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A More background

A.1 Calculus on manifold

Definition A.1 (Levi-Civita Connection). Let (M, g) be a Riemannian manifold. An affine connec-
tion is said to be the Levi-Civita connection if it is torsion-free. i.e.

VxY - VyX = [X,Y]
for every pair of vector fields X, Y on M and preserves the metric i.e.
Vg=0.

Definition A.2 (Riemannian Volume). Let (M, g) be an orientable Riemannian manifold. The
volume form on the manifold in local coordinates is given as

dVol = +/det(g)dxy A ... A dx,.

We denote |g| = det(g) and dx = dVol (if no ambiguities caused) for short throughout following
context.

The following Theorem is used to guarantee the exponential map is defined on the whole tangent
space, which is equivalent to require M to be complete. This property is satisfied in our setting for
M to be compact without boundary.

Theorem A.3 (Hopf-Rinow). Let (M, g) be a connected Riemannian manifold. Then the followings
are equivalent.

1. The closed and bounded subsets of M are compact.
2. M is a complete metric space.

3. M is geodescically complete: for every point x € M, the exponential map Exp,, is defined
on the entire tangent space T, M.

The notion of differential operators, e.g. gradient, divergence and Laplacian for the differentiable
functions and vector fields on Euclidean space can be generalized to Riemannian manifold. In local
coordinate system, {0; = % : 1 € [n]} is a basis of the tangent space T, M. Denote g;; the
metric matrix, g% the inverse of gij and |g| = det g;; the determinant of matrix g;;. Let f and V be
differentiable function and vector field on M, then the Riemannian gradient of f and the divergence

of V are written as

. Of . 1 0
gradf = Zgja—wiai and divV = ﬁ;@ixz (\/@Vl)
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where V; is the ¢-th component of V.

The Laplace-Beltrami operator A, acting on f is defined to be the divergence of the gradient of f,
ie.

Ay f = div(gradf) = \/7 Z v \/ngijgi
J

In Euclidean space, Ay boils down to the classic Laplacian Af = V - (Vf).

The following integration by parts formulas are used in proof of main lemmas. Let M be a compact
oriented Riemannian manifold of dimension n with boundary M. Let X be a vector field on M.
The integration by parts is given by

/ (gradf, X) = f/ fdivX + f(X,n)
M M

oM

_ of
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If OM is empty or the vector field X decay sufficiently fast at infinity of M provided M is open, we

have
/ (grad f, X) :f/ fdivX.
M M

Definition A.4 (First eigenvalue of Laplacian). The first eigenvalue A\; > 0 of the Laplacian operator
on M is defined to be

or Green’s formula

. fM |grad f|| 2da
M= inf = — |
A e W T

A.2 Stochastic analysis on manifold

Recall that the standard Brownian motion in R™ is a random process { X, };>o whose density evolves
according to the diffusion equation

Ip(x, t)
ot

Similarly, the Brownian motion in manifold M is M-valued random process {W; }+>o whose density
function evolves according to the diffusion equation with respect to Laplace-Beltrami operator which
is the counterpart of the Laplace operator on Euclidean space.

Ip(x,t)
ot

In local coordinate, the Laplace-Beltrami is written as

Ay =) g" o +vai
M= id g axiaxj p 183@’

1
= iAp(m,t).

1
= §AMP($7 t).

where
Z\ﬁax( Igg”) Zg]kf )

We can construct Brownian motion in the local coordinate as the solution of the stochastic differential
equation for a process { X, };>o:

1
dX; = §b(Xt)dt + 0(X;)dB;

where the component b;(X;) of b(X}) is given by (1) and o = (o;;) is the unique symmetric square
root of g~ 1 = (g%).



B Derivation of the GLA

In this section, we give detailed explanation on that the Riemannian Langevin algorithm, as a
stochastic process, captures the dynamics of the evolution of the density function for the stochastic
process. The derivation is firstly to write the diffusion equation in local coordinate system of
the manifold, and then compare the corresponding terms to the Fokker-Planck equation related to
stochastic differential equation that gives insight to the local expression of Riemannian Langevin
algorithm. In order to do this, recall that the density e~/ on M is the stationary solution of the PDE

dps
E = div (prgrad f + gradp;) . ()

Using the local expression of Riemannian gradient and divergence operator, this PDE can be written
as

%7L§n:i gl [ 32 ij OF TN g 9Pt
ot /gl &= Ox; gl 29 oz, | 7T |g|Z 9" Bz, )
9l =1 j J

Ly 0 i 0f
:\/ﬁ;aixz ;gjzax( |9|9j) Vglpe 4)

1 0?
+ = 2; e Ry 5)

Denoting p; = +/|g|pt, we have the Fokker-Planck equation of density in Euclidean space as follows,

0pt 1 0 i i . 0? i~
p . Zax m%jaxj( \99]> Zgja Pt +§a$iaxj (9" p1) -
(6)
Since for any stochastic differential equation of the form
dX; = F(Xy,t)dt + o(X, t)dB;
the density p; for X, satisfies

8pxt Zax sz, t)p(a, b)) +Zza (Aij(x, t)p(z,1)) (7

where A = 100", ie. Ajj = 331 _, oin(w, t)oji(x,t). Compare equations @) and , we have

the drift and diffusion terms in local coordinate systems are given by

Fy(zy) = Zg” of \FZ oz, ( 9] g”)

and
xi) = 1/2(Ay) = V2(97) = V297

So the local Langevin equation is

dXt = F(Xt)dt + vV 29_1dBt. (8)

This equation describes infinitesimal evolution of X;, which can be seen as a process in the tangent
space of M. The Riemannian Langevin algorithm is the classic Euler-Maruyama discretization in the
tangent space, i.e., by letting X; move in the tangent space for a positive time interval ¢ € [0, €] with
the drift and diffusion at current location. Suppose the initial point is =, the tangent vector is

eF(x0) + /2697 (0)0

where & ~ N(0, I) is the standard Gaussian noise. Then the updated point is obtained by mapping
the vector to the base manifold via exponential map,

ry = Exp,, (eF(xo) + m{o) .



Renaming z;, = z¢ and z;1 = =1, we have the general form

Try1 = Exp,, (eF(xk) + \/Qeg—l(xk)go) .

We give the expression of the algorithm in normal coordinate, for convenience in part of the proofs of
main theorems.

For any manifold M, and x € M, T,M is isomorphic to R", exp, 1 gives a local coordinate
system of M around z. This is called the normal coordinates at x. The following lemmas are from
Lee-Vampalar

Lemma B.1. In normal coordinate, we have

gij(x) = 845 — ZRM (z)z"z! + O(|z[*).

Under normal coordinate, the RLA can be written as
Ti41 = EXpwt (—EVf(l't) + \/Zg())

Note that the expression in the tangent space is exactly the same as unadjusted Langevin algorithm in
Euclidean space.

C Missing proofs of Section 4]

C.1 Proof of Theorem

In this section, we proof that the KL divergence decreases along the process evolving following
Riemannian Langevin equation.

Firstly, need show that according to the SDE on manifold in local chart, the density func-
tion evolves according to Fokker-Planck/diffusion equation on this manifold.

Lemma[.1} Suppose p; evolves following the Fokker-Planck equation (3), then

%H(pfl ) = /M pi() ||grad log ’;t((;) 2da
where dx is the Riemannian volume element.
Proof. Since
/M pt% log %dx — /M pt%(logpt + f)dz 9)
= . %dx (10)
_ %/M prdax = 0, (1D
we have
%H(ptlv) = % / pilog Pdn (12)
—/M;t (pflog )d:z: (13)
= M%log itdx—l—/Mptgtlog[:dx (14)
s % log %dx. (15)

Plug in with diffusion equation

0
% = div(psgradf + gradp;)



and apply integration by parts, we obtain

d
— H(pt|v) = / div(pigradf + gradp;) log Pt g (16)
dt M 14
= —/ Pt ||grad log&H 2dx a7
M v
+ / log 2 (prgrad f + gradpy, n)dz (18)
oM v

Since M is compact and has no boundary, the boundary integral equals to zero, then we have

d
g . ‘
g1 (pelv) /M Pt

grad log % H 2dx

O

Theorem[d.2} Suppose v satisfies LSI with constant & > 0. Then along the Riemannian Langevin
equation, i.e. the SDE (@) in local coordinate systems, the density p; satisfies

H(pe|v) < e H(po|v).

Proof. By LSI, we have

d
%H(Pﬂy) < —2aH (p|v),

multiplying both sides by e,
d
L 1(pul) < ~20¢ H(pulv)
and then

d d
e2at%H(pt|V) + 2a€2atH(pt|V) = %QQOJH(,OAV) <0.

Integrating for 0 < ¢ < s, the result holds as

X Sd
O H pulv) - Hiply) = [ S Hipilv) <0.
0

Rearranging and renaming s by ¢, we conclude

H(pe|v) < e H(pev)

C.2 Proof of Theorem

Lemma C.1. Assume v = e is L-smooth. Then

E,[llgradf|[*] < nL.
Proof. Since

E, [[leradf]|2] = / (gradf, gradfye ' dw = — / (grade7 , grad f)dz,
M M

where dx is the Riemannian volume element. Integration by parts on manifold gives the following

—/M<grade_f,gradf>dm :/

e_fAMfdx—/ e T (gradf,n)ds
M

oM

where ds is the area element on OM. By the assumption that M is boundaryless, the integral on
the boundary is 0. By the assumption Hessf is L-smooth and the fact that Hessf > %A Mmf, we
conclude E,, [||grad f|| %] < nL O



Lemma C.2. Suppose v satisfies Talagrand inequality with constant o > 0 and L-smooth. Then for
any p,

0 AL?
E,[llgradf||*] < ——H(plv) + 2nL.

Proof. Letx ~ p and y ~ v with optimal coupling (z, y) so that
E[d(it, y)2] = WQ(pv V)z'

gradf is L-Lipschitz from the assumption that f is L-smooth. So we have the following inequality:

lgradf(z)|| < |gradf(z) — Ligradf(y)|| + ||[Tigradf(y)|| (19)
< Ld(x,y) + ||Tigradf (y)|| (20)
= Ld(x,y) + |lgrad f (y)|| 2n

where the equality follows from that parallel transport is an isometry. The same arguments as V-W

gives
lgradf(z)[|* < (Ld(z,y) + llgrad f(y)]|)* < 2Ld(x,y)* + 2 ||grad f (y)]| *

and
Ep[lgradf(z)[|?] < 2L*Eld(,y)*] + 2E, [|grad f(y)| *] (22)
= 2L*Wa(p,v)* + 2E, [||grad f (y)|| *]. (23)
By Talagrand inequality and previous lemma, the result follows. [

Lemma C.3. Suppose v satisfies LSI with constant o > 0 and is L-smooth. If € small enough, then
along each step,

H(pe|v) < e ““H(po|v) + 4€*(2nL? + 2n* K2C + nK3K,)
for small ¢, and
H(pry1|v) < e ““H(pp|v) + 42 (2nL? + 2n° KyC + nK3Ky).
forallk € N.
Proof. According to [? ], the exponential map Exp,, is a diffeomorphism on almost all the manifold,
i.e. let U, be the closed set of vectors in T, M for which v(¢) = Exp,(tv),t € [0,1] is length

minimizing, and U, be the interior and OU,, be its boundary. Then the exponential map is a
diffeomorphism on U, and Exp,, (0U, ) has measure zero.

In normal coordinates, the discretized SDE has the form of

dxy = —grad f(zo)dt + /29~ (x0)dB;

and the Fokker-Planck equation of this SDE is

Opejo(xe|x 92
*‘0 t' 2 Zax Zg” (20))prio 1]0)) +Zaxa 9™ (@o)pup (wrlwo) (24)

0? 0
= div(py|o(z¢|zo)grad f(zo) +Zg 92,07, Prjo(@t|0) +Zb Pt\o(zt\xo)

(25)

1
83: oz, (zo)pejo(2e|zo) — Zg

(26)

= div(pyo(w¢|ro)gradf (o)) + Anrpejo(xe]20) 27
y y 92 9

+ 3 (9" (0) — 97 (00)) 55— Puolilzo) = 3 biz—pupo(atlao) (8)
P 3 J 3

i

Pt|o(90t|$0 + Z bi Pt\o(ﬂft|$o))



0, 0
péix) = /Rn 7%'08(?‘:60)1?0(3?0)\/@(1370 (29)
af 9? 1
- [\ (g2 Camlalao) + 32 g™ epaptadan) | o)Vl
(30)
= [ (@vonalaloo)erad (20) + Anspio(eian)) po(ao)Taldzn a1
N N 92
+/Rn ;(9”(%) —glj(f))mpt\o(ﬂxo) po(@0)/|gldzo (32)
0
- /Rn <Z biax_pto(ﬂxo)) po(z0)y/|gldzo (33)
|| (@ivtoup(alanrad(a0) + Aupio(elan)) polao) Igldzo (34)
= /Rn div(pso(x, xo)gradf(xo))\/|?|dxo + Appe(x) (35)
—aiv (o) | pon(aole)ered (an)dan ) + Aurpi(o) 36)
= div (p¢(x)Ep, , [grad f (zo)|z: = z]) + Aprpe(x) 37)
g -~ 92
/| Do o) =00 g )| ot G8)
- 92
= Z/n(gw(ﬂfo) = 97(@) g Peo(alzo)pozo) v lgldas (39)
%, ) ) 82
< Z/ 9" (z0) — g ()| - 92,01, - Ptjo(x]T0)po(o) )| v/]gldzo (40)
<X | 0t = 201 | 52— poteleapalian) Vg an
= Z/ (& — zol| %) ‘ - pouCeo,2)| VI 42)
<K [ Ol =20 Ialdro @3)

where K is the upper bound of

82
Dz;01, Pot (zo, 93)’

<Z/ (/ |9 (o) ()] o ) \/|?|de) ‘bg%‘\/molx (45)

x 9
8.%1'8.%]' pOt( 0




Let
9°pro (z0,1)

N(.T l‘) . Ox;0x; lOg l%t
pe pro(wo, @)
and assume that |p(zg,x)| is bounded by K. Then (44) is bounded by
n2K2EPtO [O (H—tgradf(xo) + \/EZH 2)]
Opot (o,
[ zb% VIgGo)ldzo | 1og 2 /lg(e) e (@6)
=2 [ w2t 00 0) 0 P2 ) )
n Rn 8$Z v
‘6po§9§zo,z) log 2
<K b; (x o, x)d(xg X ) (suppose Kz > i v 48
<Ko [ ) oo (oo ) (suppose K > 8)
= K ZEW [1b:()] (49)
= K3 ZEI]O, { (xo — tegradf(zo) + \FZ)H (50)
bi(xo — tgradf(zo) + V2tz) (51
= bi(w0) — t(Vbi(wo), V f(0)) + V26(Vb;(w0), 2) + (2, V?b;(w0)2).- (52)
and then
Epo. [ bi(zo — tgrad f(xo) + \/272)” < UKy (53)

where K is determined by the expectation of (Vb;(z0), Vf(x0)) and (2, V2b;(z0)z). So we have

9 ;
/’ / Zb pOt Opot (w0, ) vV g(xo)|dxg log%\/\g(x)|dx§tnK3K4.

%H(pﬂu) = / (/ (div(ptm(x|x0)gradf(x0)) + AMpt‘O(x|x0)) po(mo)\/@dm) log %dﬂc

(54)
d 4214
Hmv) < —fJ + H(po|v) + 2t*nL? + 2tnL? (55)
+n2IGE,, [ (H—tgradf(xo) +\@2H2)] +tnKs K, (56)
3 42 LA
<-70+ H(polv) + 2t*nL? + 2tnL? (57)
42 L2
+n?K,C ( H(po|v) + 2t*nL + 2m> +tnK5Ky (58)
4204 + A2 L2n2 K ,
— %J + i - n 2CH(pO\u) + 262 (nL3 + n*Ko,CL) + t(2nL? 4+ 202 Ko,C + nK3Ky)
(59)
Lett <e< 2"%&%@1%%?833& we have
d 3o L* 4 L?n?koC
%H(pt\ v) < *7H(pt|V) + il o — )H(po|’/) +2€(2nL? + 2n° Ko C + nK3Ky)

(60)



3a
2

Multiplying both sides by e ¢, we have

3o¢t

d ( s 4e2(L* + L*nkoC
o (e%tH(pth/)) <ez ( a +a e )H(po1/)+26(2nL2+2n3KQC+nK3K4))

and integrating for t € [0, €],

2(eF¢ — 1) (4e(L* + L*n?kyC
FH(ply) - Hply) < Z =D (A ERO

(po|v) + 2e(2nL? + 2n® K,C + nK3K4)>

3a o
(61)
4€*(L* + L*n%kyC
< 2 < al +a v )H(po|u) + 2e(2nL? + 2n° K2C + nK3K4)>
(62)
So
3 L4 L2 2K
H(pe|v) < e 30 (86 (L7 + Ln" K>C) + 1) H(pol|v) + 6*30“452(271[,2 + 203 KoC + nK3Ky)
et
(63)
: 8e3(L* + L*n?K,C
< e e ( e( +a n*K>C) + 1) H(po|v) +4€*(2nL? + 2n° KyC + nK3Ky).
(64)
8e3 (LA +L2n2K»C) e Loe o
14 == S 1 G s e ore < romtoes,
H(p|v) < e ““H(po|v) + 4€*(2nL? 4+ 2n° K2C + nK3K,),
and then
H(pry1|v) < e ““H(ppv) + 42 (2nL? + 2n° KoC + nK3Ky).
O

Theorem[d.3} Suppose M is a compact manifold without boundary and R is the Riemann curvature,
v = e~/ adensity on M with o > 0 the log-Sobolev constant. Then there exists a global constant
K, K3, K4, C, such that for any zq ~ pg with H(pg|v) < oo, the iterates z;, ~ pj of GLA with

. . a 2nL?4+2n Ko C+nKsKy 1
stepsize € < mm{ IR Ry eTok 2(nL3+n3K,CL)  ’ 2L’

>} satisfty

16
H(prlv) < e=“*H(po|v) + —=(2nL? + 20°K>C + nk3Ky)

3a
Proof.
Hplv) < e~ H (po|v) + 11__67;1646(2@2 +2n°KoC + nK3Ky) (65)
< e **H(polv) + %462(27@2 +2n° KoC + nK3 Ky) (66)
= ¢ H (po|v) + %(QnLQ + 20 K> C 4 Ky Ky) (©7)
O



D Experiments

As mentioned before, for simplicity, we can implement GLA without using the exponential map
where a geodesic ODE solver is required, especially for the case when M is a submanifold of R"™.
In general, the retraction map from 7, M to M is used in optimization on Riemannian manifold
[? ], as a replacement of exponential map. In this section, we give experiments on sampling from
distributions on the unit sphere in comparison of exponential map and orthogonal projection as a
retraction in the geodesic step of GLA.

The experiments are designed to verify the following properties:

1. GLA captures the target distribution e~/ as expected;
2. The projection map behaves well in replacing the exponential map without solving geodesic
equations.

In each set of figures, (a) is the landscape of the ideal distribution, (b) and (c) are the results with small
number of iterations for exponential map and projection, (d) and (e) are enhanced with large number
of iterations. We start with the definition of the general retraction in optimization on manifold.

Definition D.1 (Retraction). A retraction on a manifold M is a smooth mapping Retr from the
tangent bundle T'M to M satisfying properties 1 and 2 below: Let Retr,, : T,, M — M denote the
restriction of Retr to T, M.

1. Retr,(0) = x, where 0 is the zero vector in T, M.

2. The differential of Retr, at O is the identity map.
Suppose M is a submanifold of R™ with positive codimension. Denote Proj. ,, the orthogonal

projection to the tangent space at z, then the retraction can be defined as Retr,,(v) = Proj,,(z + v).
The GLA on a submanifold of R™ can be written as

Zri1 = Retry (ProjTlM(—eV Flaw) + @50)) (68)

If M = S~ be the unit sphere in R, then Retr, (v) = ﬁ

10
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(b) Exp,, (v), iteration: 10k

(d) Exp, (v), iteration: 100k (e) Retr,(v), iteration: 100k

Figure 1: f(2z) = 21 + x2 + 3, stepsize e = 0.1.
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(c) Retry(v), iteration: 10k

(d) Exp, (v), iteration: 100k (e) Retrg(v), iteration: 100k

Figure 2: f(z) = 22 + 3.0523 — 0.922 + 1.1z122 + —1.022223 + 2.12371, setpsize € = 0.1.
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