1

The first term is bounded by 2r%m since x(t € &,. Additionally,
HA(:c(t) -z < HAx(t) - yH +[[Az" —yll, < 2rvm
2

since (), x* € &,. Therefore the second term is bounded as

QZE[ () <4ZIOg<75Ax(t)>+8m
i=1

i=1

<8210g<7514m >+4HA t)—x)z

=1
< 64log(1/a)m + 16r*m + 80m.

+ 16m
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where the first and second inequalities are by Lemmas [[.3] and Lemma[[.2] and the third inequality
is by Lemma|[[-4] Putting together the two bounds, we get

ZE[(ZAI.,J;M —1:)’] < O(m),

from which we conclude that E[Hv(t) ||z |z(®M] < O(n). The law of total expectation implies that
E[[|o®|[2] < O(n) as well.

J.14  Proof of Lemma[5.7]

We need to show that fru is (-strongly convex near &. Since ||z||, is convex, it suffices to show that
nll(z; A, y)gu is (-strongly convex near . The Hessian of nll(x; A, y)|gv is

1 m
Hy(xz; A, y) = m Z AzUAj,U Var(Za, ).

j=1
Hence, it suffices to show that

1 m
— > ATy A Var(Za, .) = (T
j=1
for all € R™ with supp(z) C U and ||z — &||, < 1. Call this region . With high probability
over A we can deduce the following.
(i) By Theorem [A.7, we have ||# — z*||, < d+\/(klogn)/m. As ||z — &||, < 1forall z € %, we
get [|A(Z — 2)|5 < T?(d+ 1)*m forall x € A.
(ii) By the proof of Lemma the number of j € [m] such that ys(A4;2*) < /2 is at most
(1 —a/3)m.
Fix x € 4, and define J, C [m)] to be the set of indices
Jo = {j € [m] s ys(Aj2") = /2 A A (@ = 2")[* < (6/a)T?(d + 1)}

For any j € J,,
1

< 9log
vs(Ajz)

log +Aj(x — ") * + 2 < log(2/a) + (6/a)T?(d + 1)* + 2.

1
vs(A;z*)
Thus,

Var(Za, o) > Cys(Ajz)? > e~ 108@/0)=(6/aT?(@+1)"=2 _ (1),
Let § denote this lower bound—a positive constant. By (i) and (ii), |.J| > («/6)m, so by Theo-

rem|[G.1}

)
EA?;I,UAszU i orl

1 m
Hy(z; A,y) = - ZlAgj‘:UAj,U Var(Za; .) =
J=
as desired.

J.15  Proof of Lemma[5.§]

Lett = ||(z — &)y]|,. Define w = & 4 (x — &) min(t~*/m, 1). Also define w’ = [wy; Ope] € R™.
Then ||(w — &), < 1/m, so

A
(s A, ). < 5.

Therefore w; - (V nll(w’; A,y)); < (A/2)|w;| foralli € U¢, so
flw) = f(w') = (nll(w; A, y) = nll(w'; A, y) + A(wlly = [lw'];)

> (w—w') - Vall(w'; A, y) + X |Jwye]|,
A

> =
2

|ch||1.
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Additionally, since |w’ — Z||, < 1 and supp(w’) C U, we know that

Py = 1) > 5 !~ #2.

Adding the second inequality to the square of the first inequality, and lower bounding the ¢; norm
by ¢ norm,

S W) = FEY + 5 (7w) — (@) > S(fw) — F@))? + 3 (Fw') — F()
> el + 5 ! - 213
> = w = Del + 5w - Dol

s
Since f(xz) — f(&) < 1, by convexity f(w) — f(%) < 1 as well. Hence,
1 1 A2
W) = 1) 2 () = FOP + 5(7(w) = F@) 2 min (%) o =313, )
We distinguish two cases:

)\2
> min ( C) lw — &

1. If t < 1/m, then w = x, and it follows from Equationthat

F(@) — () > min (A )l 21

84
as desired.
2. If t > 1/m, then ||(w — &)y||, = 1/m, and thus ||w — Z||, > 1/m. By convexity and this
bound,
F@) = 1) > ) - 1) > min (5, ) 5
T > f(w Zmin { =7 ) 5.

which contradicts the lemma’s assumption for a sufficiently small constant ¢y > 0.

J.16 Proof of Theorem 5.9

By Lemmas and we are guaranteed that & € &, ||x(0) —:EHE < 0O(1), and

IE[Hv(t)Hz] < O(n) for all ¢t. Thus, applying Theorem with projection set &, step count
T = mSn?, and step size n = 1/v/Tn gives E[f(z)] — f(&) < O(1/(m3n)). Since f(z) — f (&) is
nonnegative, Markov’s inequality gives

Prlf(z) - f(%) < ¢(logn)/m®] > 1 —1/n.
From Theorem |5.8| we conclude that |z — Z||, < O(1/m) with high probability.

K Efficient sampling for union of intervals

In this section, in Lemma we see that when S = U7_, [a;, b;], with a;,b; € R, then Assump-
tion [l holds with T'(ys(t)) = poly(log(1/ys(t)), 7). The only difference is that instead of exact
sampling we have approximate sampling, but the approximation error is exponentially small in total
variation distance and hence it cannot affect any algorithm that runs in polynomial time.

Definition K.1 (EVALUATION ORACLE). Let f : R — R be an arbitrary real function. We define
the evaluation oracle & of f as an oracle that given a number 2 € R and a target accuracy 7
computes an nj-approximate value of f(x), that is |&f(z) — f(x)| < 7.

Lemma K.2. Ler f : R — Ry be a real increasing and differentiable function and &% (x) an
evaluation oracle of f. Let ¢ < f'(x) < L for some {,L € Ry. Then we can construct
an algorithm that implements the evaluation oracle of f~1, i.e. &p-1. This implementation on
input y € Ry and input accuracy n runs in time T' and uses at most T' calls to the evalua-
tion oracle & with inputs x with representation length T' and input accuracy ' = n/{, with

T = poly log(max{|f(0)/y[, [y/f(0)[}, L, 1/£,1/n).
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Proof of Lemma|K.2] Given a value y € R our goal is to find an « € R such that f(z) = y. Using
doubling we can find two numbers a, b such that f(a) < y — 7' and f(b) > y + n’ for some 7’
to be determined later. Because of the lower bound ¢ on the derivative of f we have that this step
will take log((1/¢) - max{|f(0)/y|,|y/f(0)|}) steps. Then we can use binary search in the interval
[a, b] where in each step we make a call to the oracle &7 with accuracy 1’ and we can find a point
Z such that | f(x) — f(2)| < n’. Because of the upper bound on the derivative of f we have that f
is L-Lipschitz and hence this binary search will need log(L/n’) time and oracle calls. Now using
the mean value theorem we get that for some & € [a, b] it holds that | f(z) — f(2)| = | f'(&)] |z — &
which implies that |« — &| < n//¢, so if we set ' = £ - 7, the lemma follows. O

Using the Lemma[K.2]and the Proposition 3 of [[7] it is easy to prove the following lemma.

Lemma K.3. Let [a,b] be a closed interval and 1 € R such that yj, 4)(1t) = c. Then there exists

an algorithm that runs in time poly log(1/«, ¢) and returns a sample of a distribution 9, such that
dTV(gv N(/La 1; [a7b])) < C

Proof Sketch. The sampling algorithm follows the steps: (1) from the cumulative distribution func-
tion F of the distribution N (u, 1;[a, b]) define a map from [a, b] to [0, 1], (2) sample uniformly a
number y in [0, 1] (3) using an evaluation oracle for the error function, as per Proposition 3 in [[7],
and using Lemma compute with exponential accuracy the value F'~!(y) and return this as the
desired sample. O

Finally using again Proposition 3 in [7] and Lemma[K.3|we can get the following lemma.

Lemma K4. Let [a1,b1], [a2,b2], ..., [ar,b.] be closed intervals and pu € R such that
Yur_,la; bi) (1) = . Then there exists an algorithm that runs in time poly(log(1/a, (), r) and
returns a sample of a distribution 9, such that drv (2, N (p, 1;Ul_;[as, bi])) < C.

Proof Sketch. Using Proposition 3 in [7] we can compute &; which estimated with exponential accu-
racy the mass o; = Yq, 5,](1) of every interval [a;, b;]. If &; /o < (/31 then do not consider interval
1 in the next step. From the remaining intervals we can choose one proportionally to ¢&;. Because of
the high accuracy in the computation of &; this is ¢ /3 close in total variation distance to choosing an
interval proportionally to «;. Finally after choosing an interval ¢ we can run the algorithm of Lemma
[K.3|with accuracy ¢/3 and hence the overall total variation distance from N (p1, 1;U_ [a;, b;]) is at
most . O
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