Supplementary Material:
Lipschitz Bounds and Provably Robust Training by
Laplacian Smoothing

A Mathematical preliminaries

We introduce some mathematical preliminaries related to function spaces useful in developing our
results. In what follows, we let X ¢ R4IMX) gpd Y ¢ RIMY) pe compact and convex.

LP and WP spaces. The space LP(X, i) of p-integrable functions on X with respect to an underly-
ing (absolutely continuous) probability measure p € P(X), is defined as:

L”(X,,u):{f:X—HR ‘fmeasurable, /f|pdu<oo}.
X

The Sobolev space WP (X, ;1) is defined as:

Wi = {re i | [1vra<oo
X

For p = oo in the above definitions, we get the space L™ (X 11) of essentially bounded measurable
functions on (X, 1) and the space W1>°(X, u1) of essentially bounded measurable functions with
essentially bounded measurable gradients on (X, u1).

Now, for 1 < p < oo, LP((X, 1); Y) is the space of measurable maps from X to Y such that | f| €
LP(X, p) forany f € LP((X, u1); Y), where | - | is the H-S norm in Y. Moreover, WP ((X, u); Y)
is the space of measurable maps such that |f| € LP(X,u) and |V f| € LP(X,u) for any f €
WLP((X, 0); ).

Lipschitz-continuous maps. The space Lip(X;Y) of Lipschitz-continuous maps from X to Y is
such that for any f € Lip(X;Y), we have | f(z1) — f(z2)| < lip(f) |x1 — 2|, where lip(f) is the
Lipschitz constant of f. From Rademacher’s theorem [ 1], every f € Lip(X;Y) is almost everywhere
differentiable in X (with (a.e.) gradient V f, which is also its weak gradient). Further, |||V f||| o x) =
lip(f) and we get Lip(X; Y) = W1 (X;Y).

B Robustness to adversarial perturbations and the Lipschitz constant

In this section, we establish the dependence of sensitivity to adversarial perturbations of the loss on
the Lipschitz constant of the input-output map. Recall from (1) that the loss L, is given by:

LU(f) = E(z,y)NU [f(f(l‘), y)] .

Adversarial perturbations [2] are a subset of perturbations on the data-generating distribution o
generated by bounded maps 7' that perturb the inputs z € X while preserving the outputs y € Y.
We illustrate this for a classification problem: Let (2, y) be a true input-label pair in the (nominal)
dataset and f be a classifier that locally assigns to an input = € X the label f(z) € Y. Let r be a
minimal perturbation on the input z, given a target label y’ € Y, such that f(z + r) = y’ (where
is typically chosen to be an incorrect label for z, that is, i’ # y). Now, an adversarial perturbation for
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the classifier f is generated by the replacement of (x, y) by (z + r,y) in the dataset. To formalize
this, we define the class of maps:

T = {T | T(xvy) = (Tl(x’y) ) y), and T1((£,y) € Bg(x) QX},

where Bs(z) is the open ball in RY™&) of radius § > 0 and centered at x. Now, adversarial
perturbations on the data-generating distribution ¢ are a subset of perturbations generated by the

class 7.

We first characterize the bound on the perturbation of the loss due to perturbations on o generated by
the class 7. The perturbation by T' € T of the probability measure o yields the perturbed probability
measure Ty o, where Ty o is the pushforward of o by the map T"'. We note that the perturbation of
the loss | L1, (f) — Lo (f)| satisfies:

‘LT#U(f) - Lo(f)’ = |]E(z,y)~T#o [g(f(l‘), y)] - E(m,y)wa [é(f(x), y)H

/‘aﬂmwamwwmf/ U(f (), y)do(z,y)
XxY

XxY

[ @)~ 1)) dote.)
XxY

gmwmwﬁémww—mww
< lip(O)lip(f)5.

We next characterize the sensitivity of the loss for a given f to perturbations on the data-generating
distribution generated by the class 7. Let a family of transport maps T" = (1 — h)Id +hT for
some T € T and h € [0, 1] (with Id being the identity map), perturb the data-generating distribution o
as oh = Ti};fﬂ The (Gateaux) derivative of the loss along the family of adversarial perturbations Th,
is now given by:

i L) = Lo()

h—0 h

ilng%)% oy [E(f(Th(x,y)),y) —U(f(x),y)] do(z,y).

DIOLy(f) = Lo (1)

h=0

e — T . e —f(zx . . T (z,y)—x
We note that | 2S¢ ’y)),’f’) 2t )’y)’ < lip(¢) ‘w < hp(ﬁ)hp(f)% —

lip(O)lip(f) |71 (x, y) — . It then follows from the Dominated Convergence Theorem [3] that:

Dmmm=/ (V1l(f (@), ) - VI (@), Ty(e,y) — ) do(a,y)

XxY
= E(z,y)wo [<V1£(f(l'),y) ’ Vf(l‘) ) Tl(xvy) - l‘>] :

We now define the sensitivity as the worst-case increase of the loss functional following an adversarial
perturbation. That is, the sensitivity of the loss is the L°°-norm (with respect to the measure o) of the
gradient V1 £ - V f (precisely, ||[V1£ - V f|| L (xxv,0)). Which satisfies the bound:

NIVl VflllLexxv,o) < NVilllLexy,o) - IV FIllLe e,

sensitivity of L to adv. perturbation Lipschitz constant of £ Lipschitz constant of f

where i is the marginal of o over X, and |||V f||| L~ (x,,) is the Lipschitz constant of f over the
support of fs.

We therefore get that the sensitivity of the loss functional to adversarial perturbations is indeed
modulated by the Lipschitz constant of the input-output mapping. Thus, restricting the search space
to the class of Lipschitz maps with a bound o > 0 on the Lipschitz constant, as in the minimization
problem (1), is convenient for analysis, and does not restrict the generality of the adversarially robust
learning problem, and it allows us to obtain adversarially robust minimizers of the loss L, .

'Given a measurable map T : Z — 7’ and a probability measure ¢ € P(Z), we let Tyo denote the
pushforward of o by the map T', where for any Borel measurable set B C Z’ we have Tyo(B) = o(T~1(B)).



C The Lipschitz-constrained loss minimization problem (1) is convex

We recall that Problem (1) is given by:

inf Eizoeo [€(f(x), s.t. 1i <apy,
FELIp(X,p) (@y)~o [E(f(2),9)] p(f)

2Lo(f)

where o is an absolutely continuous probability measure on X x Y and the loss function £ : Y X Y —
R is strictly convex and Lipschitz continuous and o > 0.

Firstly, we get that the loss L, in (1) is strictly convex. To see this, let f1, fo € Lip(X, ) be
such that L, (f1) < oo and L, (f2) < oo. For t € [0, 1], we get from the convexity of Lip(X, u)
thattf; + (1 —¢) f2 € Lip(X, ). Also, from the strict convexity of the loss function ¢, we get:

Lo(tfi + (L =t)f2) = E(gyymo [(((Lf1 + (1 = 1) f2)(2),y)]
= E@y)~o [((tf1(z) + (1 = 1) f2(2),y)]
< By [H(f1(2),y) + (1= )0(f2(2), )]
=B y)no [(f1(2),Y)] + (1 = DE @ y)~o [E(f2(2),y)]
= tLa(fl) + (1 - t)Lo(f2)-

Moreover, the inequality is strict for ¢ € (0, 1), from which it follows that the loss L, is strictly
convex.

Now, let f1, fo € Lip(X, ) such that lip(f1) < « and lip(f2) < a. For the map Af; + (1 — \) fo,
A €10,1], and 21, 25 € X, it follows that:

A1+ (1= A)f2) (1) — (Afi + (1= A) f2)(22)]
= [A(fi(z1) — fi(@2)) + (1 = A)(fa(z1) — fa(22))]
< Afi(@n) = fi(z2)| + (1 = A) [fa(z1) — fo(2)]
< Mip(f1) |z1 — 22| + (1 = Mlip(f2) |1 — 22|
< alzy —xaf,

and we get lip(Af1 + (1 — ) f2) < a. Therefore, the constraint in (1) is convex. From strict convexity
of the loss L, and convexity of the constraint set { f € Lip((X, ), Y) | lip(f) < o}, we get that
Problem (1) is convex.

D Proof of Theorem 2.1 (Saddle point of Lagrangian L)

(i) Derivative of loss function L w.r.t f. We have:

La(f) = wavu [Ey~7r(y | ) [f(f(l‘), y)]] s

where p is the marginal over X and 7 the conditional of the joint distribution 0 € P(X x Y).
Let { fé}ee[o’l] be a family of maps from X to Y that is pointwise smooth (i.e., for any z € X,

F(e,x) = f¢(x) is smooth in €). We now evaluate the derivative of the loss function L, w.r.t. the
family {fe}ee[o,l]’ at € = 0, as follows:

(fO) — lim LU(fE) - LU(fO)

e—0 €

~ tim * [ [ (€@~ 1)) dnty | 0] duo)

e—0 €

dLy
de

We note that e(fe(m)’y)zg(fo(m)’y)‘ < lip(¢) ‘M < lip(¢)lip(F (-, x)), where lip(F (-, x))

is the Lipschitz constant of F' as a function of € at every z € X (since F(-, x) is smooth in [0, 1]
for every z € X, it is also Lipschitz continuous). It then follows from the Dominated Convergence




Theorem [3] that:

G =t [ ][ 6@ - 40w ) ity | 0] dute)

ec—0 €

=[] 12 @)~ @) anty | )] aute)
X Y

- [|[vurew- e

dn(y | )| dute)

LJY e=0
= [ [ wuere@.y dw(ym} @) dutay
X LJY € e=0
[ OL o
- Xw. e Ezod:u(‘r)7

where we denote by 9L, = aaif” = [, Vil(f°(z),y) dr(y | =) the functional derivative of L,
wrt. f.

(ii) Minimizer of (2). The search space for Problem (2) is given by,
F={f e Wh((,m),Y) | IV fllp=em < a} -

We see that F is closed, convex and bounded. Boundedness of F follows from compactness
of Y which implies that there exists an M € Rsq such that Y C Bjs(0y). It follows that for
any f € F, we have ||| ]| po(x,u) < M. Moreover, we have |||V f||| L~ ) < . Therefore,

Il fllwoe (), %) = oo o) + IV fll oo,y < M +a < oo forany f e F.

The loss L, is strictly convex and lower semicontinuous (in fact, it is (Gateaux) differentiable as seen
earlier for absolutely continuous o, since ¢ is strictly convex and Lipschitz-continuous).

Let {fn}nen be a minimizing sequence in F for the loss L,, such that f, € F
and lim,, o0 Lo (fn) = infrer Lo(f). Clearly, the sequence {f,},cn is uniformly bounded
since || fr [l w10 ((x,0),v) < M + a. Itis also uniformly equicontinuous, since | f,,(z1) — fn(22)| <
a|xy; — xo| for all n € N. Therefore, by the Arzela-Ascoli Theorem [3], there exists a uniformly
converging subsequence { fy,, } jen, with the limit f* € F. Furthermore, by the continuity of L, we
get lim; ;oo Lo (fn;) = Lo(f*) = mingcr Lo (f). By the strict convexity of the loss L, we get
that f* is the unique global minimizer of L.

Thus, Problem (2) has a unique global minimizer f* € {f € WY ((X, n),Y) | lip(f) < o}.

(iii) Saddle points of Lagrangian functional L,. The constraint set is given by {f €
W (X, p),Y) | G(f) € (—o0,0]}, where G(f) = ||Gyl|L=(x,u). and we have the constraint
qualification:

0 € int {G (W((X, 1), Y)) +[0,00)},

where the operation + denotes the Minkowski sum. This allows us to apply Theorem 3.6 in [4] to
infer that the set of Lagrange multipliers corresponding to the (unique) minimizer f* is a non-empty,
convex, bounded and weakly—* compact subset of L>°(X, 11)% ,. Moreover, we note that (—oo, 0] is
a closed convex cone, and it follows from Theorem 3.4-(iii) in [4] that for any Lagrange multiplier \*,
the pair (f*, A*) is a saddle point of the Lagrangian functional £,. Uniqueness of \* again follows
from the strict convexity of L. We also have the feasibility condition Gy~ < 0 (that is, |V f*| < o)
and \* > 0 p-a.e. in X.

Now, the (Gateaux) derivative of the Lagrangian L, (f,A\) = L, (f) + AM(Gy) in Wh*((X, u), Y)
along V € W1>°((X, u), Y) is given by:

D§V>ca(f,A):/Xafia.Vdu+/XVf-vv d(Ap),

where ng) denotes the directional derivative of the first argument along V" and Ap is an absolutely
continuous measure (A-weighting on the underlying measure p. Recall that A € L (X, )%, is itself
a bounded, finitely additive absolutely continuous measure). The above expression can be derived



using a similar construction of a limit and the application of the Dominated Convergence Theorem as
earlier in this section.

By the Minimax Theorem, we have £, (f*, A*) = inf; sup, L, (f, \) = sup, inf; L, (f, \), where
the infimum is taken over W1>°((X, 1), Y) and the supremum over A € L>° (X, u1)%,,. We therefore
have L, (f*,\*) > L,(f*,0), which yields the condition A\*(Gy+) > 0. Moreover, from feasibility,
we have Gy~ < 0and A* > 0, which implies that A* (G f*) < 0. This results in the complementary
slackness condition A\*(G y+) = 0. From the Minimax equality, we get that (f*, A*) is also a critical
point of L, that is, D)L, (f*,A*) = 0, which implies that Jx OrLo(f*) -V du+ [ V-
VV d(X*p) = 0, which is the stationarity condition.

(iv) Improved regularity of Lagrange multiplier A*. We can indeed establish stronger regularity
for the Lagrange multiplier A*. We have that the Lagrange multipliers A* € L>°(X, p)%,, which
is a bounded, finitely additive measure absolutely continuous measure, is also a linear continuous
functional on L°° (X, ) and must therefore vanish on sets of u-measure zero (i.e., A*(A) = 0 for
A C X with u(A) = 0). Moreover, from Theorem 1.24 in [5], we can decompose A* = A} + )\;,
where A7 is a non-negative countably additive measure and \; is non-negative and purely finitely
additive. By the Radon-Nikodym theorem, we get that there exists a function h, € L'(X, ) such that
the countably additive and absolutely continuous measure A, satisfies d\} = h dp. By substitution
in the stationarity condition, we get [, Oy L, -Vdu = — [, Vf*-VV d( )\* fx VNV d(Asu).
We now consider a set Ds = {z € X | — 4§ < Gy-(z) < 0}, with 0 < § < . By complementary
slackness, we note that \*(X '\ Ds) = 0. Since A} is purely finitely additive, it implies that there
must exist a collection of nonempty sets { £, }nen With E, 11 C F, and lim,,_,, E,, = 0, such
that lim,, _, oo )\;(En) > 0%. Since \*(X '\ Ds) = 0, we can suppose without loss of generality that
Ey C Ds. We also consider another collection of nonempty sets { E/, },,cn, with the same properties
(with Ey C Ds, E], , C E}, and lim,,_, E;, = 0)), such that E,, C E;, for all n € N. We note that
for x € Ds, we have 0 < o —§ < |V f*(2)|? < o2, which implies that V f* does not vanish on E,
for any n € N. We now consider a family of variations V,, € W1°°(X, u) for n € N such that V,
and VV,, are supported in E/, Vf*-VV, > 0in E/, and Vf* - VV,, > €in E, (uniformly). The
stationarity condition now yields, for n € N:

[ oL Vadu= [ (4 V) hed [ 949V, A0

’ ’
En En

> / (Vf*-VV,) hedp + 6/ d(Apn)-
" En
In the limit n — 0, we have lim, o0 [ OrLo(f*) - Vadp = 0 and lim,—oo [5, (Vf* -
VV,.) hedp = 0, which implies that 0 < lim,,— oo efE d(App) <0, and we get lim,, o0 A5 (Ey) =
0, i.e., the measure \* does not have a purely finitely additive component. Therefore, the measure \*
is countably additive (and absolutely continuous) and possesses a Radon-Nikodym derivative w.r.t. ,
in L(X, 1. For ease of notation, we henceforth let \* € L(X, 1) also denote its density function.

Since \* € L'(X,)>0 and G- < 0 p-ae. in X, we can now indeed state the complementary
slackness condition as A* (|V f*| — «) = 0 p-a.e. in X.

Moreover, the stationarity condition, under \* € Lt (X [L)>0 can now be expressed as:
0—/8fL Vdu—l—/Vf -VV A" du

/afL )-Vdu— / =V - (N'uVf*)-Vdu+ )\*Vf*-nVudS,

where we have used the Divergence Theorem to obtain the final equality, with S as the surface
measure on OX. As the above holds for any variation V. € W1 ((X, u),Y), it must follow
that —%V AV )+ 05 Lo (f*) = 0 p-ae. in X and A*puV f* - n = 0 on 90X, and if we do not

suppose stronger regularity of the saddle point (f*, A*), the equations must be hold weakly.

2 For a countably additive measure v that is absolutely continuous w.r.t. the Lebesgue measure, and any
collection of nonempty sets {Ey, } nen With Ey 1 C E,, and limy, 00 Er = 0, we have limy, oo v(Ep) =

0[5].



The above correspond to the necessary KKT conditions. Conversely, any solution pair ( f*, A*) which
satisfies the above KKT conditions is a saddle point for the Lagrangian £, and is a solution to the
original optimization problem.

E Proof of Theorem 3.1 (Saddle points of Lagrangian )

(i) Minimizers of (11). The search space for Problem (11) is given by:

Fp={f € WH((X, ), Y) | Lo(f) < J5(a) + ¢}

Let {uy, }nen be a minimizing sequence in F,, for the W!P-seminorm, such that u,, € F, for
all n € N and limy, o0 ||| Vtn||| £ (x,0) = infuer, [[|Vul|| o x,0)- Since f* € Wheo((X, u),Y),
the minimizer of Problem (2) also belongs to F,, that is, f* € F, and infucr, |||Vull rx,u) <
IV f*[|lr(x,) < v, we can choose the minimizing sequence to satisfy the bound ||| Vuy ||| 1 (x,.) <
a. Similar to Section D, we now have the uniform bound ||wy, ||y 1. ((x,),v) < M + a forall n € N,
For p > dim(X), we have from Morrey’s Inequality [ 1], for every n € N, that:

2pdim(X)
p — dim(X)
< 2C dim(X)(1 + dim(X)) |z, — 2| Fom0

_ dim(X)

|[un (1) — un(z2)] < w1 — @' || Vualll e

dim (X) . . .
where C' = max {1, diam (X) THdm® } Thus, the sequence {uy, }ren is also uniformly equicon-
tinuous. Therefore, by the Arzela-Ascoli Theorem, there exists a uniformly converging subse-
quence {uy, } jen With limit f? € F,,. Furthermore, by the continuity of the W1P_seminorm, we
get that im0 |||V, ||| 2rx,0) = IV Pl Lrx,p) = minger, [V flll 2 x,u)- By convexity of
the W!-P-seminorm, we get that f¢? is a global minimizer for Problem (11).

We therefore conclude that Problem (11) is guaranteed to have (atleast one) global minimizer f*? €
{F e WP (X, 1), Y) | Lo(f) < J5(a) + €}

(ii) Saddle points of Lagrangian functional H,. The constraint set is given by {f €
WhP((X,pn),Y) | G(f) < 0}, where G(f) = Lo(f) — (Ji() + €), and we have the constraint
qualification:

0 € int {G (WP((X, 1), Y)) +[0,00)},

where the operation + denotes the Minkowski sum. This allows us to apply Theorem 3.6 in [4]
to infer that the set of Lagrange multipliers corresponding to the minimizer f*? is a non-empty,
convex, bounded and weakly—* compact subset of R>(. Moreover, we note that (—oo, 0] is a closed
convex cone, and it follows from Theorem 3.4-(iii) in [4] that for any Lagrange multiplier kP,
the pair (f<P, k“P) is a saddle point of the Lagrangian functional H,. We also have the feasibility
condition L, (f) < J¥(«) + €.

Following a similar procedure as in Section D, we obtain the (Gateaux) derivative of the La-
grangian Ho(f,5) = S IIVALo e, + 5 (Lo(f) = (J5(a) +€)) in WHP((X, ), Y) along

VeWbhr((X,pu),Y) as:

DY Mo = [[IVS291 -9V dpt i [ OLo(h) -V

By the Minimax Theorem, we have H,(f“?,k“?) = infssup, Ho(f, k) = sup, inf; Ho(f, K),
where the infimum is taken over W?((X, 1), Y) and the supremum over R>o. We therefore
have H,(fP, kP) > H,(f*P,0), which yields the condition kP (L, (fP) — (J¥(a) +¢€)) > 0.
Moreover, from feasibility, we have L,(f“?) < JX*(a) + € and k%P > 0, which implies
that kP (L, (fP) — (J2i(a) +€)) < 0. This results in the complementary slackness condi-
tion kP (L, (f<P) — (J%(a) +€)) = 0. From the Minimax equality, we get that (f°?, K%P) is



also a critical point of H,, that is DEV)HU(fe”’, kSP) =0 forany V € WHP((X, u),Y):
0= / |VfOPPP2V P - VYV du + /f’p/ OrLy(fP) -V du
X X
1
== [ V)V ek [ VP avids
X ox

+ w/ OrLo(f°) -V dp,
X

where we have used the Divergence Theorem to obtain the final equality, with S’ as the surface measure
on OX. This is the stationarity condition. As the above holds for any variation V € W1P((X, u1); Y),
it must follow that —ﬁV~ (| foPP=2V fOP) +k9PO; Ly (fP) = O p-ae. in X and pV f<P-n = 0
on 0X, and if we do not suppose stronger regularity of f?, the equations must be hold weakly.

The above correspond to the necessary KKT conditions. Conversely, any solution pair (fP, kP)
which satisfies the above KKT conditions is a saddle point for the Lagrangian H,, and is a solution to
the original optimization problem.

F Proof of Theorem 3.2 (Convergence as p — 00)

(i) Monotonicity properties of W1P((X,pu);Y). We first note that for p,g € N,
1 < p < qand an f € W'(Xpu):Y), Wl < Wfllpae, and
IVl < VAo, It follows that Wh((X,p);Y) C WEP((X, p);Y).
In particular, for any p € N, p > 1, we have H|f|||Lp(X7#) <

1 oo (3,10
IVl < MV peog ) and WHS((X, @) Y) © WHP((X, p);Y). It then follows that

{feWh((X,1);Y) | Lo(f) < e} C{f e WHP((X,1);Y) | Lo (f) <€} forl <p < g<oo.

(i) Minimizers. From the strict convexity of L, it follows that { f € W'P((X, );Y) | Lo (f) < €}

is closed and convex for any 1 < p < co. Moreover, the semi-norm of f € W1P((X, u); Y), i.e.,
IV f1ll » (x,u)» is convex. The existence of global minimizers for the problem:

inf { \Y » , st. Lo(f) < Ji(« +€}
JRE S (L5 e () < Jsta)
was established in Section E for every dim(X) < p < oo and € > 0.

(iii) Monotonicity of minimum value. From the existence of a global minimum value for any dim(X) <
p < 00, and the monotonicity properties of WP (X, i), we get for dim(X) < p < ¢:

min Vf < min Vf .
e VAl o, PO - IV A1l 2o,
Lo (f)<J;(a)+e Lo (f)<J;(a)+e
In particular, we get for any p > dim(X):
min MV FlllLr @, < min - lip (f).

FEWLP((X,p);Y) JELip((X,u);Y)
Lo (f)<J2(a)+e Lo (f)<J%(0)+e

Therefore, by the convergence of bounded monotone sequences, we get:

lim min \Y% » < min li = a(e).
R, . IV A Lo 0 e p(f) = ale)
Lo (f)<J(a)+e Lo(f)<Jdg(a)+e

(iv) Upper bound is indeed the supremum. We now consider the sequence of minimizers { f&} peN:

P €ar min Vil e :
i eae | min 9 e

Lo (f)<Jz(a)+e

Fixing a p > dim(X), from the monotonicity of minimum values and the compactness of Y, we
get that the sequence {f5?} - is uniformly bounded in WEP((X, 1), Y) as || f& lwrr(x,u),v) <



M + &(€). Moreover, for dim(X) < p < oo, we have from Morrey’s inequality that:

€, €, 2pd1m(X) 1 dimE) 6
5P (@) = S (e)l < S Ty lon = @2l IV 5P g

< 20 dim(X) (1 + dim(X)) |21 — 2o om0 G(e),
dim(X)
where C = max {l,diam(X) THdim(X) } It follows from the above that the se-
quence {fSP }p€N7P>dim(X) is also uniformly equicontinuous. Therefore, by the Arzela-Ascoli

Theorem [3], there exists a subsequence { foti }j N that converges uniformly to a Lipschitz
continuous f°°. Moreover, from the monotonicity of minimum values, it follows that the

Lipschitz constant lip(f5=) = ||V ||z=ru < ale). We also have lip(f5) >
min ferip(x,0);v) 1P (f) = @(e). Therefore, we have lip(f5°°) = &(e), and {57} converges
Lo(£)<Jd5(a)+e

uniformly (upto a subsequence) to a (global) minimizer f°° of (10).

G Numerical analysis of classifier robustness

In this section, we provide numerical analysis to quantify a classifier’s robustness against data
perturbation for the classification problem discussed in Section 2 and Fig. 1 of the manuscript. Using
the same setup explained in Section 2, we design our classifiers by constructing a graph G = (V, £)
with n = 500 randomly selected nodes by connecting each node to its 10 nearest neighbors. We
compute the solution v* to (9) for different values of the Lipschitz constant « € (0, 100]. We generate
a nominal testing set of 1000 i.i.d. samples from o, associate them with the closest node, and evaluate
the nominal classification confidence of v*. Then, we perturb each testing data sample with § € R?
with ||d]|2 = 0.05 in the direction perpendicular to the closest edge, associate each perturbed data
point with the closest node and evaluate the perturbed classification confidence. To measure the
sensitivity of the designed classifier, we compute the norm of the difference between the nominal
and the perturbed confidence, then appoint the sensitivity measure to the maximum value across
all the testing data points. Fig. G.1(a) shows the plot of the sensitivity for each classifier designed
using different Lipschitz bound «, it can be seen that the sensitivity increases as we increase the
Lipschitz bound up to o = 18. Fig. G.1(b) shows the plot of the sensitivity for each classifier as a
function of the classification confidence, we observe a tradeoff between classification performance
and robustness to data perturbation seen by the monotonic increase of the sensitivity as a function
of classification confidence, where improving classification performance comes at the expenses of
robustness to data perturbation.
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Figure G.1: For the classification problem discussed in Section 2 and Fig. 1 in the main manuscript,
(a) shows the classifier’s sensitivity to data perturbation as a function of the Lipschitz bound, the plot
shows that sensitivity increases with the Lipschitz bound up to a certain value (o = 18). (b) shows
the tradeoff between performance and robustness, seen by the monotonic increase of the sensitivity
as a function of classification confidence.
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