A Extra Notations

Here we introduce a few more notations.

We first let -, ®, ® denote inner, element-wise, and Kronecker product, respectively. Next,
Let us introduce a few notations: a matrix A € RX*L a scalar function Fre(-) : R— R for
k € [K],¢ € [L], a scalar function ¢y, k,.¢(-) : R +— R for k1, ks € [K],¢ € [L], matrix to ma-
trix functions r%(-) : REXE s REXKL gb() . REXL o REXL and ¢l=](1) : REXE oy REXKL,
A is given by A ¢ £ Prlyx(z) = ¢], which represents the probability of kth service pro-
ducing label /. The scalar function Fj (X) £ Prgr(z) < X|y(z) = £ is the probabil-
ity of the produced quality score from the kth service less than a threshold X con-
ditional on that its predicted label is ¢. The scalar function ¥, k,¢(-) is defined as
Vky o t() 2 E [rkl (@) |yg, () = £, qr, () < Fk_l}le(oz)}, i.e., the executed accuracy of the ks
service conditional on that the k; services produces a label ¢ and quality score that is less

than Fy- 41 (Pky,¢). Then those matrix to matrix functions are given by K 0—1)+hs (p) &

ks kot (Ph 0) o o (0) = i ke (pre), and 171 (p) £ 19(p) — 1P (p) @ 1%

B Algorithm Subroutines

In this section we provide the details of the subroutines used in the training algorithm
for FrugalML. There are in total four components: (i) estimating parameters, (ii) solving
subproblem [3.3]to obtain its optimal value and solution, (iii) constructing the function g;(-),
and (iv) solving the master problem

Estimating Parameters. Instead of directly estimating E[r;(x)|Ds, Ag]], we estimate
A, 1*(1x 1), and rl7](-) as defined in Section |A} which are sufficient for the subroutines

to solve the subproblem Let A, t*(1x ), and i‘H(-) be the corresponding estima-
tion from the training datasets. Now we describe how to obtain them from a dataset

{y(@a) {an (@) yr (@) o H

To estimate A, we simply apply the empirical mean estimator and obtain AM =

%Zi\; Liy,(z;)=¢)- To estimate r’(1x ), and rH(~), we first compute ¥y, r, ()
N

[I>

i1 Ly @)=l iy 020k (20) 0k (2)=u(2)}
Sl Vg, (o) =t iy 0> ak, (@)}

Quantile({qi(z:)|yr(x;) = £,i € [N]},uy) is the empirical a,,-quantile of the quality

score of the kth service conditional on its predicted label being ¢. Next we estimate

, for an, = 2. m € {0} U [M], where Gmpie =

)A @kl,kQ,e(am)*d}kl,k2,z(am+1)(a_
- O —Qm 1

Yk, ko.¢(-) by linear interpolation, i.e., generating x, 1, ¢(

am) + zﬂkhh,g(am),a € [@m, @ms1]. We can now estimate le,K(f—l)-‘rkg (P) 2 Vry ko t(PEy 1),
1 ,(p) = Uk k.0(pr.c), and finally compute (15 1. )i and #7(p) £ #%(p) — t*(p) © 1%.
Solving subproblem There are 3 steps for solving problem First,
for k = i, € [L], invoke Algorithm to compute ﬁklz(ﬂm),ﬁk’e(ﬁm),BM(BM)
where 3, = 30 — c)m = 0,1,---, M. Next compute t3,t5,--- &5 =
argmaxy, ... 1, e[L]u{0} ZZL:lAk’gﬁk’g(ﬁn)s.t. ZeL:1t€ = M. Finally return ¢(b') £
ZeL:1 Aul}k,g(ﬂtz) as an approximation to the de facto optimal value g;(b'), and the
approximately optimal solution Q;(b') and sz]i(b’ ), where for ¢ € [L],j € [K], [f’£2] ()i =
I (B ), (B (V)]0 2 0,8 4, [Qu(V)]ie £ Quantile({ai(wi)lyi ;) = £, € [N]}, 67 (8y;)),
and [Q;(V)]ire] = 0,7 #i.

Remark 2. Algorithm [2|effectively solves the problem

b T =kt
max 1y ,(1 + pII* - 1%(p
pIIEQ, ke(lrexr) (p)

st.pl-Toe,Te<s,

(B.1)
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Algorithm 2 Solver for Problem
Input :0,k, 0% (1xxz), t171()
Output: the optimal solution p*(3),I1"*(3), and the optimal value h**(3)

T
1: Construct t*!(p) = {rL,I]((Z—l)—&-l:KE(leXL)}

R . kot
Construct ¢ (1) = 1} ,(1xx1) + mm{g, I ()
Construct g (1) 2 &, (1) + 8754 () 1 =87t )
Compute (p1,i1) = argmax,,e(o,1),ic[x] @i (1)
Compute (12,12, j2) = arg AK€ [ 2 min{ £ 1] €[K] > Pi.g (1)-

if ¢s, (1) > Biy j, (p12) then
P8 = B0) = Ly o+ 20 e Ba(8) = 61, )

else
PEL(B) = g, TIM(B) B/uz—cj, e, + Ciy—B/ 12 ein, hio(B) = ¢, (111).

Cjo —Cig Cig —Cig

Return pF¢(8),I1"(8), hy.¢(B)

where Qy = {(p,M)|p € [0,1],]T € RE 0 x I < 1,7 - 1 = 1} and *'(p) : R = RX is the
transpose of fﬂ(( t—1y+1.50(PLE x ). Observe that the function t=1(-) by construction is piece wise

linear, and thus ¥ (p) is also piece wise linear. Thus, 1;(-) and 1; ;(-) are piece wise quadratic
functions. Thus, the optimization problems in Algorithm [2| (line 4 and line 5) can be efficiently
solved, simply by optimizing a quadratic function for each piece.

Constructing g;(-). We construct an approximation to g;(-), denoted by g2/ (-). The con-

struction is based on linear interpolation using §;(6,,,) as well as g;(c;) which 1i)y definition is
0. More precisely, §-1(0) £ 0,6 < ¢;, gX1(9) & —g"'(eg:j:gii’f“) (0 = Oms1) + Gi(Orms1), Omg1 >

0> 6, > i and G- (0) 2 20200 6, > 0 > ¢; > 0,,,_y. Here, 0, 21, = 120,

Solving Master Problem To solve Problem let us first denote Q3 = {x €
R4|(E = O,Xl + Xo = 1} and Qg,Jan2 £ {X € Qg|9mi,1xi < Xi+3 < Qming,i = 1,2},
for my € [M],my € [M]. For each i1,i2,m1,mq, first compute gz(il,ig,ml,mz) e
MAX () iy b1 ,b2) €2y g p1gFt (by/p1) + p2gl (ba/p2) s.t. by 4 by = b, a linear programming
by construction. Next compute i},i5,m},mb £ argmax;, i, m,.m, 92=(i1,42, m1,ms) and
(P}, p3,b7,b5) 2 MAX(p ps b1 ,b2) €2, m P19 (b1/p1) + P23 (b2/p2) 5.t. by + by = b. Finally
return the corresponding solution 7,43, p7, p3, b}, b3.

C Missing Proofs

C.1 Helpful Lemmas

We first provide some useful lemmas throughout this section.

Lemma 4. Suppose the linear optimization problem
max u’'z
2eRK
st.vliz < w,sz <1,z>0

is feasible. Then there exists one optimal solution z* such that ||z*||o < 2.

Proof. Letz* be one solution. If ||z*||p < 2, then the statement holds. Suppose ||z*||o = nnz > 2
(and thus K > 3). W.l.o.g., let the first nnz elements in z* be the nonzero elements. Let
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Imin = aTGMIN;;<pnz Vi aNd imax = Argmax;.j<mmz V. If v, > v; ., construct z’ by

s (__ e
ZiT(— 0), ; ifi > nnz
Vl:nnzzyl‘:nnzfvimml Z1:nnz Lo
) ) ) le = Tmax
D T T
¢ Vil T Vimax 1 Z1imz lfz =
Vimax _vimin ’ o
0, otherwise

Otherwise, construct z’ by

z;(=0), ifi>nnz
’_ T e

z; =912, lfz = Tmax
0, otherwise

Now our goal is to prove that z’ is one optimal solution and ||Z’|| < 2.
(i) We first show that z’ is a feasible solution.

(1) Vipo > Vit If ¢ & {imax,min }, clearly z; = 0 > 0. Since z* is feasible, z7,,,, > 0. By

T * T

. el / V1nnzZ1mz — Vi 1° 21z 1 nnz

definition, z; = —Lmeclme i =5 > o1
bmax Vimax ~Vimin Vimax —V =

z; > 0. Thus, we have z’ > 0.

K2

(Vj = Vi, )Z; > 0, and similarly

Ymin

In addition,

T * . T
+ ~VinzZlnz T vlmaxl Z1:nnz )
v, —V; . Vi — V. . Vimin
Tmax Tmin Tmax Tmin

T * _ ST x
1mnzZimnz =V Z Sw

T * T
VTZ/ _ VinnzZ1mnz — Vimml Z1:nnz

Tmax
=V

where the last equality is due to the fact that z; = 0, Vi > nnz. Similiarly, we have

T * X T e * . T
1TZ/ _ VinnzZ1:mnz — Vlminl Z]:nnz + VinzZlmz T Vlmaxl Z1:nnz
Vimax ~ Vimin Vimax ~ Vimin
_ 1T * _ 4T
- 11:rmzzl:nnz =1z S L.

() vi,.. = Vi, Itis clear that 2’ > 0 and 17z < 1 by definition. Note that by definition
vl =v; 1Tz%,.. v, =v, implies that for i = 1,2,--- ,nnz,v; = v; __, and thus
Vi 1725 e = V300225 ns- Note that only the first nnz elements in z* are nonzeros, we have
VI e Zhme = V2 z*. That is to say,

vz =vTz* <w
Hence, we have shown that vz’ < w,17z’ < 1,2’ > 0 always hold, i.e., Z' is a feasible
solution to the linear optimization problem.
(ii) Now we show that z’ is one optimal solution, i.e., u’z’ = u’'z*.

The Lagrangian function of the linear optimization problem is

K
L(z,p) =u"z2+m (V2 —w) +po(172) + Y piya(—2)

i=1

Since z* is one optimal solution and clearly LCQ (linearity constraint qualification) is
satisfied, KKT conditions must hold. That is, there exists p such that

oL(z*, .
% =u; + p1V; + p2 — pip2 =0,Vi

i (viz" —w) = 0,u2(172%) = 0, i1 22 = 0,Vi
p=>0

vizt <w,17z*<1,2>0
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For ease of exposition, denote fi = [u3, 4, -, +2]”. The first condition implies u; =
—p1V; — fo + fito, Vi, which is equivalent to u = —p v — po1 + fi. Thus, we have

Tz = —pvTz — po1%7 + jT7

uTZ _ _;u'lsz* _[lQITZ* +ﬂTZ*
The condition p;12z; = 0 implies that at least one of the terms must be 0. Since it holds

. . .. . N K .
for every ¢, the summation over ¢ is also 0, i.e., alzr = > im1 Mit2zi = 0. Noting that the
first nnz elements in z* are nonzeros, we must have p; o = 0,7 < nnz, and in particular,

_ _ nTr_ K r_ ’ ’ _
Pinax+2 = Binso+2 = 0. Hence, 72" =3 700 | i = pi 22; |+ Pins+22;,,, = 0. Thus,
we have
uTz’ _ —M1VTZ/ _IL21TZ/
uTz* _ —,LL1VTZ* _u21TZ*

T

In part (i), it is shown that vI'z* = vI'z’ and 17z* = 172’. Hence, we must have

l.lTZ* _ uTZ/
In other words, z’ has the same objective function value as z*. Since z* is one optimal
solution, z’ must also be one optimal solution (since it is also feasible as shown in part (i)).
By definition, ||z’||o < 2, which finishes the proof. O

Lemma 5. Let F(w) be the optimal value of the linear optimization problem

max llTZ

zERK
st.vlz< w,z>0,Cz<d

where u,C,v >0, d > 0. Then F(w) is Lipschitz continuous.

Proof. Note that since d > 0, there exists some w*, such that its corresponding optimal z*
satisfies Cz* < d. Thus, z* must also be the optimal solution to

max l.lTZ

2ER (C1)

st.viz<w*,z>0

If vi'z* < w*, then z = %-z* is also a feasible solution, but u’z = %-u’z* > u’z*, a

. . . / . .
contradiction. Thus, we must have vI'z* = w*. Now we claim that z’ = w-z" is one optimal
solution to

max u’z
zeRK (C.2)
st.viz<w',z>0

Suppose not. Then there exists another optimal solution z”. Since z’ is not optimal, we

’ * . o .
must have u”z” > u”z’ = 2 u”z*. Now let 2/ = “;z". Then by definition, we must have

z'" is a solution to problem since z”” > 0and vz = v 7" < LoyTz/ < Yoy = w*

* * * * ’ . .
However, u”z” =u"%:72" = “ulz" > Yul'z = 22 2 yTz* = ul'z*. Thatis to say, 2" is
a feasible solution to problembut also have a objective value that is strictly higher than

that of the optimal solution. A contradiction.
Thus we must have that z’ is one optimal solution to problem
Now we consider 0 < v’ < w* and w’ > w* separately.

case (i): Suppose 0 < w’ < w*. Note that vI'z* < w* since z* is a feasible solution to problem

and by assumption Cz* < d. Hence, we must have Cz’' = ¥-Cz’ < d. That is to say,

w*
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adding a constraint Cz < d to problem[C.2] does not change the optimal solution. Thus, z’ is
also an optimal solution to

max u’z
z€ERK
st.viz<w*z>0,Cz<d

Hence, we have F(w') = u”z' = u” % z* = “_F(w*). Thatis to say, if w’ < w, then F(w') is

w*

a linear function of w’ and thus must be Lipschitz continuous.

case (ii): Suppose w’ > w*. Note that we have just shown that z’ is one optimal solution to
problem Adding a constraint to problem problem [C.2]only leads to smaller objective
value. That is to say, u”z’ > F(w'), which is the optimal value to

max uTZ
zERK

st.viz<w*z>0,Cz<d

’ ’

On the other hand, by definition, we have u’z’ = u? 2. z* = % F(w*), and thus we have

w* w*

w/

Y Pw") 2 F(u') (C3)

w*

Now let us consider w! > w! > w*. Let z!,z? be their corresponding solutions. Since
1 1 1
w? > w', we have F(w?) > F(w'). Let 23 = %322, Then v7'z? = vI' %22 < “;? = w' and
1 1 . . .
Cz® = C¥%;z* < %;d < d. That is to say, z* is also a solution to

max l.lTZ

zERK
st.viz < wl,z >0,Cz<d

Thus, the objective value must be smaller than the optimal one, i.e., u’z? < F(w!). Noting
that u’'z® = uT%z2 = %F(uﬂ), we have %F(uﬂ) < F(w'). which is F(w?) — F(w!) <
w21 [(w'). Note that we have proved ;‘}’/ F(w*) > F(w') in ie., %13/) < %, for any
w’ > w*. Thus, we have F(w!)/w! < % That implies F'(w?) — F(w') < ®27L F(w') <
(w? —w") £ We also have F(w') < F(w?). Thatis to say, for any w? > w! > w*, we have

—(w? — wl)%“i*) <0< Fw?) - F(w') < (w? - wl)%“i*) and thus we have just proved

that f(w’) is Lipschitz continuous for w’ > w*.

Now let us consider all w. We have shown that F'(w) is Lipschitz continuous when w < w*
and when w > w*. Let 7; and ~» denote the Lipschitz constant for both case. Now we can
prove that F'(w) is Lipschitz continuous with constant v; + 2 for any w > 0.

Let us consider any two wy,ws. If they are both smaller than w* or larger than w*, then
clearly we must have | F(wy) — F(w2)| < (71 + 7y2)|w1 — w2|. We only need to consider when
wy < w* and we > w*. As F(w) is Lipschitz continuous on each side, we have

[F(w1) = F(wz)| = [F(w1) = F(w") + F(w") = F(ws)]
< |F(w) = F(w?)| + |F(w”) = F(w2)]
< mlwy — w4+ y2|wz — w|
< mlwr — we| + 7wy —wi| = (71 +72)[wr —wa|
where the first inequality is by triangle inequality, the second ineugqaltiy is by the Lipschitz
continuity of F'(w) on each side, and the last inequality is due to the assumption that

wy < w* and wy > w*. Thus, we can conclude that F'(w) must be Lipschitz continuous on
for any w > 0.

O
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Lemma 6. Suppose function f(x) is a Lipschitz continuous with constant A' on the interval [a, b].

Letx; = r(b—a),i=0,1,--- , M. Assume foralli, | f(x;) — f(x;)| < A2 Let f*1(x) be the linear

interpolation using f(z;), ie., f& (z) £ Lﬂti’l)(x —2;) + flay), @i <z < a;,Vie [M]

X;—Tj—

£ 2A1 b—a
Then we have | f(z) — f11(z)] < 3A2% + #

Proof. For simplicity, let = 2. Suppose z;_1 < z < z;. By construction of fH (z), we
must have

|FE (@) — fE0 ()] <IFH (@) — fA (i n)| = | f (1) = f(ioa)]
=|f (@) = fz) + flai) — flxioy) + F(@ima) — flzio)]
<[ f@i) = )l + | f (@) = Fl@)| + [ f@ioa) = f@io)]
SAz +A1|ZL'Z — 1’2’71‘ + A2 = 2A2 +A1/1,

where the last inequality is due to the Lipschitz continuity and assumption | f(z;) — f ()] <
AZ. Since function f(z) is Lipschitz continuous with constant A!, we have

1f(z) = f(x:)| < Az — 2| < Az — a1 | = Alp

By assumption, we have |f(z;) — f(z;)] < A%

Combining the above, we have

[f(2) = FH ()| = | f(2) — fl@i) + fl@) — f2 (@) + FH () — f21 ()]
< (@) = flaa)] + () = FE @) + | F9 () — f ()]
F@) = flaa) + (@) = Fza)| + 1 F5 (i) — FH ()]
2A1(b—a)
M

where the first inequality is due to triangle inequality, and the second inequality is simply
applying what we have just shown. Note that this holds regardless of the value of <. Thus,
this holds for any =, which completes the proof. O

Lemma 7. Let f, f', g, g’ be functions defined on §Q,, such that max,cq, |(fz) — f'(z)| < Ay and
maxzeq, [9(z) — ¢'(2)| < Aq. If

<A+ AT 2A% L Al =3A% 4 2A = 3A% +

2" = argmaxf(2)
s.t.g(z) <0

and

r_ 1
z' = argmaxf'(z)

s.it.g'(z) < A,
then we must have

[(Z) > f(z") — 24
g(z') < 2A,.

Proof. Note that max,cq, |(fz) — f'(z)| < A; implies f(z) > f'(z) — A for any z € ,. Specif-

ically,

f@) = f1(2) = Ay
Noting max,cq, |9(z) — ¢'(z)| < Ag, we have ¢'(z*) < g(z*) + Ay < Ay, where the last in-
equality is due to g(z*) < 0 by definition. Since, z* is a feasible solution to the second
optimization problem, and the optimal value must be no smaller than the value at z*. That
is to say,

f'(@) = f'(z")

18



Hence we have

f@) =2 f(Z) - A= [z )*A
In addition, max,cq, |(fz) — f/(z)| < Ay implies f'(z) > f(z) — A; for any z € Q,. Thus, we
have f'(z*) > f(z)* — A; and thus

fZ) = f(2") = Ay = f(z7) = 24

By max,cq, |9(z) — ¢'(z)| < Az, wehave g(z') < ¢'(2') + Ay < 2A,, where the last inequality
is by definition of z'. O

C.2 Proof of Lemmalfl

Proof. Given the expected accuracy and cost provided by Lemma 2} the problem3.Tbecomes
a linear programming over Pr[ALl] =i]= pgl], where the constraints are p*! > 0,17p" =1
and another linear constraint on p[!). Note that all items in the optimization are positive,
and thus changing the constraint to pi) = 1 to pl!l < 1 does not change the optimal solution.
Now, given the constraint p!!l > 0,17p!!l < 1 and one more constraint on p!?! for the linear
programing problem over p[!), we can apply Lemma @ and conclude that there exists an
optimal solution where [p!!l*| < 2. O

C.3 Proof of Lemmal[2

Proof. Let us first consider the expected accuracy. By law of total expectation, we have

Zpr (A = E[r® (z)] AN = ]

And we can further expand the cond1t10na1 expectation by

E[r* ()| Al = 4]
=Pt[D, = 0]l =i, JE[*(x)|A
=Pr[D, = 0|4 =i, JE[" (2)|Al) =i, D, = 0] + Pr[D, = 1|AlY =i, |E[r*(2)|AlY =i, D, = 1]
where the last equality is because when D, = 0, i.e., no add-on service is called, the strategy
always uses the base service’s prediction and thus r*(x) = r*(z). For the second term, we

1 =4, D, = 0]+ Pr[D, = 1|4l = 4, |E[r* ()| AL =4, D, = 1]

S

can bring in AP and apply law of total expectation, to obtain

K
]E[?”S(x)‘A[sl]:i,DS:H:ZPI‘[ V= jjAl) =4 D, = 1JE[r*(2)|AM = i, D, =1, AP = j]

K
=" Pr[Al = jlAl =i, D, = 1|E[r’ (2)| 4l =i, D, = 1, AP =
Jj=1

where the last equality is by observing that given the second add-on service is j, the reward
simply becomes 77 (). Combining the above, we have E[r*(z)] = Zfi Pr[ALl] =i|Pr[D; =
0]AY = B[ (2)|Ds = 0, AL = i] + K Pr[Al = ] Pr[D, = 1]AY) = i) Pr[AY = j|D, =

1, Al = i|E[ri(z)|Ds = 1 AS =1)], which is the desired property.

Similarly, we can expand the expected cost by law of total expectation

K
= 3 Pr{all) = {E[y’ (2)| A} = i
i=1
And we can further expand the conditional expectation by

Efn® ()| Al = i]
=Pr[D, = 0]Al) = i, [y’ (2)| Al = i, Dy = 0] + Pr[D, = 1| Al = 4, JE[n* ()| Al = i, D,y = 1]
=Pr[D, = 0|AM =i ]¢; + Pr[D, = 1|AlM = i |E[*(2)|AlY) = i, D, = 1]

S
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where the last equality is because when D, = 0, i.e., no add-on service is called, the strategy
always uses the base service’s prediction and incurs the base service’s cost °(x) = ¢;. For

the second term, we can bring in A and apply law of total expectation, to obtain

Bl ()| Al =i, D, =1] = > Pr[AP) = j|AlN =i, D, = 1]E[* ()| Al =i, D, =1, AP = j}

where the last equality is because given the base service is i and add-on service is j, the
cost is simply the sum of their cost ¢; + ¢;. Combining all the above equations, we have the

expected cost E[i°(x)] = Y1, Pr[Al =] Pr[D, = 0|l = i]e; + K, Pr[Al =] Pr[D, =
1\A[1] ]Pr[Am =j|Ds =1, AN = i] (¢; + ¢;), which is the desired term. Thus, we have

shown a form of expected accuracy and cost which is exactly the same as in Lemmal 2] which
completes the proof.

C.4 Proof of Theorem[3|

Proof. To prove Theorem[3] we need a few new definitions and lemmas, which are stated
below.

Definition 2. Let E[r*(x)] and E[nl*l(z,c)] denote the empirically estimated accuracy and
cost for the strategy s. More precisely, let the empirically estimated accuracy be E[r*(x)] £
SK pr[al = i)Pr[D, = 0/Al = iR [ ()|Ds = 0, AV =i+ 2K prjal) = iPr[D, =
O\Am ]Pr[AL2 _y|D =1,4M = z] [r(x)|Ds =1, Al = i)], and the empirically estimated
cost be B[ (z)] = K, Pr[A[sl] =iPr[D, = 0|A = iJe; + Y1, Pr[Al) = |Pr[D, = 0]l =

i Pr[A? = D, = 1, A" = i) (c; + ;).

Definition 3. Let s’ = (p!Yl',Q’, P2)") be the optimal solution to

rsrleagcfE[rs(x)]s.t.E[n[s] (z,0)] <b

Note that s* is the optimal strategy, and s’ is the optimal strategy when the data distribution
is unknown and estimated from N samples, and § is the strategy we actually generate with
finite computational complexity by Algorithm

The following lemma shows the computational complexity of Algorithm

Lemma 8. The complexity of Algorithm[l|is O (NMK? + K3M?®L + MY K?).

Proof. Estimating A requires a pass of all the training data, which gives a O(N K) cost. For
each k1, k2, oy, we need a pass over training data for the k;th and ksth services to estimate
Yk, .ko.0(car). There are in total K services, and thus this takes O(N M K?) computational
cost.

Algorithmhas a complexity of O(K?). Solving Problem invokes Algorithm for each
¢ € Land m € [M], and thus takes O(K2ML). Computing ¢; takes (}), which is O(M*~1).
That is to say, solving the subproblem once requires O(K2M L + M*~1) computational
cost. Solving the master problem [3.2| requires invoking the subproblem M K times, where
K times stands for each service, and M stands for the linear interpolation. Thus, the total

computational cost for optimization process takes O(K3M3 LM’ K?). Combining this with
the estimation cost O(N M K?) completes the proof. O

Next we evaluate how far the estimated accuracy and cost can be from the true expected
accuracy and cost for each strategy, which is stated in Lemma 9}
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Lemma 9. With probability 1 — €, we have for all s € S,

B ()] ~ E[r* ()] < O <\/ loge tlog M+ log K + log L | 7)

N M

(C.4)
2] [l s log € + log K + log L
\EH”“WH—E[n[‘]u,c)}\s0<\/og€ S )

and also
s’ s loge+log M +log K +log L
B (@) - Ef (x)]\go<\/ e TIog M log K T 1og +J\Z/>
(C.5)

o x loge +log K + log L
Bl (@, 0)] - Eln* (@, 0))| < 0 <\/ ~ )

Proof. For each element in A, we simply use a sample mean estimator. Thus, by Chernoff

bound, we have |AM — A > 0@/ 101\%6) w.p. at most e. For each vy, 1, ¢(an,), we again

use a sample mean estimator for the true conditional expected accuracy. We again apply
the Chernoff bound, and obtain that for each of k1, k2, ¢, aum, |k, ks, e(Cm) — Vky kg 0(Ctm)| >

O( loj\g,e) w.p. at most e. Now applying the union bound, we have w.p. 1 —, |AM —A; /<

O/ “EHEIHEL y andt [, () — i, o) < Oy PRSI TSL for )

E,i,khkg,m.

Recall that the function (;Aﬁkl,kz’g(-) is estimated by linear interpolation over ay, ag, - -, ap.
By assumption, ¢y, k,.¢(-) is Lipschitz continuous, and « € [0, 1]. Now applying Lemmal|6]

we have that the estimated function ¢A>k1, ks,,¢(+) cannot be too far away from its true value,
ie.,

N loge+logM +log K +1logL v
| Pk ko () = Dy ks ()] SO(\/ +7)
N M
Recall the definition t{ ¢/, 1) 4,(P) £ Uk kot (Phy0)s B (P) = Ve (pre), and il-l(p) £
t(p) — 1*(p) ® 1%.. Then we know that for each element in those matrix function, its esti-
log e+log M +log K+log L
N

mated value can be at most O( \/ + 47 ) away from its true value. Since

the true accuracy is the (weighted) average over those functions, its estimated difference

is also O(\/ logetlog MitlogKtloal | 4) The expected cost can be viewed as a (weighted)

average over elements in the matrix A; ¢, and thus the estimation difference is at most

O(y/ eactlog Ktloa L) wwhich completes the proof.

O

Then we need to bound how much error is incurred due to our computational approximation.
In other words, the difference between s’ and 3, which is given in Lemma

Lemma 10.

E[r®(z)] - E[r* (fv)]‘ <0 (%) (C.6)

E[ (@, 0)] - El"*(z,0)] < 0

Proof. This lemma requires a few steps. The first step is to show that the subroutine to solve
subproblem gives a good approximation. Then we can show that subroutine for solving the
master problem gives a good approximation. Finally combing those two, we can prove this
lemma.

Let us start by showing that the subroutine to solve subproblem gives a good approximation.
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Lemma 11. For any V/, The subroutine for solving problem |3.3| produces a strategy s(i,b') £
(e, Qu(V), PR (b)) with the empirical accuracy §;(V') s.t. the empirical accuracy is within
O(%)ﬁom the optimal, i.e., |§;(b') — g;(b')| < O(5y), and the cost constraint is satisfied, i.e.,
IAE[’)/S(i’b/)(I)] < Y.

Proof. This requires two lemmas.

Lemma 12. For any input, Algorithm |2| gives the exact optimal solution and optimal value to
problem

Proof. To prove this lemma, we simply note that the problem B.1|also has a sparse structure,
which is stated below.

Lemma 13. For any constant n, function ¢(-) : R — RE, and Qs = {p,M0<p<1,IIT1=1,113
0}. Suppose the following optimization problem

e .
Jmax -+ p d(p)

st.pMI-Moer) c<p,
is feasible. Then there exists one optimal solution (p*,II*), such that II* is sparse and |[II*||, < 2.
More specifically, one of the following must hold:
o II =1 for some i, and II}, = O, for all k' # i
o IIF = %for some i, I} =1 — %and I}, =0, forall k' & {i, k}

o I} = M,H; = %,for some distinct i, j, and I}, = 0, for all k' # i, j
J

C;i—Cj C;
Proof. Let (p*,II') be one solution. Our goal is to show that there exists a solution (p*,II*)
which satistfies the above conditions.

(i) p* = 0: the optimal value does not depend on II’, and thus any (p*,II) is a solution. In
particular, (p*,II*) is a solution where II* satisfies the first condition in the statement.

(if) p* # 0: According to Lemma@ the following linear optimization problem

K
max II,;7; -
ITeRK =
- (C.7)
K p K
sty ol < =N I, <1,II; > 0
; L < = ; i i

has a solution IT* such that |[II*||y < 2.

We first show that (p*,II*) is one optimal solution to the confidence score approach. By
definition, it is clear that (p*,IT*) is a feasible solution. All that is needed is to show the
solution is optimal. Suppose not. We must have

K
an,p - fo,p] >To+p”"

i=1

7o +p*

K
. _
E :Hi Ti,p —T0,p

i=1

K K

/- * =
§ L7, > § 7y
i=1 i=1

But noting that IT" by definition is also a feasible solution to the problem [C.7} this inequality
implies that the objective function achieved by II' is strictly larger than that achieved by one
optimal solution to[C.7] A contradiction. Hence, (p*,IT*) is one optimal solution.

Next we show that IT* must follow the presented form. Since ||II*||; < 2, we can consider
the cases separately.
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(i) [[IT*[|o = 1: Assume II} # 0. Then problem [C.7]becomes

max IL;7; -
II;, eR+

B
s.t. CiHi < T’Hi < 1
p

Since the objective function is monotonely increasing w.r.t. II;, we must have II] =
min{ﬁ7 1}
(ii) ITT*[|o = 2: Assume II} # 0,II; # 0. Then problem [C.7|becomes

max Hifi w« +IL;75
I, cR+ I eR+ P J'73.p

s.t. ¢IL + 11, < I+, < 1

As a linear programming, if it has a solution, then there must exist one solution on the
corner point. Since IIF # 0,II7 # 0, the two constraints must be satisfied to achieve a
corner point. The two constraints form a system of linear equations, and solving it gives

I = B/e—s AT = fg/ P, which completes the proof. O

i —Cj

Now we are ready to prove Lemma[12] Recall that in Algorithm 2} we compute (i1,i1) =
argmax,,eo,1],i€[K (bz( ) and (M23i25j2) = arg maX#G[Cﬁ,,min{cﬁ,,l}],i,je[K],ci>cj (ﬁiq,j (:U’) If
i J

Giy (1) > Giy g, (12), let p=pq and II = []1“1<g + g]lng} e;,. Otherwise, let p = o
C,Ll

and IT = 2 peSize, 4 S fc{ “2e;,. Recall that ¢;(11) 2 Te(Lic ) + min{ 2, ;}#* () and

J i k:f
i (1 )—rkz(IKxL)vLﬁCf: t (M)JFIZ;CB R ).

Let us consider the two cases separately.

(1) ¢i1 (,ul) > ¢i27j2 (:uQ)/ and thus p=H1 and IT = |:]]'u1<c7i + :i]]'p«l>cfl:| €y -

According to Lemma there exists a solution *,IT* to the above problem, such that

o IT; = 1 for some i, and IT;, = 0, for all k # i
ﬁ* % for some i, and 1:[2 =0, forall k #1

o IT" = B/e=% 1% — M, for some distinct 4, j, and IZIZ =0, forallk #1i,j
J

T e—e; ] c;—¢C

If the first or second condition happens, the objective then becomes ¢;(p*). If the third
condition happens, then the objective becomes ¢; ; (5*). Since ¢;, (1) > @4,.5, (112), we must
have ¢;(p*) > ¢ ;,(p*) and thus it must be either first or second condition. By construction

of 1, we must have p; = p*. If p* = 1 < f ,i.e., C_Bﬁ* > 1, and thus second case cannot
1 1

happen, and it has to be the first case and thus I}, = 1. By definition, we also have I = e;,.

And thus, we have IT* =11. If pr=p > ﬁ ,le., i*B < 1, then the second case must happen.

Thus, we must have 1'[11 = pc. Meanwhlle, by definition, we have Il = aeil =1II".

(ii): ¢, (1) > iy.jy (12), and thus p = iy and T = 2/#2=S2 g, | S2=Plize. o can use a

Cjg —Cia Cig —Cig

similar argument to show that IT = IT*.

That is to say, no matter which case we are in, the optimal solution is always returned. O

Lemma 14. The function hy, ,(f) is Lipschitz continuous with constant O(~) for 5 > 0.
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Proof. Let us use ¢y, () to denote iLM() for notation simplification. Consider § and 5 + A,
and our goal is to bound ¢ (B + A) — ¢r.¢(3). Let pPT2 IIP+2 be the corresponding
solution to 8 + A, i.e., the solution to

1 o7 . it
p%g& Te (1 xr) +p (p)

st.pM-Moer) c<B+A

Let p' = MLA pPTA Itis clear that p/, II?*2 is one solution to

IcZ(

max Ty ¢(1gxr) + pII7” - )

p,IIEQ,
st.pM-Toe,Tc<p.
Thus, T ¢(1xx 1) + pTIEFAT 754 ') must be smaller or equal to ¢y, ¢(3), which is the
optimal solution. Thus we must have
Dre(B+A) = b e(B) < br(B+A) = o(Lixp) — pTPTDTFE ()
Note that by definition,
rt(B+A) =T o(1xxr) + pPTAIIBHAT FhL(pF+A)
The above inequality becomes
Bt (B+A) = i o(B) < pPHATIIFAIT . FRE(pFH8) — pIBTATF04 ()

= PIHATIHAT gkl (pF+A) _ SIIBHAIT gkl p+A)

+ p/H(B-‘rA)T . i‘k7e(p’8+A) B p/H(ﬂ-i-A)T . i.k,e(p/)

(p

B+ ATL(B+A)T pray_ B sragrarr g

(RN

+ p/H(B+A)T 'i‘k,é(pBJrA) _ p/n(5+A)T ) fk,f(p/)
A
RN
+ p/n(5+A)T .~k7€(p,8+A) _ /H(/B+A)T ) ~k,e(pl)

BJrA)

=p " (p (p

BHAQIAHAIT gkt (it

(p

where the first equality is by adding and subtractmg pTIB+AT 3k:L(pF+A) and the second

equality is simply plugging in the value of p’. According to Lemma [13 u 3| TIA+2 must be
sparse.

(1) If H£+A = 1, then only the base service (kth service) is used when budget is 5 + A When
the budget becomes smaller, i.e., becomes f, it is always possible to always use the base
service. Hence, we must have ¢y, ¢(8 + A) — ¢p.(8) =0

(ii) Otherwise, since [|[II°T2|| < 2, there are at most two elements in II**# that are not zeros.
Let k1, k2 # k denote the indexes. Then the constraint gives

A A
PRI B ey, + AT ey, < B+ A
A Ay - A A
That is to say,

PP T < (54 A)/(minc)

Thus we have
A

A
BHATI(B+A)T | gk, BH+AY — B+A H(ﬁ+A)T ~H B+A H(ﬂ+A) iRl BTA
A
B+A (p(B+A)T (B+A)T
S N RS
A
< inc,
< G A B+ 4)/(mine;)
B A
o min;y ¢;
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In addition, note that by assumption, ¥*+(p) is Lipschitz continuous with constant . Hence,
we must have

A
~k.l ~k.l ~k.0
rk’ (p/) >r§, (pﬁ+A) ’Y|(Pl pB+A|) r?, ( ﬁ+A) ~y

! EEN
And thus
PIIBTAT (gl (pftay _ yIIB+AT gt ()
<p/H(B+A)T_i.k,Z(pB+A) _p/H(ﬁJrA)T ke(pﬁ+A)+pln(ﬁ+A)T Ty——— A p
- B+A
A
! H(ﬁ-‘rA)T H(5+A)T
PG+ WETAP
_p+a B pear | gerary . A gia
Now plugging in

PUTAM R AT < (B+ A)/(minc;)

We can further have

p/H(B+A)T i,k,@(pﬁ+A) _ pln(ﬁ+A)T . i.k,l(pl)
< pra_P H(ﬂ+A)T qB+aT
<p ﬂ+A( +10,, )75+Ap
8 A
< A
<
AV/(IJI;;QCJ)
Combining it with
A p5+AH(ﬂ+A)T.fk,Z(pB+A < A
B+ A min;«, ¢;
we have
Pre(B+A) = dre(8) < PRATIPHAIT . §h(pP 14

<F+a’
+ p/H(5+A)T . i.k,f(p,BJrA) N p/n(,@JrA)T . i.k,f(p/)
< A/(minc;) + A~v/(minc;

> /(j;ék j) 'Y/(ﬁgC j)

Al 47)

B min;g C;

Thus, no matter which case, we always have

1+~

min;-£ C;

Pre(B+A) = dre(B) <

In addition, since ¢y, ¢(3) must be monotone, we have

Pr(B+A) = re(f) >0> 1Y A

min; -« C;

That is to say, ¢x.¢(5) is Lipschitz continuous with constant mirllt]k -, which finishes the
J J
proof. O

Now we are ready to prove Lemma By definition, there must exist a A’, such that

gi(b) = Sy Aichi o N0 — ;). Let Ay = {A € RE[A > 0,17A = 1,A,M € [M] U {0}}.
Then there must exists a A € A, such that [X, — A,| < 2. By Lemma we have |/ ¢ (A —
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) — hu g(j\g(b/ —¢;))| < O(45). Note that A is empirical probability matrix, by construc-
tion, Ze iv =1land each A; ¢ is non-negative. Thus we must have |Ze 1A ghk /(Ag(b -

¢i)) = gi (V)] = |20y Aichi eV — ) = 241, Aiehi (N (V' — €)) < O(F). On the
other hand, by construction, g;(b') produced by the subroutine to solve problem n 3.3|is

Sy Ai,zﬁk,e(ﬁt;) = maxs, 1y oty Sory A ohie(Br,) = maxe, o rn gy Avchi e( (b —

;) > S0 Aol e(Ae(Y — ¢;)). Combing this with 57| Ay sl e(Ae(V — ¢;)) — gh(b') >
—O(4}), we immediately obtain g;(b") — g;(b") > —O({}). Since by definition g;(b") must be
the optimal solution and thus we have §;(b") — ¢;(b') < 0. Thus, we have |§;(b") — ¢;(b')| <
O(+%)- By Lemma|12} the produced solution to problem is exactly the optimal solution.

That is to say, for the generated solution p** (Biz), M(ﬁtz ), at most 3;: budget might be

used. Since the total budget is ZeL:1 Bi; = b — ¢;, at most ¥’ — ¢; budget might be used.
Calling the base service requires ¢; cost, and thus the total cost is at most b’. As a result, we
must have E[y*(-?)(#)] < ¥/, which completes the proof. O

Lemma 15. [§F1(0) — g/(b')| < O(%%) for all b and .

Proof. Let us consider three cases separately.

Case 1: b < < By definition, g}(b') = 0. By construction, g-/(v') = 0, and thus [§F (V') —
g9:(0")| < O(37)-

Case 2: 0,01 >0 >0, > ;.
We first note that g} (b’) by definition, is

max  E[r®(z)[AM =]
s=(e1),Q,PeS

st Eln®(z)] <V

Abusing the notation a little bit, let us use E to denote [ for simplicity (as well as Pr for Pr).
We can expand the objective function by

[ *(2)| AL =]

*ZPryl ) = B[ ()| AL = i, yi() = 1

—ZPr = 04 = ,i(a) = )Prlys(e) = (B )| AL = i, 31(2) = £,D, = O]
L
S Pr(D, = 1AW = i,;(x) = Prlyi(x) = B[ (2) | AL = i, yi(x) = £, D, = 1
=1
L
= ZPr[DS =0|AN =i, y;(2) = () Prly;(z) = OE[r*(2)| AN = i, y;(x) = ¢, Dy = 0]+
=1
L
ZPr[Dé = 1AM =i y;(z) = () Prlyi(x) = €] Pr[AZ) = j|Al =i y,(x) = ¢, D, = 1]
=1
E[r®(z)| AN = i,y;(x) = £,D, =1, AP = 4]
L
= Pr[D, = 0|A) = i,y;(z) = () Prlyi(z) = OE[ ()| A =i, y;(2) = £, D, = 0]+
=1
L
ZPr[DS =1|1AN =i y;(2) = ) Prly;(z) = OP; ¢ ;-
=1

E[r(x)| AL =i, yi(2) = ¢, D =1, AP = j]



where all qualities are simply by applying the conditional expectation formula. That is to
say, conditional on the quality score Q, the objective function is a linear function over P
where all coefficients are positive. Similarly, we can expand the budget constraint by

E[y’*(2)| AL = 4]

L
= " Prlyi(x) = QB[ ()| ALY = i,y () = 4]
=1
:ZPr[DS = 0]AMN = i, y;(x) =  Prly;(2) = QE[n°(2)| AN = i, y;(x) = £, D, = 0]+
=1

L
> Pr[Dy = 1Al =i yi(x) = A Prly;(x) = (E[p* ()| A = i, yi(2) = £, D, = 1]
{=1

L
=Y Pr[D, = 0]Al = i,y;(x) = (] Prly;(z) = QB[ ()| A = i,yi(2) = £, D, = 0]+
{=1

=1 j=1
E[ns(x)lAg] = Z’yl(x) ={,D; = 1’A[52] = .7]

Pr[D, = 0|AM = i y;(2) = () Prlyi(z) = f)ci+

M-

o~
Il
—_

K
> PrD. =114l = i,yi(x) = (] Prfys(x) = Pi 5

1j=1

M=

~
Il

which is also linear in P conditional on Q. Let (e;, Q*(b'),P*(b')) be the optimal solution
that leads to ¢}(b’). Now let us consider

max E[rs(z)| AL = ]
s=(e1,Q"(V'),P)ES

st B[n®(x)] < b”

which is a linear programming over P which satisfies all conditions in Lemma 5| Let us
denote its optimal value by g;* (b”). When " = ¥/, its optimal value must be g/(¥'), ie.,
gi('t') = g;¥ (). By Lemma [5| we have g (-) is Lipschitz continuous. In other words,
we have [g;” (b') — g;” (b*)| < O(by — by) for any by, by, b’. On the other hand, note that
the optimal solution corresponding to g;” (b”) is also a feasible solution to the original
optimization without fixing Q = Q*(¥'). Hence, for any b”, we must have g/(¥') > g;*" (v').
Thus, for any b; < by, we have

gi(0%) — gi(bY) = g (6%) — g¥ (b)) + gF" (b?) — g (b) + g7 (B") — gl(b")

= g2 (0?) — g (0") + g7 (b") — g/(b")
< O(by — by)

In addition,by definition ¢/(b%) — g/(b*) > 0. Hence, we have just shown that |g(b?) —
gi(bt)| < O(by — by), which implies ¢'(b') is a Lipschitz continuous function. Lemma
implies that [gg,, — ¢'(fm)| < O(F5) for every m. Now by Lemma@ we obtain that
1
SLIN — o/ ()Y < O L
640~ g ()] < 0(L) + 0(3)

Case 3: 6,,, > b’ > ¢; > 0,,,—1. Exactly the same argument from case 2 can be applied, while
noting that we use c; as the interpolation point.
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Thus, we have just proved that on three separate intervals, we have |§5! (b') — ¢/ (V)] <
O(4) + O(5). Therefore, for any V',i, we must have |g%/ (b)) — ¢'(t')| < O(%) + O(57),
which completes the proof. U
Now we are ready to prove Lemma

Note that by definition, s’ 2 (p[!l’, Q’, P2I') is the optlmal solution to the empirical accuracy

and cost joint optimization problem. By Lemma I p!")" should also be 2-sparse. Let 7 and i
be the corresponding indexes of the nonzero components, p}, p5 are the probablhty of using
them as the base service, and b/, b, be the budget allocated to them in strategy s’. Then this
must be the optimal solution to the master problem

max o p19;, (b1/p1) + p2gi, (ba/p2) 5.t.b1 +ba < b (C.8)

(41,i2,p1,p2,b1,b2)€

On the other hand, due to the linear interpolation, the subroutine to solve master problem
in Algorithm [I]is effectively solving

~ max P19l (b1 /p1) + paghl (ba/p2) s.t.b1 + by < b (C.9)
(41,42,p1,p2,b1,b2)€C

and returns its optimal solution %1, §2,f)1,p27 61, bo. By Lemma we have |g/(b') — giU(b’)| <

O(2%) for all ¥’ and 4, and thus for any i1, iz, b1, ba, p1,p2 € C, we must have [p1g] (b1 /p1) +

p2g;,(b2/p2) — (plg“ (b1/p1) +p2912 L(by/p2))| < O("’L) since p; + p2 = 1. Note that the
constraints of the above two optimization are the same. Now we can apply Lemma(7] and

obtain
~vL

prg. (b1/D1) + Pagl (ba/P2) > pigiy (b1/ph) + b, (bs/ph) — O(7) (C.10)

By definition, we have E[r* (z)] = p} gz’.,1 (b1/P}) + P gg,z (bh/ph), and thus the above simply

becomes
~L

)
Next note that the final strategy is produced by calling subproblem 3.3|solver for ' = l;j /D;
and ¢ = %j, where j = 1,2, and then aligning those two solutions. Thus, the empirical
accuracy is simply E[r®(x)] = p1d;, (b1/p1) + pag;, (b2/P2). By Lemma|l1} we have

~L

prgs, (b /pr) + bagl, (ba/p2) > E[r* ()] — O (C.11)

)

|151§]gl(i)1/131) - D9, (b/p1)| < O(

and
NP Ly vL
|P23;, (b2/P2) — P29;, (b1 /p2)| < O(—~ i

Adding those two terms we have

)

51, O /92) — 516, b /1) + o, (b o) — o, (b /2) > ~O(1)
That is to say,
Bl ()] — g, (s /1) — pag, (b 52) > ~O(17)
Adding the inequality we have
Elr (2)) ~ Bl (2)] > ~0(1)
which completes the proof. O

Now let us prove Theorem[16} a slightly weaker version of Theorem 3|
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Theorem 16. Suppose E[r;(x)| D, = 0, Al = i] is Lipschitz continuous with constant v w.r.t. each
element in Q. Given N i.id. samples {y(z;), {(yx(z:), . (x:)) }H |}V, the computational cost of
Algorithm|l|is O (NMK? + K3M®3L + M*K?). With probability 1 — ¢, the produced strategy

3 satisﬁes E[Té(z)] _ ]E[TS* (z)] > -0 (\/logeﬁ-logklj\-’logK-ﬁ-logL + ﬁ)r and ]E[fy[ﬁ] (z,0)] < b+
log e4log M +log K+4log L
0] <\/ og og N0g og >

Proof. There are three main parts: (i) the computational complexity, (ii) the accuracy drop,
and (iii) the excessive cost. Let us handle them sequentially.

(i) Computational Complexity: Lemma |8 directly gives the computational complexity
bound.

(ii) Accuracy Loss: By Lemma(9} with probability 1 — ¢, we have

R loge+logM +log K +logL =~
ELgs (2)=y(a)] = E[Lgs (2)=y ()] = —O (\/ N tor
. log e 4 log M + log K +log L
ElLyer )=y(a] — Bllg (@)=y ()] 2 —O (\/ N
and also
loge +log M +log K +log L g
By Lemma [10] we have

B[y 0)=y(e)] — BlLger )=y ()] = —O (_;\74)
Combining those four inequalities, we have
Eflgs (0)=y@)] ~ Ellge* @)=y (a)
“B[Lg1 0)=y()) ~ Bl 0)=y@)] + BlLg2(0)=p()] = Bl (0)=y )

+E[1gsl(z):y(z)] - E[]lgsl(m):y(x)] + E[]lg”(a:):y(x)] —-E ]1335* (m):y(z)]

Z_O(\/bge+10gM+10gK+10gL> _O<7L>

N M

_0 (\/loge+logM+logK+logL) _0 <\/loge+logM+logK—HogL)
N N

>_0 (\/loge—i-logM]—i\—[logK—i—logL +7j\§)

(i) Excessive Cost: Similar to (ii), by Lemma 9} with probability 1 — ¢, we have

Elrl(@,0)] - B[ (z,¢)] < O <\/ oge+los Kt logL)
B[ (z,0)] - B[ (z,0)] < O <\/10g6+ sl logL)

and also
Elr*)(z,¢)] - B[r*(z,¢)] <O <\/ oge+log Kt 1OgL)



By Lemma|[T0] we have
E[r(z,¢)] - E[rl(z,0)] <0
Combining those four inequalities, we have
E[rl¥ (z,¢)] - E[rl*' (2, ¢)]
=E[r¥)(z,¢)] - E[rl¥)(z, )] + E[r¥)(z, ¢)] - E[r[*)(z, )]
+E[r1) (2, 0)] = B[ ) (@, )] + E[r (@, 0)] - B[l ) (2, ¢)]

O(\/loge—i—log[(—i—logL) 40
N
) <\/loge+loifK+logL) 40 <\/loge+loifK+10gL>

<0 (\/loge—i-loifK—i-logL)

which completes the proof. O
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Lemma 17. Let s2° £ argmax,cgE[r*(z)] s.t. E[yl¥l(2)] < b— Ab. If b— Ab > 0, then
E[rs"" (2)] — E[r*" (z)] = —O(Ab).

Proof. We simply need to show that IE[TSM (x)] is Lipschitz continuous in Ab. To see this, let
us expand 52 = (p2, Q4% PA%) and consider the following optimization problem

max E[r® t. B[yl <a.
(0 %b,P)ES [r*(z)] s.t. B[y (z)] < a (C12)
By law of total expectation, we have

Elr' (@) = 3 PrlAl = & (z)|al) =

And we can further expand the conditional expectation by

E[r*(z)| AT =]

L
=3 Prfyi(x) = QE[* (2)| AL = i, yi(z) = 1]
/=1
L
=S " Pr[D, = 0|AV = i, yi(x) = €] Prfy;(x) = (E[r* ()| AV =i, y;(2) = €, Dy = )+
/=1

L
ZPT[DS = 1AM =i y;(z) = O Pr[yi(z) = OE[r* ()| AL = i, y;(x) = ¢, D, = 1]
=1

Note that
E[rs(m)|A[sl] =i,yi(z)=¢,Ds =0] = E[ri(x)|AL” =1i,y;(xz) =¢,Ds =0]

= Pr[Al = j|Al =i yi(2) = ¢, Dy = 1E[* ()| Al = i, yi(2) = ¢, Dy = 1, AP = j
j=1
K

=3 Qi Bl (2)| AV = i, yi(w) = £,D, = 1, AP = j
j=1
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where all qualities are simply by applying the conditional expectation formula. That is to
say, conditional on the quality score Q, the objective function is a linear function over P
where all coefficients are positive. Similarly, we can expand the budget constraint, which
turns out to be also linear in P conditional on Q.

Thus, problem|[C.12]is a linear programming in P. Therefore, its optimal value, denoted by
F(a]Ayp), must also be Lipschitz continuous in a, according to Lemma 5| In other words, we
have |F(az|Ap) — F(a1|Ap)| < O(Jar — azl) for any aq,az, Ab. When a = b — Ab, its optimal
value must be E[rsAb (x)], ie., E[T’SAb (z)] = F(b— Ab|Ap). On the other hand, note that the
optimal solution corresponding to F'(b — A,|0) is also a feasible solution to the original

optimization without fixing p=p°,Q = Q°. Hence, we must have E[r*"" ()] > F(b— Ab|0)
since the former is the optimal solution and the latter is only a feasible solution. Thus, we

have
Ab

E[r ()] - E[r*" ()]

[
E[r*’ (z)] — F(b|0) + F(b|0) — F(b— Ab|0) + F(b— Abj0) — E[r*"" ()]
F(b|0) — F(b— AbJ0) + F(b— Abj0) —E[r*""(2)]
O(b— (b— Ab)) = O(Ab)

o] *

Note that E[r* (z)] = E[r® (z)], we have proved the statement. O

IA

Now we can relax Theorem [16| to Theorem 3| by slightly modifying the subroutines in
Algorithm [I} First, we can compute the excessive part in the cost given in Lemma

denoted by b.. Next, for all the subroutines in Algorithm (1} replace b by b — b, whenever
applicable. Thus, the produced solution with high probability has E[y[*/(z)] < b, since
we already remove the b, term. However, noting that by subtracting this b., we effective
change the optimization problem by allowing a smaller budget, which is a conservative
approach. Now by Lemma this incurs at most O(b.) accuracy drop. By Lemma [9)

be = O(y/(loge +log K +log L)/N), which is subsumed by the accuracy drop in Theorem
which finishes the proof.

O

D Experimental Details
We provide missing experimental details here.

Experimental Setup. All experiments were run on a machine with 20 Intel Xeon E5-2660
2.6 GHz cores, 160 GB RAM, and 200GB disk with Ubuntu 16.04 LTS as the OS. Our code is
implemented in python 3.7.

ML tasks and services. Recall that We focus on three main ML tasks, namely, facial
emotion recognition (FER), sentiment analysis (SA), and speech to text (STT).

FER is a computer vision task, where give a face image, the goal is to give its emotion (such
as happy or sad). For FER, we use 3 different ML cloud services, Google Vision [9], Microsoft
Face (MS Face) [11], and Face++[6]. We also use a pretrained convolutional neural network
(CNN) freely available from github [13]. Both Microsoft Face and Face++ APIs provide a
numeric value in [0,1] as the quality score for their predictions, while Google API gives a
value in five categories, namely, “very unlikely”, “unlikely”, “possible”, “likely”, and “very
likely”. We transform this categorical value into numerical value by linear interpolation, i.e.,
the five values correspond to 0.2, 0.4, 0.6, 0.8, 1, respectively.

SA is a natural language processing (NLP) task, where the goal is to predict if the attitude
of a given text is positive or negative. For SA, the ML services used in the experiments
are Google Natural Language (Google NLP) [7], Amazon Comprehend (AMZN Comp) [2],
and Baidu Natural Language Processing (Baidu NLP) [3]. For English datasets, we use
Vader [33], a rule-based sentiment analysis engine. For Chinese datasets, we use another
rule-based sentiment analysis tool Bixin [4].
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Figure 7: Cost per 10,000 queries of different ML APIs. GitHub refers to the CNN Model
[13] in FER, Vader [16] and Bixin [4] in SA , and DeepSpeech [14] in STT.

STT is a speech recognition task where the goal is to transform an utterance into its corre-
sponding text. for STT, we use three common APIs: Google Speech [8], Microsoft Speech
(MS Speech) [12], and IBM speech [10]. a deepspeech model[14}[19] from github is also used.
Given the returned text from a API, we determine the API’s predicted label as the label with
smallest edit distance to the returned text. For example, if IBM API produces “for” for a
sample in AUDIOMNIST, then its label becomes “four”, since all other numbers have larger
distance from the predicted text “for”.

Datasets. The experiments were conducted on 12 datasets. The first four datasets,
FER+[20], RAFDB[39], EXPWI[59], and AFFECTNET[42] are FER datasets. The images
in FER+ was originally from the FER dataset for the ICML 2013 Workshop on Challenges
in Representation, and the label was recreated by crowdsourcing. We only use the testing
portion of FER+, since the CNN model from github was pretrained on its training set. For
RAFDB and AFFECTNET, we only use the images for basic emotions since commercial APIs
cannot work for compound emotions. For EXPW, we use the true bounding box associated
with the dataset to create aligned faces first, and only pick the images that are faces with
confidence larger than 0.6.

For SA, we use four datasets, YELP [18]], IMDB [41], SHOP [15], and WAIMAI [17]]. YELP
and IMDB are both English text datasets. YELP is from the YELP review challenge. Each
review is associated with a rating from 1,2,3,4,5. We transform rating 1 and 2 into negative,
and rating 4 and 5 into positive. Then we randomly select 10,000 positive and negative
reviews, respectively. IMDB is already polarized and partitioned into training and testing
parts; we use its testing part which has 25,000 images. SHOP and WAIMALI are two Chinese
text datasets. SHOP contains polarized labels for reviews for various purchases (such as
fruits, hotels, computers). WAIMALI is a dataset for polarized delivery reviews. We use all
samples from SHOP and WAIMAL

Finally, we use the other four datasets for STT, namely, DIGIT [5], AUDIOMNIST[21],
COMMAND [52]] and FLUENT [40]. Each utterance in DIGIT and AUDIOMNIST is a
spoken digit (i.e., 0-9). The sampling rate is 8 kHz for DIGIT and 48 kHz for AUDIOMNIST.
Each sample in COMMAND is a spoken command such as “go”, “left”, “right”, “up”, and
“down”, with a sampling rate of 16 kHz. In total, there are 30 commands and a few white
noise utterances. FLUENT is another dataset for speech command. The commands in
FLUENT are typically a phrase (e.g., “turn on the light” or “turn down the music”). There

are in total 248 phrases, mapped to 31 unique labels. The sampling rate is also 16 kHz.

GitHub Model Cost. We evaluate the inference time of all GitHub models on an Amazon
EC2 t2.micro instance, which is $0.0116 per hour. The CNN model needs at most 0.016
seconds per 480 x 480 grey image, Bixin and Vader require at most 0.005 seconds for each
text with less than 300 words, and DeepSpeech takes at most 0.5 seconds for each less than
15 seconds utterance. Hence, their equivalent price is $0.0005, $0.00016, and $0.016 per
10,000 data points. As shown in Figure[/] the services from GitHub are much less expensive
than the commercial ML services.

Case Study Details. For comparison purposes, we also evaluate the performance of a
mixture of experts, a simple majority vote, and a simple cascade approach on FER+ dataset.
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Figure 8: Confusion matrix annotated with overall accuracy and cost on FER+ testing. The
y-axis corresponds to the true label and x-axis represents the predicted label. Each entry in
a confusion matrix is the likelihood that its corresponding label in x-axis is predicted given
the corresponding true label in y-axis. For example, the 0.87 in (i) means that for all surprise
images, FrugalML correctly predicts 87% of them as surprise,

For the mixture of experts, we use softmax for the gating network, and linear model on
the domain space for the feature generation. This results in a strategy that ends up with
always calling the best expert Microsoft. For the simple majority vote, we first transforms
each API’s confidence score g and predicted label ¢ into its probability vector v € R%, by
ve=4¢q,v; =(1—-¢q)/(L—1),5 # £ This can be viewed as that the API gives a distribution
of all labels for the input data point. Assuming independence, we simply sum all APIs’
distributions and then produce the label with highest estimated probability. We also use a
simple majority vote, where we simply return the label on which most API agrees on. For
example, if GitHub (CNN), Google, and Face++ all give a label “surprise”, the no matter
what Microsoft produces, we choose “surprise ” as the label. We break ties randomly.

Figure [8| shows the confusion matrix of FrugalML, along with all ML services and the
other approaches (namely, mixture of experts, simple cascade, (simple majority vote), and
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Figure 9: Label distribution on dataset FER+. Most of the facial images are neutral and
happy faces, and only a few are fear and disgust.

majority vote). Among all the four services, we first note that there is an accuracy disparity
for different facial emotions. In fact, GitHub (CNN) gives the highest accuracy on anger
images (0.73%), fear (0.81%), happy (0.90%) and sad (0.60%), Face++ is best at disgust
emotion (0.60%) and surprise (0.85%), while Microsoft is best at neutral (90%). Meanwhile,
GitHub (CNN) gives a poor performance for neutral images, Face++ can hardly tell the
differences between fear and surprise, and Google has a hard time distinguishing between
anger and disgust images. This implies bias (and thus strength and weakness) from each
ML AP], leading to opportunities for optimization. We would also like to note that such
biases may be of independent interest and explored for fairness study in the future.

We notice that the mixture of expert approach has the same confusion matrix as the Microsoft
APL. This is because the simple mixture of experts simply learns to always use the Microsoft
API. Noting that we use a simple linear gating on the raw image space, this probably
implies that Microsoft API has the best performance on any subspace in the raw image
space produced by any hyperplane. More complicated mixture of experts approaches may
lead to better performance, but requires more training complexity. Again, unlike FrugalML,
mixture of experts does not allow users to specify their own budget/accuracy constraints.

Simple cascade approach allows accuracy cost trade-offs. As shown in Figure [7(f), while
reaching the same accuracy as the best commercial API (Microsoft), it only asks for half
of the cost. In fact, simple cascade uses GitHub (CNN) and Microsoft as the base service
and add-on service with a fixed threshold for all labels. As a result, compared to Microsoft
API, the prediction accuracy of neutral images drops significantly, while the accuracy on
all the other labels increases, and thus resulting in the same accuracy. FrugalML, also with
half of the cost of Microsoft AP], actually gives an accuracy (84%) even higher than that of
Microsoft API (81%). In fact, FrugalML identifies that only a vert small portion of images are
disgust, and thus slightly sacrifices the accuracy on disgust images to improve the accuracy
on all the other images. Compared to the simple cascade approach in Figure[/|(f), FrugalML,
as shown in Figure|7| (i), produces higher accuracy on all classes of images except disgust
images. Compared to Microsoft API (Figure|/), FrugalML slightly hurts the accuracy on
fear, sad, and neutral images, but significantly improve the accuracy on happy and other
images. Note that the strategy learned by FrugalML depends on the data distribution. As
shown in Figure [0} most images are neutral and happy, and thus a slight drop on neutral
images is worthy in exchange of a large improvement on happy images. Depending on the
training data distribution, FrugalML may have learned different strategies as well.

Finally we note that while (simple) majority vote gives a poor accuracy (80% in Figure
(g)), the majority vote approach does lead to an accuracy (82%) higher than Microsoft AP]I,
although it is still lower than FrugalML’s accuracy (84%). In addition, ensemble methods
like majority vote need access to all ML APIs, and thus requires a cost of 30$, which is 5
times as large as the cost of FrugalML. Hence, they may not help reduce the cost effectively.

Commercial API Only Study. Furthermore, We evaluate FrugalML’s performance using
only MLaaS APIs excluding GH. To match the best API (Microsoft)’s performance, the
learned FrugalML strategy always uses Face++ as the base service and occasionally calls
Microsoft API (10$), leading to overall cost reduction of 17%. Alternatively, using the same
cost target as the best API (10$), FrugalML achieves a 2% accuracy improvement.
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