Notations

Besides the notations defined in Section 2, we also use the following notations in the proofs.
We use © for the Khatri-Rao product. We denote e; as the i-th basis vector in R%.

We define mat(-) to be the matrixize operator for tensors, mapping a tensor in (R%)®! to a matrix in

1—1 . . .
R x RY:mat(T);, (i —1)di—2 oot (s —1)dtiy = Linin, iy fOrany iy, ig, -+ i € [d].
We view a tensor T € (R9)®! as a multilinear form. For matrices M; € R¥>F1 ... M € R9*k
the tensor T'(My, Ms, - - - , M;) € RF1xF2xxki ig defined such that
T(My, My, -+, My)j, o= Y oy (M), -+ (M)
i1, i €ld]
for any j; € [k1],--- ,4i € [ki]. For notation simplicity, we use T'(M®* My 1,--- , M;) to denote

T(M,M,--- M, M1, -, M;). In particular, for any v € RY, T'(v®!) is a scalar equals to
(Tv®') =30, vt Tinoe ia Vi Via -+ iy

A Lower Bound for the Number of Components Needed for Kernels

In this section, we will prove that a lazy training model requires £2(d'~!) components to fit a random
rank-one tensor with o(1) loss. Recall Theorem 1 as follows.

Theorem 1. Suppose the ground truth tensor T* = [u*|®!, where u* is uniformly sampled from the
unit sphere S, Lazy training (defined as below) requires Q(d'~1) components to achieve o(1)
error in expectation.

Recall that in our definition, a lazy training model can only capture tensors in the linear subspace
Sy = span{Psymvec(ufz’l_1 ® 6;) Y2, (here Psy,, is the projection to the space of vectorized
symmetric tensors, §;’s are arbitrary vectors in R%). The dimension of this subspace is upperbounded
by dm. Let W, be the space of all vectorized symmetric tensors in (R%)®!, and S i be the subspace
of W; orthogonal to Si;. We only need to show that for a random rank-one tensor, in expectation its
projection on the orthogonal subspace S is at least a constant unless m = Q(d'~1). In the following
lemma, we first lower bound the projection of the ground truth tensor on a fixed direction. The proof
of Lemma 10 is deferred into Section A.2.

Lemma 10. Let u € R? be a vector sampled uniformly on the unit sphere S°=1. For any vectorized

. 1 . .
symmetric l-th order tensor b € RY with unit 05 norm, we have

T (4
b Evec(u®)vec(u®) )b > #)dl!7
2T (14 %)

where T'(+) is the Gamma function.

Next, we lower bound the projection of vec(7™) on subspace S+ by summation up the projections
on the subspace bases, each of which can be bounded by Lemma 10. We give the proof of Theorem 1
as follows.

Proof of Theorem 1. Recall that 1} is the space of all vectorized symmetric tensors in (R%)®!. Due

to the symmetry, the dimension of W is (‘”371). Since the dimension of Sy; is at most dm, we know
that the dimension of S is at least (*"!™!) — dm. Assuming S§ is an /m-dimensional space, we

have m > (d+§_1) —dm > ?—; —dm. Let {e1,--- ,em } be a set of orthonormal bases of Si-, and

I1#; be the projection matrix from R onto S, then we know that the smallest possible error that we
can get given U is

1 1
iEu* [HHlljvec(T*)HZF] = QEu

= I B , 2
Z;(vec(T ), es) ] = 5;“‘3“* [(vee(T"),e)?],
where the expectation is taken over u* ~ Unif(S¢~1).
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By Lemma 10, we know that for any i € [m],

where p is a positive constant only related to /.

Therefore,

1 L l12 1 & . 2 d wl!w pll om
2B (1067 = 5 2B [(vee(T),e0)*] 2 (u —dm) S =5 g g
Note that we assume [ is a constant. If m = o(d'~!), i.e., 7% = o(1), then the expectation of the

smallest possible error is at least some constant. Thus, if we want the error to be o(1), we must have
m = Q(d'~1). This finishes the proof of Theorem 1. O

A.1 Numerical verification of the lower bound

In this section, we plot the projection of the ground truth tensor on the orthogonal subspace

2 . . . .
E,- ||I5T* || - under different dimension d and number of components 1. For convenience, we only

d
plot the lower bound for the projection that is ((d+§_1) — dm) %l! as we derived previously.
3
Figure 1 shows that under different dimensions, [E,,« ‘HﬁT* ]i is at least a constant until log,; m
gets close to [ — 1 = 3. As dimension d increases, the threshold when the orthogonal projection
significantly drops becomes closer to 3.
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Figure 1: The projection of the ground truth tensor on the orthogonal subspace when [ = 4.

A.2 Proofs of technical lemmas

To prove Lemma 10, we need another technical lemma, which is stated and proved below.

Lemma 11. Let u € R? be a standard normal vector. For any vectorized symmetric I-th order tensor
v .
b € R with unit norm, we have

bT]E[vec(u@)l)vec(u@l)T]b > 1.
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Proof of Lemma 11. First we define the notion of symmetry: For a vector x € R4” , where B € N*,
if for all permutation o of [d], and for all 4y, --- ,ip € [d], Tiyiy-ip = To(iy)o(is)-o(in)> then we
say vector x is symmetric.

. ! .
Besides, for a vector v € R?, we use v;, 4,.... 4, to refer to Tensor(v);, 4, ... i, where Tensor is the

. . . 1 Rl

inverse translation of vec, i.e., Tensor translates a R% vector back to a R%" tensor. In other words,
WE USE Uj, i, ... 5, 10 refer to the entry v(;, _1yai—14 (5 —1)di-24-t(is_1—1)d44,- Similarly, fora d' x d!
matrix M, we use M, i, ... i, i1 ja,-- 5, t0 denote Tensor(M);, iy ... iy j1,ja, 2> OF 0 Other words,
MG, —1yai=1 (1= 1) A1 =24 (111 — D) detia, (1 —1)d= 14 (Ga— 1) Al =2+ (g1 —1)d i1 -

®1 . .
Assume that v = u®!, then v € RY" ,and vis a symmetric tensor. Note that

Vil, v ,il S [d], Vi, iy = Wiq » 0 Ugy
Define M = vec(v)vec(v) " = vec(u®!)vec(u®")T, then
Miy iy gree o = Wiy - Wiy - Uy - Uy

By Wick’s theorem, we know that
BIMi, i gl = O T Elttoe-1) o),
o€EP te[l]

where P is the set that containing all distinct partitions of S = {iy,--- ,4;,41, -+ ,j;} into [ pairs.
Each two variables in S are considered different even if the values of them are the same, e.g.,
{(i1,12), (j1,72)} and {(41, j2), (j1, é2) } are different partitions even if io = jo. In other words, the
partition is independent of the value of those variables. Thus, we can decompose matrix M into the

sum of (2! — 1)!! matrices, i.e.,
M = Z M,.

oeP
Assume o7 is the partition { (i1, 1), - , (i1, 51)}, so

E[Mo'l] = H E[uitujt]'
te(l]

Since E[u;, uj,] = I{i; = j; }(L is the indicator function), we know that all elements on the diagonal
of E[M,, ] are 1, and all other elements are 0, which means that E[),,, ] is the identity matrix. Hence,

b E[M,,]b=1.

Note that b is a symmetric vector, meaning b' E[M,, ]b doesn’t change if we permute {i1,--- ,i;}.
Thus, as long as each i is paired with a j in o, we will have b" E[M,,, ]b = b" E[M,]b. There are n!
such partitions, so summing them up gives us /!..

For any other partition o, we can always permute {iy,--- ,4;} and {j1,- - , i} such that the partition

becomes {(i1,72), - , (i2t—1,%2t), (J1,J2), s (Jar—1, Jatr), (P2e41, J2e+1)s -, (41, 5i) }- Then
E[M,] = Ig-2 @ (ww"),

where w € R%" and Wiy, gy = i1 = do} - I{igg_1 = i }. Therefore, E[M,] is a positive

semi-definite matrix, i.e., bTE[MU]b > 0.

In a word, we can divide E[M] into the sum of two sets of matrices. In the symmetric sense, the first

set of matrices are equivalent to identity matrices while the second set of matrices are equivalent to
some semi-definite matrices. Therefore,

b Elvec(u®)vec(u®) b > 1.
([l

Proof of Lemma 10. Let v € R< be a standard normal vector, i.e., u ~ N (0,1,), then from Theorem
2 in Vignat and Bhatnagar (2008) we know that

T T (
T ®l ®1l .
b7 [vee ((u/ Jul)™) vee (/1)) 0= 5772
Furthermore, from Lemma 11 we know that
TE[vec(u®)vec(u®) )b > 1!.

Note that u/ ||u| is distributed as a uniform vector from the unit sphere S?~*. Combining the above
equality and inequality, we finish the proof of this lemma. O

b Elvec(u®)vec(u®) b
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B Construction of Bad Local Minimum

In this section, we construct a bad local min for the vanilla loss function with vanilla parameterization
of T. Thatis, T := Y. | cjul and f,(U,C) = 1/2||T — T*||§7 Recall Theorem 2 as follows.

Theorem 2. Let f,(U,C) be as defined in Equation 2. Assume | > 3,d > r > 1 and m >
r(I + 1) + 1. There exists a symmetric ground truth tensor T* with rank at most (1 + 1) + 1 such
that a local minimum with function value l(l — 1)r /4 exists while the global minimum has function
value zero.

In our example, the model fits one direction in 7™ but misses all the other directions. Moving any
component towards one of the missing directions would actually make the approximation worse
because of the cross terms. The proof of Theorem 2 is in Section B.1.

We also extend the local min to the vanilla loss function with 2-homogeneous parameterization of 7'.
Thatis, 7 := Y7 | a;ci2uf and f(U,C) = 1/2||T — T* ||§, For simplicity, we assume half of

the a;’s are 1’s.
2
Theorem 4. Let f(U,C) :=1/2 ‘ S aid PPt - T - Assume |m /2] of a;’s are 1’s and the

remaining are —1’s. Assume | > 3,d —2 > r > 1 and m > 4r(1 4+ 1) + 2. There exists a symmetric
ground truth tensor T* with rank at most 2r(l 4+ 1) + 2 such that a local minimum with function
value (1 — 1)r /2 exists while the global minimum has function value zero.

In the above Theorem, we treat ¢;’s as separate variables from u;’s. That is, at a local min (U, C'), we
allow arbitrary perturbations to ¢;’s regardless of the perturbations to wu;’s and show none of these
perturbations can decrease the function value. Note our result trivially extends to the case when
¢i = 1/ ||u;]| since the coupling between ¢; and u; only restricts the set of possible perturbations to
(U, C). The detailed proof of Theorem 4 is in Section B.1.

B.1 Detailed Proofs

Proof of Theorem 2. In this proof, we first construct a ground truth tensor and a local min with
non-zero loss. To further prove this local min is indeed spurious, we show there exists a global min
with zero loss under the same ground truth tensor.

We first define the local min. For every i € [m], let ¢; be 1 and u; be e, /mT. Then, we know at this
point T' = e?l.

We define the ground truth tensor 7 by defining the residual R := T — T™. The residual R is defined
as the summation of R and all its permutation. We define R as follows,

r+1
Ri=Y e @2,
j=2

Then, R is defined as the summation of all (;) permutations of R. 1t’s clear that R is symmetric and
therefore T is symmetric.

Let U be a d X m matrix whose i-th row is u;, and C' be an m x m diagonal matrix with C;; =
¢i, Vi € [m]. Suppose we perform a local change to U and C such that U’ = U+ AU, C' = C+ AC
and [|AU| ., ||AC||z — 0. We prove that for any AU, AC, we have f(U’,C") > f(U,C). Let’s
first show that the gradient at U is zero, which means there is no locally first-order change on the
function value.

First-order Change Let’s first show the gradient of f, w.r.t. U and C at (U, C) is zero. Here we
first compute the gradient in terms of one column w;,

l
Vi € [m], Vu, fo(U,C) = IR(u$' ™ ey = —— R ).
m- T

Vi € [m), Ve £u(U,C) = R(uf') = ~R(ef").
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In order to compute R(e?!~1, I), we first consider R(e®'~*, I). We have

r+1
®l 1 -2
) E ej (ej,e1)(e1,er) ~ =0.

Similarly,
r+1

R(efh) = Z (ej, e1)? (er,e1) 2 = 0.

=2

The computation for other permutations of R is the same. Overall, we have V fu(U,C) =0.

Second-order change The second order change of f, (U, C) is as follows,

w7 T @ (Awg)) + (Aci)ug!

K2

NE

(ci(Auy) ® w1 ey @ (Aug) ®

N | =

~
Il
_

F

+ (11— DR, Aug, Aug)e; + IR(u$ Au)Ac;) .

IR

i=1

The first term is always non-negative, and the second term can be further computed as follows:

m - 1 & _
W0=1)> R(ul™?, Aug, Aug) =I(1 - UW ZR(e;@l 2 Aug, Auy)
=1 :
m r+1

=l - (z /1 Z Z (Al

1=1 5=2

Similar to the computations in the first-order change part, we know R(u; ®i-1 , Au;) = 0. Therefore,
the second-order change of f(U, C) can be lower bounded by /(I — )m“ ST D i ZTH[ ;3.

For any AU, AC, if there exists ¢ € [m],2 < j < r + 1 such that [Aw;]; # 0, we know the second
order change is positive. Combining with the fact that the gradient is zero at (U, C'), this implies the
function value increases.

Otherwise, if [Au;]; = 0foralli € [m]andall 2 < j <+ 1, we know Au; € B forall i € [m]
where B is the span of {e1, ex|r + 2 < k < d}. Let the perturbed tensor be T', we know T/ — T
lies in the B®! subspace. Note perturbing c¢; introduces changes in e}’ ! direction that is also in the
B®! subspace. This type of perturbation cannot decrease the function value because the residual R is
orthogonal with B®! subspace.

Overall, we have proved that (U, C) is a local minimizer. Notice that residual R contains r(é)
orthogonal components with unit norm. Therefore, the function value at (U,C) is f(U,C) =

O

2
IRl =3 x7x
Construction of global minimizer: Next we will show that when m > r(I + 1) + 1, there exists
U and C such that f (U, C) = 0. Therefore, the local minimizer we found above must be a spurious
local minimizer. We only need to show that 7* can be expressed as the summation of (I + 1) 4+ 1
rank-one symmetric tensors.

Define R; := e®2 ® P2, and define R; to be the sum of all ( ) permutations of R;. Then we can

write T as
r+1

*=ef +ZR

Note that I2; is a symmetric tensor with entries equal to 1 if the index of the entry has 2 5’s and
(I —2) I’s, and entries equal to 0 otherwise. Define v; ; := e1 + b; je; where b; ; € IR, and consider

the tensor 7} : Ziﬂ bi 05 j Then we know that 7} is also a symmetric tensor with entries equal

to Zl+1 b; jbfj if the index of the entry has k j’s and (I — k) 1’s, and entries equal to 0 otherwise.
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Therefore, if Vk € {0,1,---, [}\{2}, S0) b ;b = 0and 3207 ) b ;b7 = 1, then Tj = R;. In
other words, we want

8 11 1 -

1 bij baj oo by ~
p2 B2 2 ba,;

0 2,J l+17J

: T b1,

0 1 2,3 I+1,5

Denote the matrix in the middle by M, then
Myl = T (bsy—beg).
1<s<t<i+1

Thus, as long as the b; ;’s are mutually different, the matrix M} will be full rank, and there must exist
a set of b; ;’s such that the equation above holds. In other words, we have shown that there exists
such b; ;’s and b; ;’s that V2 < j < r + 1, T; = R;. Therefore, we know each R; can be expressed
as the summation of (I + 1) rank-one symmetric tensors.

To summarize, when m > r(I + 1) + 1, we can construct 7* such that there exists a local minimum

with function value @ while the global minimum has function value zero.

O

Proof of Theorem 4. The proof is very similar as the proof of Theorem 2. The only difference is that
in the 2-homogeneous, all the ¢;’s are positive and we need to rely on positive and negative a;’s to fit
the ground truth tensors. We need to define a slightly different ground truth tensor and bad local min.

Same as in the proof of Theorem 2, we first construct a ground truth tensor and a local min with
non-zero loss. To further prove this local min is indeed spurious, we show there exists a global min
with zero loss under the same ground truth tensor.

We first define the local min. Let m’ = |m/2]. Without loss of generality, assume a; = 1 for all
i€ [m'landa; = —1foralli € [m'+1,m]. Foranyi € [m/],letu; = \/1/m’e; and ¢; = 1/ ||u;]| -
Forany i € [m’'+1,m], letu; = 1/1/(m — m/)eq and ¢; = 1/ |Ju;|| . With this choice of parameters,
it’s not hard to verify that T’ = e — 5"

We define the ground truth tensor 7 by defining the residual R := T'— T*. The residual R is defined
as the summation of R and all its permutation, where R is defined as:
r+1
R::Z(@)Q@e@lz ®2®€®l 2)_
j=2
Since we assume r < d — 2, we know r +1 < d — 1 and ¢; is orthogonal with ey, eq for all

2 <7 <r+1. Then, R is defined as the summation of all ( ) permutations of R. It’s clear that R is
symmetric and 7™ is also symmetric.

Suppose we perform a local change to U and C such that U’ = U + AU,C’ = C + AC and
HAUHF ) ||AC||F — 0, where AC is a diagonal matrix. We prove that for all possible AU, AC,
fwhen =z fu.c

First-order Change Let’s first show the derivative of f in terms of all u;’s and ¢;’s at (U, C) is
zero. This means there is no first order decrease direction at (U, C).

For any ¢ € [m/'], we can compute the derivative in terms of u; and ¢;:
_ _ l _
Vu, f(U,C) =IR(uE ™, 1)l = WR(e?l L),
-2
(m/)3/2
It’s not hard to verify that R(e®' =, I) = 0 and R(e®') = 0 using the orthogonality between ¢; and

ej forall 2 < j < r + 1. For the same reason, we also have V,,, f(U,C) = 0,V,, f(U,C) = 0 for
alli € [m' + 1,2m].

Ve f(U,C) =(1 = 2)R(uf")ei ™ =

?

R(ef").
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Second-order change The second order change of f(U’, C") compared with f (U, C) is as follows,

m 2

% D ai (67 ((Aw) @ ud™ +u; @ (Awy) @ uf 2 -+ P @ (Aw)) + (1= 2)d P (Acy)uf™)

F
m

+ Zal (1= DRuP' ™2, Auy, Aug)eh ™2 + 11— 2)R(uP' ™, Auy) 3 Acy + (1 - 2)(1 — 3)R(ul®l)c§_4(Aci)2) .

(When [ = 3, we do not have the c§*4 term)

The first term is always non-negative. By the previous argument, we also know R(u?l_l, Au;) =0
and R(u$') = 0. Therefore, the second order change is lower bounded by S a;l(l —
1)R(u;-®l_2, Au,, Aui)cﬁ_z. Let’s first consider the components from 1 to m’ for which a; = 1,

’ ’
m

I(1-1)a; ZR(ul@lﬁ7 Aug, Aug)c ™2 =1(1 — 1) ZR(e?lﬂ7 Aug, Auy)

1

3

i=1 i

+

(1-1) ZZAU’

3

For the components from m’ + 1 to m, we have

I(1—-1)a; Z R(u®'™2, Ay, Aug)ei ™2 =I(1 — 1) Z —R(e5'72, Auy, Auy)
1=m’+1 1=m’+1
m r+1
=l(1-1) > > [Au;
i=m’/+1 j=2

Overall, we have

m r+1

iail(l—l)R P2 Ay, Aug)e T > (1 - 1) ZZ [Au,]3
i=1 i=1 j=2

For any AU, AC, if there exists ¢ € [m],2 < j < r + 1 such that [Au;]; # 0, we know the second
order change is positive. Combining with the fact that the gradient is zero at (U, C'), this implies the
function value increases.

Otherwise, if [Au;]; = 0foralli € [m]andall2 < j <+ 1, we know Au; € B forall i € [m]
where B is the span of {ey, ex|r + 2 < k < d}. Let the perturbed tensor be 7", we know 7" — T lies
in the B®! subspace. Note perturbing ¢; introduces changes in e?l direction or e?l direction that are

also in the B®! subspace. This type of perturbation cannot decrease the function value because the
residual R is orthogonal with B®! subspace.

Overall, we have proved that (U, C') is a local minimizer. Notice that residual R contains 2r (é)
orthogonal components with unit norm. Therefore, the function value at (U, C) is f(U,C) =

2 (I-1)r
BIRIG =3 x 2 x (5) = #57.

Construction of global minimizer: Next, we show as long as m > 4r(l + 1) + 2, there exists
parameters (U, C') such that f(U, C') = 0. To prove this, we first write 7* as summation of rank-one
symmetric tensors.

Forany 2 < j <7+ 1, define R;; := e®2 ®@eP!"2and R q = e®2 ® 572, and define R; 1, R; 4
to be the sum of all ( ) permutations of R ;.1 and R] d respectlvely Then we can write T as

r4+1 r+1

l l
T = e? — 6? — E Rj71 + E Rj7d.
Jj=2 Jj=2
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Same as in the proof of Theorem 2, we can show each R; 1 or I7; 4 can be written as the sum of
(I + 1) rank-one symmetric tensors.

Therefore, we know the ground truth 7™ can be expressed as the summation of 2 + 2r (I + 1) rank one

symmemc tensors. For each component, we can re-scale it to make it fit the form of a;c; 2u , with

=4land¢ =1 / |lw; || - In these rank-one tensors, at most 27 (I + 1) + 1 has posmve (negatlve)
aZ So, aslongasm’ > 2r(l+ 1) + 1 orm > 4r(l + 1) + 2 our model is able to fit this ground truth
tensor and achieve zero loss.

To summarize, when m > 4r(l + 1) + 2, we can construct 7* with rank at most 2r (I + 1) 4+ 2 such

that there exists a local minimum with function value @ while the global minimum has function
value zero. O

C Detailed Proofs of Theorem 3

In this section, we give the proof of Theorem 3. We first state a formal version of Theorem 3.
Theorem 5. Given any target accuracy € > 0, there exists m = O (%;llog(d/ e)), A=
€ E5l71.5 €15l—4 5
0 (m)’ 6=0 (dl—1-5(log(d/e))l+0-57'2-512—0-75L)’ n = 0 (d3l—4-5(log(d/e))3l+1-57'7-512—2-25l) and
- dal_“'s(log(d/e))s"+2'5r7'5l2_1'751 . . .
H=0 T5=55 such that with probability at least 0.99, our algorithm

finds a tensor T satisfying
1T =Tp <e

within K = O (64 log(d/e)) epochs.

We follow the proof strategy outlined in Section 5.

As we discussed in Challenge 2, bad local minima exist for our loss function. Therefore, gradient
descent might get stuck at a bad local minima. This issue is fixed in our algorithm by re-initializing
one component at the beginning of each epoch. In Lemma 1, we show as long as the objective is
large, there is at least a constant probability to improve the objective within one epoch. We state the
formal version of Lemma 1 as follows. The proof of Lemma 12 is in Section C.2.

Lemma 12. Let (U}, C}) and (Uy,Cr) be the parameters at the beginning of an epoch and
the parameters at the end of the same epoch. For the target accuracy ¢ > 0 in Theorem 5,
assume K < 22 and |T;, —T*|, > € where T} is the tensor with parameters (U}, C}).

. Sl-1.5
There exists m = O (Tlog(d/e)), A=0(x%).0=0 (dl*I-5(log(d/e))l+0~5r2~512*0v75l)’
(151-4.5 d3L45 (log(d /e))31+2-5,.7-512 —1.751 .
n= 0 (d3l—4-5(log(d/e))3l+1-57-7-5l2—2-25l)’ H=0 ( (Log( élE)S?—S_E ), such that with

. 1
probability at least ¢, we have
4

_ _ €
Un,Cr) — fU,C) < Q| ——— ).
U, Con) = 1(03,C8) < -9 (a7 )

We compliment this lemma by showing that even if an epoch does not improve the objective, it will
not increase the function value by too much. The formal version of Lemma 2 is as follows. We prove
Lemma 13 in Section C.1.

Lemma 13. Assume K < ’\IZL, 0 < #ac Sy andn < — 2% for some

m4d 5° (m+K) 2 mzd (m+K) 2

constants i1, jt2, and 1—73 <\ < 1. Let (U}, C}) and (UH, Cr) be the parameters at the beginning
of an epoch and the parameters at the end of the same epoch. Assume f (U}, Ch) > €2, where € is the
target accuracy in Theorem 5. Then we have

(Ui, Cr) — f(U,Cy) < O (1) .

m

From these two lemmas, we know that in each epoch, the loss function can decrease by

Q (W:(d/d) with probability at least 1 5 and even if we fail to decrease the function value,
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the increase of function value is at most O ( ) Therefore, choosing a large enough m, the function
value decrease will dominate the increase. Th1s allows us to prove Theorem 5.

Proof of Theorem 5. We use a contradiction proof to show that with high probability our algorithm
finds a tensor T satisfying ||7"— 7| < e within K epochs. For the sake of contradiction, we
assume ||T"— T™|| . > e through the first ' epochs. Under this assumption, we show with high
probability the function value will decrease below zero.

Note that under the choice of parameters of this theorem, all the conditions of Lemma 12 and
Lemma 13 are satisfied. By Lemma 12, we know that with probability at least 1/6, the function

value decreases by at least A := (2 (Wid/e)) in each epoch. By Lemma 13, we show that the
function value at most increases by A’ := O(ﬁ) in each epoch. Using our choice of the parameters

4

in Theorem 5, we know that O(/\im) =0 (W). Choosing a large enough constant factor for

m ensures that A’ < 1‘})
Foreachl < k < K let &, be the event that in the beginning of the k-th epoch, the reinitialized
component ach~2u}y has good correlation with the residual (see Lemma 18) and || Psuq|| > f’ where

{4 is some constant. We know &,’s are independent with each other and Pr[€;] > 1/6. By Hoeffding’s
inequality, we know as long as K > p’ for certain constant u', we have Zle 1g, > K/7 with
probability at least 0.99, where 1, is the indicator function of event &j.

By the proof of Lemma 12, we know conditioning on &, the function value decreases by at least
A in the k-th epoch. Since ZkK 1 e, > K/7, we know the total function value decrease is at

least KA/7 — KA/10 = KQ (Wél(d/)) . Therefore, there exists K = O (M) such that
KAJ7T—KAJ10 > 4.

By the analysis in Lemma 16, the function value is upper bounded by 3 at initialization. However,
with probability at least 0.99, the decrease of the function value is at least 4, meaning that the function
value must be negative, which is a contradiction. Therefore, we know that with probability at least

0.99, our algorithm finds a tensor T satisfying | T — T™|| . < e within K = O (%) epochs.

C.1 Upper bound on function increase

In this section, we prove Lemma 13.

To prove the increase of f is bounded in one epoch, we identify all the possible ways that the loss can
increase and upper bound each of them. We first show that a normal step (without re-initialization
or scalar mode switch) of the algorithm will not increase the objective function. Note that many
parts of our proofs rely on an upperbound on function value. To get such a bound the proof includes
an induction component: when we prove Lemma 14 and Lemma 15, we assume that the function
value is upper bounded by a constant, and we will inductively prove that these conditions are satisfied
in Lemma 16. This induction ensures that the conclusions of all the lemmas in this section hold
throughout the entire algorithm.

The following lemma is a formal version of Lemma 3 in the main text.

Lemma 14. Let (U, C) be the parameters at the beginning of one iteration and let U',C' be the
updated parameters (before potential scalar mode switch). Assuming f(U,C) < 10, A < 1, there
exists constants (i1, po such that
f(Ul7é/) - f(U,C < -7 Hva U C HF
#1 < /tz>\ )
m%ﬁd%(m—rK)% 1= m2d 2 (m+K) 2

as long as 6 <

Recall that in an iteration, we first update U by gradient descent, then update C' and C by the updated
value of U. The gradient descent step on U cannot increase the function value as long as the step

size is small enough. The update on C' and C can potentially increase the function value. In the
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proof of Lemma 14, we show the increase due to updating C' and Cis proportional to the decrease by
updating U and smaller in scale.

Proof of Lemma 14.

According to the algorithm, each iteration contains two steps: update U as U’ < U — nVy f (U, C);
o | il We can divide the function value change into these

update ¢; and ¢; as ¢} = ¢; qpandé & = &y

two steps: f(U',C") — f(U,C) = (f(U',C) — f(U,C)) + (f(U',C") — f(U’,C)). We will show
that the function value decrease in the first step and does not increase by too much in the second step.
At the end, we will combine them to show that overall the function value decreases.

Since we assume f(U,C) < 10. According to the definition of the loss function, we know

T~ 7 < VAL > < 22, We also know that -7, g < (72, i) < 168,

For convenience, denote I' = 10, M7 := 12 and M3 := 12.

fU',C) — f(U,C) is negative: In the first step, we update U by gradient descent, which should
decrease the function value as long as we choose the step size to be small enough. To prove that an
inverse polynomially step size suffices, we need to bound the second derivative of f in terms of U at

(U",C) forany U"” € {(1 — 0)U + 0U’|0 < 6 < 1}. Let H” be the Hessian of f in terms of U at

(U",C"). We will bound the Frobenius norm of H".

Let’s first show that ||u || < (14 1/(41)) ||u;|| when n is small enough. Recall the derivative in u; is,
Vo, f(U,C) =T — TP, 1) "2a; + Mu;.

Therefore, we can bound the derivative as

V., £(U,C)|| < (l\/f(\/d(m TR+ Al) ]| -

1
Thus, as long as n < TR TN we have

_ 1
0|V FU,O)|| < (WVRD(V/dlm+ )= + A1) flus]| < o i
Since u!! = u; — V., f(U,C) for 0 < 6 < 1, we know that
[uf || < lluill +n|Vu, F(U,0)||

S+ ) Mluall,

Let 7" be the tensor parameterized by (U” C’) We can bound ||7" — T™|| - as follows,

m

1T =Tl <IT=Tlp + 3 ()'“AI”HW SO

1=1 k=1

m 1
* l
ST+ 007 () e el

i=1 k=1

T = T+ 0 (/A + )~ m + )3 + sl

3

<\ T =T p + 4lm(y/d(m + K))' =2 (m + K)§* 4+ 1M
<v/2I + 21M3,

where the last inequality assumes § <

V2r + 21M3.
With the bound on |7 — T*|| and ||u ||, we are ready to bound the Frobenius norm of #". For
each i € [m], we have
0
aui

. For convenience, denote 3 :=

\/4m(\/d(m+K NE—2(m+K)

N =2
FU",C)=UT" —T*)((uf)' =, 1) 2a; + N (”“ ”) ul. 3)

[
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We know H" is a dm x dm matrix that contains m x m block matrices with dimension d x d. Each
block corresponds to the second-order derivative of f(U”, C') in terms of w;, u;. We will bound the
Frobenius norm of " by bounding the Frobenius norm of each block.

. a2 _
For each 4, we can compute 52— f(U”, C) as follows,

82
81% 8114'

F".0) =11 = D" = T) ()2 LD a4+ Pt ||l ©

N -2 nmyl=4, n "
s | s ]

For the first term, we have I(1 — 1) ||(T" — T*)((u})'=2,1,1)c}?|| . < 1>\/eB(\/d(m + K))'~2
since [|uy[| / flusl| < (14 1/(41)).

For the second term, we have

e P

| <PVemax{4(d(m + K))'"*(m + K)5%, [Jui]|*}.

For the third term, we have

nN -2
Y (”Zf ”> vee(I)|| < NveVd.
' F
For the fourth term, we have
(A X
A(1— 2)# < MN*y/e.
[l r

Combing the bounds on these terms and assuming A < 1, we have

2
Hauaau f(U//,é) Slz\/éﬂ(\/m)lﬂ+12\/Emax{4dl*2(m+K)17162,||ui||2}+2l2\/§\/g_
) ) F
Thus,
82 B 2
H G| U O <3el'B2d 7 (m o+ K) + Bel max{164% 7 (m + K)* 726, |lual|} + 12e1d
7 i F

<15el*B2d' =2 (m + K)'72 + 3el* max{16d*'~*(m + K)*726* |ju||*}.

For each pair of i # j, we can compute o f(U",C) as follows

Buiauj
o " 2 1—2 1—2 /.1 n\l=2 p "
uidu,; fU",0) = Pajaje; 2 (ui,uf) " i @ uf.
The Frobenius norm square can be bounded as
0> AP
H S T fU",0) <el*max{4d'"2(m + K)"*62, ||u;||*} max{4d' > (m + K)'" 7162, ||u;||*}
10U F

<el* max{max{|Ju;||, ||u;[|*}?, 16d* 4 (m + K)? 26}

et (Jlusl* + llus )" + 1642~ (m + K)* 25"
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Summing over the bounds on blocks, we can bound the Frobeneius norm of H",
5" 2
1M1=
i,
m

<15eml*B%d"=2(m + K)' =2 4 48emi*d* ~*(m + K)*~26* 4 3el* Z g

i=1

~ 2
fw”,0)

F

auiauj

+ (m — 1)€l4 Z ||Uz‘||4 + 16el4m(m _ 1)d2l_4(m + K)21—2§4
i=1

=15eml*B2d' =2 (m + K)'=% 4 16el*m(m + 2)d**(m + K)*726* + (m + 2)el* Z g ||*

<15eml*B2d "2 (m + K)'™2 4+ 2(m + 2)el* M3

16md2—4(m+K)2l-2 .

where the last inequality assumes § < (

Denoting L; := /15eml*B2d'=2(m + K)!=2 + 2(m + 2)el* M3, we have

FU'.C) — F(U.C) < —n |[Tu s (U, O[5+

f(U',C") — f(U',C) is bounded: Next, we show that setting ¢’ as ¢; ” ” and & as ¢; H ||‘| does

not increase the function value by too much. We use V, f to denote the gradlent of u; through ¢;
and ¢;, which means

In the following we first bound the Frobenius norm of the Hessian of f in terms of U evaluated

Va f =

at (U',C") for any C" € {diag(c},---,c)|c! = 61%,0 <0 < 1}andC” €
{diag(é/,---,&n)|el = 62% 0 < 6 < 1}. We denote the Hessian at (U’,C"') as 1",

which is a md x md matrix. Hessian 7 contains m x m blocks with dimension d x d, each of
2 -

which corresponds to ﬁf(U’7 C") for some (i, j) € [m] x [m].
1 OUj

Note that a 'i'” < 1+ 1/l since ||u; — u;|| < 1/(4) ||ug|| - Let " be the tensor corresponds to

(U',C"), we can bound || 7" — T*|| ;- as follows,
+HIT N e

Zaz // 1— 2 ®l
F
<e (Z Jugl|* + 4(/d(m + K)) " 2m(m + K)§2> +1
i=1

<2eM3 +1,

1T =T p <

where the last step assumes § < . For convenience, denote o := 2@M22 +1.

My
VA(/dmT ) =2m(m+K)

Let’s first compute the derivative of f in terms of u;,

a /yalll

5afw.0") @
(T — T ()

(I - 2)ai(T TXM)HMM((Mm+KD L @+ Lermu/for])
e e A )

l
[l ”||
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For each i, we have

28 1A

afh_am_f(U,C )

I
) /1 ok N\ ®I 1—2

- (l - 2)a”L(T T )((uz) )”u//Hl (( d(m+ K)) ]]'c;’: /d(m+K)/‘|u;/|| + ]]'C;lzl/”u:’”)

1", N T
_ (' * ol Yi (uz) -2
Il DT = T () ((Vam+ ) L _ gz o + Ler=/ )

o uf ()", -2
+ =2 P S (72 + B0 ey g+ L)

—(- >H o el

U//(UII)T
/

FN(—2)

We bound its Frobenius norm square by

2

2
H i em

90,00 -
<5 (Pa?e?dHm+ K)' 72 + 1*a?e?d 2 (m + K)'?)
+5 (1464 max{||u;|[*, 16(m + K)2~264d2 =4} + A212de? + )\21462)

<2062 (m 4+ K2 4+ 5eM (Jlus]|* + 16(m + K)P 254021

where we assume that A < 1.

For i # j, we have

82
91,0,

f',c")

u{/(u//)T

=( - 2)2(<u;7u’,>l)#
vy

. -2
(( dim+ K) Loy Jatmr ) c;’zl/l\ué’H)
. -2

(( dlm + K)o d<m+K>/IIu;’\+103’=1/Hu3’ll>

na

We can bound its Frobenius norm by

2
<I*e* max{dd' *(m + K)'"716?, ||Ju;||*} max{4d' "2 (m + K)"716%, |Juy]?}
P

<ttt (Jluall" + gl + 16(m + K2 264624

fw',c”)

32
500
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Combing the bounds on all blocks, we have

|7

2 m
-~ ; (2062a254dzfl(m +K)2 4 5etl (Hui||4 +16(m + K)21*264d21*4))

+ Y et (Huin‘* + s |t + 16(m + K)?l—254d2l—4)
1,j€[m]
i#j

<20me?a?td =t (m + K)'7% 4+ 80mite* (m 4 K)H 7254~ 4 5lte? Z g ||*
i=1
+16m*et (m + K)? 254 d*  2ttetm > ]|t
i=1
<20me?a1td = (m + K) 72 + TitetmM2 + 96m21tet (m + K)2 - 254q% 4
<20me?a?ltd' "t (m + K)'7% 4 8lte*m M3,

M2 )1/4

where the last inequality assumes § < (%m(m T K)”*QZ_Q pr

Denote Ly := 1/20me2a2l*d!=(m + K)!=2 + 8l%¢*mM?. Then, we have

n°Lo

JU'.C) = f(U".0) (Vg (U, C). =iV u f(U.C)) + =5 Vo f(U. O
From equation 3 and 5 we know that Vi € [m], Vg, f(U,C) = —% . W Thus,
= -2 _
IVo 10Ol p < == IVu i U0 -

In order to bound ||V f(U’, C)|| . , we still need to show that V; f(U’, C') is close to Vy, f(U, C).

Bounding |V, f(U',C) =V f(U,C)||, : Define U" as (1 —0)U + 60U’ forall 0 < 6 < 1. We
will show that the derivative of V, f in U evaluated (U", C) is bounded. We denote this derivative as

H" thatis a dm x dm matrix. Matrix " contains m x m blocks each of which has dimension d x d
and corresponds to ﬁ f(U",C). Denote T" as the tensor parameterized by (U”, C). Recall that,
iOUj

a 1 Y
5l 0".0)
= (1 - 2)ai(T" — T*)(()E) L ((Vdlm + K))'21 .
(I - 2)ai( )t (Vam+T)"21, _ sz + L=t/
— (- 2>”;‘%‘Hl "

For any i € [m], we have

02 L
I TRAC
.
=1l —2)a;(T" —T* u;’®l_1,lu7i T RN-21 L
o ) )Huilll <( ( DL @Ry ) + L= 1||)
_ l(l — 2)01,_2 ||u’/H21*2 ui(u;/)T (( d(er K))lf2]l 1 )
C e ci=/amA K) /I|ug]| T o=t/ luil
ug(uf) 1-2
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The Frobenius norm of au(?j)a, f(U",C) can be bounded as follows,

2
H O iwr0

8ui 8@1

<Vel2B(\/d(m + K))"=2 + v/el? max (||ui|\2 ,4d=2(m + K)l*152) + Ve
F
<2v/el2B(v/d(m + K))2 + \/el? max <||uz-||2 ,4d2(m + K)l‘162) :

where the last inequality assumes A < 1. Therefore,

For i # j, we have

62
an 6’&1

2

82

f”, o) §8614ﬂ2d172(m + K)l72 + 2el* max (||ui||4 , 16d2174(m + K)217254)

F

fu”,c)

T

_ 1—1 wi(uy
=—1(- 2)aiajc; > (uf, ) Z”( l)l
u;

l—
((\/ dim + K)'* 1, _ g T lcizl/l\uil\)

The Frobenius norm square can be bounded as

2
<el* max{4d'~?(m + K)'716?, ||u;||*} max{4d' "2 (m + K)'"716%, |Ju;]|?}
F

|5z

"
87?1487.% f(U ’ C)

<et (JJusl* + llus " + 16(m + K)* 262 ~+)

Summing over the bounds on blocks, we can bound the Frobeneius norm of H" ,
)

F

92

‘ Ou;01;

2

fu”,c)

i, F

<8mel*B2d'"%(m + K)'72 + 2el* Z llus]|* + 32mel*d®—*(m + K)*~25*
i=1

+2mel® Y [lug|[* + 16mel* (m + K)* 25 d*
i=1
<8mel*[2d "% (m 4 K)' 72 + 48mZel*d® 4 (m + K)*725* + 3el*mM?
<8mel*B2d' "% (m + K)' 72 + del*mM3,

2 )1/4.

where the last inequality assumes § < (48md2,,4(;;+K)21,2

Denoting L3 := /8mel452d=2(m + K)!=2 + del*m M3, we have

_ _ _ 1 _
Vo (U, C) = Vi (U, C)|p < Ls [aVu f(U.C)|| o < 5 [Vof (U.0)] -

_1

where the second inequality assumes 7 < T Therefore, we have
3

_ _ _ I— _
V0 100l < ¥ 50O+ 53 |90t @0 < (72 4 3 ) IV ST O

5 _
<(1-2) Ivusw. 0,
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Overall, we have proved that as long as 7 is small enough,

f(Ula C/) - f(U7 é) :f(Ulv C) - f(U7 é) + f(U/a C_V/) - f(U/a C)

<—n|[Vu WO+

77L2

# Vo £ O+ T2 Ve 10 O
<=0 |V WO+

2L
(1) NPT QHVUfUCHZF

< - ? Hva(U7C_’)HF7

where the last inequality assumes 77 < m. Combining all the bounds on 6, 7, we know there
exists constant ji1, o such that as long as § < 0 o < 2 we
mivad T (m+K) m2d 2 (m+K) 2
have
= 2
JU.C = J(U.C) < =7 IV f(U.O)f5.

O

Then, we know in an epoch, the function value can only increase because of the initialization and
the scalar mode switches. In Lemma 15, we show these operations cannot increase the function by
too much. Note that Lemma 15 is the formal version of Lemma 4 together with the bound for scalar
mode switches in the main text (these two arguments in the main text correspond to the two claims in
Lemma 15).

Lemma 15. Assume f(U},C4) < T < 10 at the beginning of an epoch, § < — ’“\f
mid =T > (m+K ) A2
andn < 2 — for some constants |11, jo. Also assume that \m > 10. Denote the

mid T = (erK)
parameters at the end of this epoch as (Uy, C), then

f(UH,éH> S exp (ﬁ) I

Proof of Lemma 15. By Lemma 14, we know the function value does not increase in any itera-
tion (before potential scalar mode switch) as long as the initial function value is at most 10 and

0 < —H1 -n < WIER - for some constants /i1, uo. Thus, the function
m4fd (m+K) m2d > (m,+K)

value can only increase when we reinitialize a component or when we switch the scaling from

Vd(im+ K)/ ||ui|| to 1/ ||u;|| - In the following, we first show that reinitializing a component can

only increase the function value by a small factor.

Claim 1. Suppose f(U,C) < I’ < 10. Reinitialize any vector with the smallest {5 norm among all
columns of U, and let the updated parameters be (U', C"), then

;= 13\ -~
fu,ch < <1+)\m)r.

According to the definition of the function value, we know |7 —T%| < o' < /20,
N 2 R
ST lugl? < £ and S gt < (z;”lnuan) < I3 Suppose u; is one of the vec-

tors in U with the smallest /5 norm, then ||u; > < L. Suppose u}, ¢}, ¢, a} are the corresponding
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reinitialized vector and coefficients, and we have
laset =2 = a ()2 ()| .
< lasei2ud || + [lai(eh)' =2 () ™| 5

<max (Jlus|”, (v/d(m + K))'24(m + K)8*) + (VVd(m + K))' 2"

S (el K)o+ K)9 + (dm T K) 0 < o

m
where the last inequality assumes 62 < ———L———. Therefore, we can bound f(U’,C") as
5)\m(m+K)2d

lunes

1 " _ R A 21
=5 |T-T —aie; u! + aj(c)’” ®1HF+/\Z(J 2 gl = A2 s [ + A2 [l

Jj=1

<FU,O) + T = T p [Jaic;u’ = ai(eh)' =2 (u))®!|| . + *Haz 2l — () 2 () [+ M)

~ N 2
<f(U,C) +20- a,! <2F> + A2
Am m

§<1+12>f+>\52
Am

13 -
< -
()

where the second last inequality assumes Am > I and the last inequality assumes 62 < )\21—;”

Switching the scaling from +/d(m + K)/ ||u;|| to 1/ |Ju;|| can also potentially increase the function
value. In the following, we show that the function value increase is small because we only switch the
scaling mode when ||u;|| < 2v/m + K.

Claim 2. Assume f(U',C") < T. Suppose at this iteration we switch the scaling of ¢, i.e., we set c}
as ¢, //d(m + K). Let the updated parameters be (U',C",C", A"), we have

~ 1 _
U, c" e A < (1 + W) .

Suppose u; is the parameter which is one step of gradient descent before u;. According to the

algorithm, we know ||u;|| < 2v/m + K. According to the proof in Lemma 14 where we bound the
derivative of f with respect to u;, we know that as long as n < ATl m+K))’ ) we have

lubll < 2 |lus|| < 4v/m + K§. Therefore,
=2 — (ey-2)® ] = H(CW(“”@Z i}

1
(vd(m + K))i=2 »
< ()2 (). < 16(m + K)32(/d(m + K))'2.
(U',C")is T, then | T" — T*||, < V2T.
Thus, we can bound f(U’, C", c’, A’) as follows:
fu, e A
<FULC) T =T g (| () 2 (ud)® = ()2 (w))®'|| o

(3

+%Mﬂ*@@h@w*MWﬁ

<P+ VT (16(m -+ K92 5 H) %) + 5 (160m - K)9%( /A ) 2)

1\ =
< r
(145021

(€)'~

Suppose the tensor at
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where the last inequality assumes 62 < VI —— and Am? > 1.
32v2x m2(m+K)2d 2

We are now ready to bound the increase of the function value during this epoch. According to the
algorithm, each epoch contains at most m scaling mode switches. Therefore, following Claim 2, all
the scaling switches in one epoch can increase the upper bound of the function value by at most a
factor of (1 + ﬁ)m < exp (ﬁ) . Combining with Claim 1 which considers the re-initialization,
we know that in each epoch, the upper bound of the function value increase by at most a factor of
exp (x7) (14 53) < exp (53) - O
Following Lemma 14 and Lemma 15, we are ready to show that the function value is upper bounded
by a constant by an induction proof. At the beginning of our algorithm, the function value is bounded
by a constant as long as the initialization radius ¢ is small enough. According to Lemma 15, the
increase in each epoch is bounded by a factor of O(ﬁ) Therefore, as long as the total number
of epochs do not exceed O(Am), f will always be bounded by a constant. As a consequence, the
Frobenius norm square of U must be bounded by O(%) due to the design of the regularizer. These
results are summarized into Lemma 16.

Lemma 16. Assume 6 < ———"—F—+—~, andn < — BEL — for some constants

mad 2 (m+K) 2 A2 m2ltd 2 (m+K) 2
W1, po. Also assume K < %’f and % < A < 1. We know throughout the algorithm

_ i 10
<10 and P < =
f(U,C) <10and Y Jlu|* <

i=1

Proof of Lemma 16. Let’s first show that the function value is bounded at the initialization if we
choose ¢ to be small enough. At initialization, we have

~ 1 * a Al— !
FWU.C) =5 IT =T[5 + A D& [Jui

=1

2
1 [ m
=2 (ZHC?QU?ZHﬁ IIT*IIF> + A fuill®
i=1 i=1
S% (m( d(m + K))"726% + 1)2 + Amé?

<m2d"2(m 4+ K)'726* + 14 dmé? < 3,
where the last inequality assumes 6 < W and ) < 1.

We use an inductive proof to prove that the function value at the end of the k-th (k < K) iteration is
at most 3 exp(%): At the initialization, the function value is at most 3. For every epoch, assume
that our induction hypothesis is true, then at each step (a step can be a re-initialization, a gradient
descent update, or a scalar mode switch), from Lemma 15 we know that the function value is upper
bounded by 3 exp(%) < 10, so at this step Lemma 14 is correct, meaning that Lemma 15 is still
correct at the next step.

Therefore, throughout the algorithm, we have

14K
J(U,C) < Bexp () < 10,
Am

where we assume K < 2™ This immediately implies that >, ||u, I? < 1 by the design of our
regularizer. U

Now we are ready to prove Lemma 13.

Proof of Lemma 13. From Lemma 16, we know that the function value is upper bounded by 10
throughout our algorithm. Besides, from Lemma 15 we know that the function value increase is at
most (exp( % )—1) times the function value at the beginning of this epoch. Choosing T' = f (U}, Cf),

Am
we know the function value increase at each epoch cannot exceed 10(exp(1=) — 1) = O(5),
which finishes the proof of Lemma 13.
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C.2 Escaping local minima

In this section, we will give a formal proof of Lemma 12. We again follow the proof ideas outlined in
Section 5.2. Recall that the proof goes in the following steps:

1. We first show that the projection of U in the B subspace must be very small, therefore the
influence from incorrect subspace B is small (Lemma 17).

2. We then focus on the correlation in the correct subspace S. First we show that the correlation
can be significantly negative at re-initialization with constant probability (Lemma 18).

3. If the correlation is always significantly negative, then the re-initialized component will
grow exponentially and eventually decrease the function value (Lemma 19).

4. If the correlation changes significantly, the function value must also decrease (Lemma 20
and Lemma 21).
First of all, we need to show that the influence coming from B is small enough so that it can be ignored.

The following lemma is the formal version of Lemma 5. Note that the assumption [|U ||, < /32 has
been verified in Lemma 16 so Lemma 17 holds for the entire algorithm.

Lemma 17. Assume |U||, < 1/% throughout the algorithm. Assume A < /10,0 <

V10 A 2 2 .
PP T o andn < 55;. Then, we know || PpU ||z < (m + K)6° throughout the algorithm.

Proof of Lemma 17. At the initialization,
2 2 2
1PBUp < [|U|[f = md~.
At the beginning of each epoch, we re-initialize one column of U, which at most increases ||PBU||?J
by 62. Thus, the total increase due to the re-initialization process is at most K 62.

Then, we only need to show that running gradient descent does not increase the norm of PrU.
Suppose at the beginning of one iteration, the tensor T is parameterized by (U, C). Let U’ be the
updated parameter, which means U’ = U — nVy f(U, C). We have,

|PsU % ~ 1 PBU

= |[Po(U = nVuU.CN[; ~ I1PsUE

= 29 (PpU, PeVu f(U,C)) + 1 ||PEVy f(U.O)|[5.. (©)
We will show that the first term is negative and dominates the second term when 7 is small enough,
which implies that gradient descent never increases the norm of PgU. We first compute the gradient

as follows, ~
Vuf(U,C) = Imat(T — T*)U®'"1C'=2 A + I\U.

where mat(T — T*) = UC!2A(U®—1)T — U*C*[(U*)®'=1]T is ad x d'~! matrix. Therefore,
the projection of the gradient on B subspace is

PsVy f(U,C) = IPgmat(T)U®'~1C'"2 A + INPRU.

Now, we show that the first term in (6) is negative.
—2n(PpU, PgVy f(U,C)) = — 2l (PgU, Ppmat(T)U®' "1 C'"2 A + APgU)
= —2n (PpUC' 2A[U®" T, Pgmat(T)) — 2ln (PpU, \PU)
= — 2l ||Pgmat(T)|| 7 — 2y || PeU|[% -

Next, we show the second term in (6) is bounded. We have,

2

|

<21 (|| Pomat (1)U 2 A5 + X2 | PoU )

0 || PeVu f(U,O)|| 5 =n? |[1Ppmat(T) U C'=2 A + INPRU|
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Recall that My = \/¥ . Note that

| Pemat(T) U 1O 2 A[%, < || Ppmat(T)|1% |[U° 12,

m
2 1—4 21—2
= |[Pemat(T) |5 > " e flus]
=1

< || Pemat(T)|7 Z max{4(d(m + K))'"*(m + K)6%, ||u;|*}

< M3 ||Ppmat(T)|;

[l ]
1

kel

where the second inequality holds since ¢; = Vdlm+K) only when ||u;|| < 2v/m + K4, and
M,

otherwise ¢;

. . <
The last inequality assumes § < P e

Overall, we have
| PsU"|I5 ~ | PoUI%
=—2n(PgU, PgVy f(U,C)) + n*||PsVu f(U, C’)Hi
< — 20y (|| Pemat(T) |3 + A | PeUI3.) + 202 (M || Pamad(T) |5 + A2 || PeU )
< — tn (IPsmat(T) 5 + A P

where the last inequality assumes A < M2 and n < ﬁ |
Lemma 17 shows that the norm of PgU only increases at the (re-)initializations, so it will stay small
throughout this algorithm. This allows us to bound the influence to our algorithm from the orthogonal
subspace B and only focus on subspace S. We denote the re-initialized vector at ¢-th step as u;, and
its sign as @ € {£1}. Our analysis focuses on the correlation between Psu, and the residual tensor

(PgerTy — T*, aPsug").

Here Psu; is the normalized version Psu;. We will show that if this correlation is significantly
negative at every iteration the norm of w; will blow up exponentially.

Towards this goal, first we will show that the initial point Psug has a large negative correlation with

the residual. We will lower bound this correlation by anti-concentration of Gaussian polynomials,

and the following lemma is the formal version of Lemma 6. Note in our notation, we have ( Pge: T} —
——®l ——®l

T* aPsug") = a (Pser Ty — T*) (Pgut® ) .

Lemma 18. Suppose the residual at the beginning of one epoch is T) — T*. Suppose acf)ﬁugg’l is

the reinitialized component. There exists absolute constant y such that with probability at least 1/5,

* -5 ol 1 *
<PS®ZT5 —T*,aPsup > <~ Gl | Psen T, — PgoiT*||

where Psug = Psug/ || Psuol| -

Proof of Lemma 18. Let’s restrict into the 7!-dimensional space S®!, and let Pge: be the projection
operator that projects a d'-dimensional tensor to the r!-dimensional space S®!. Then, we can think of

(Pgo:T — Pge:T*) as an r! dimensional vector, and Psu comes from uniform distribution on S 1.
el

Let v be an r-dimensional standard normal vector, then a(PggiT — Pge:T*)(Psu ) has the same

distribution as a(Pge:T — Pge:T*)(v') 1Hz .

llv

Let’s first show that the variance of a(Pge:T — Pge:T*)(v') is large:
Var [a(Pge:T — P T*)(v')] =E |a(Pse:T — Pge:T*)(v')
>I!||PseiT — Pgar T*| %,

’ 2
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where the equality holds because E [a(PgeiT — PseiT*)(v')] = 0 and the inequality follows from

Lemma 11. It’s not hard to see that a(Pse:T — Pge:T*)(v') is an [-th order polynomial of standard
Gaussian vectors. By anti-concentration inequality of Gaussian polynomials (Lemma 25), we know
there exists constant  such that

Pr []a(PS@T — Pyt T*)(0")| < VIl | Pgeot T — PS@T*HF} <kl

Choosing € = ﬁ, we know with probability at least half,
* 1 *
|a(Pse:T — PseT*) ()] Zm\m | Pser T — Psen T* ||
1 I\ V2
= <e> [Pse:iT — PsoT" ||

1

=si7agi7s | Pser T = Poor T

Since the distribution of a(Pge:T — Pge:T*)(v') is symmetric, we know with probability at least
1/4,

1
a(P_g@zT - PS@ZT*)(’UZ) <

= _W ||P5®LT— PS®LT*||F'

According to Lemma 24, we know that with probability at least 19/20,

loll < &'v/r,
where «' is some constant. This further implies that with probability at least 1/5,
1 1

a(P_g@xlT—PS@lT*)(Ul) ||PS®LT—PS®LT*||F.

< —
”le - 2lel/2(,€,€/)l(7al)l/2

Choosing 1 = 4ex?(k’)? finishes the proof. O

Our next step argues that if this negative correlation is large in every step, then the norm of u; blows
up exponentially. Intuitively, this is due to the fact that the correlation is basically the dominating
term in the gradient, so when it is significantly negative the vector u; behaves similar to a vector
doing matrix power method (here it is important that our model is 2-homogeneous so the behavior of
power method is similar to the matrix setting). Below is the formal version of Lemma 7.

Lemma 19. In the setting of Theorem 5, within one epoch, let T}y be the tensor after the reinitilization
and let T, be the tensor at the end of the T-th iteration. Assume || Psuo|| > “—jg for some constant

o € (0,1). Forany H > t > 1, as long as <Ps®zTT —T*,aPSuT®l> < Wﬁ)r some
constant uq forallt —1 > 1 > 0, we have

t
fia\ 12 c )
Psu 22 1+77(7) —_— Psu .
1 Psul ( ) o) 1Pl

Proof of Lemma 19. We will use inductive proof for this lemma. At the first step, we have
| Psui||* = || Psuo — nPs V.. f(Us, C_(O)HQ
=||Psuoll” — n (Psuo, PsV.uf(Us, Co)) +n* || Ps Ve f (Us, C’o)”2
> || Psuo||® — 1 { Psuo, PsVuf(Us, Co)) -
We can write down the PV, f(Uy, Cp) as follows,
PsV, f(Us, Co) = al(Ty — T*)(ug" ™, Ps)ch 2 + A Psu.

Let’s first consider al(Ty — T*) ((ug)®¢—1), Ps)céfz. We can decompose ug into Psug and Pgug,
so we can divide al(Ty — T*)(u?(l_l), Ps)ch™2 into 2!~ terms, each of which corresponds to
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the projection of u(;@(lfl) on a subspace in {S, B}®!~!. For subspace S®(~1), the projection is
al(Pgei Ty — PsanT*)((Psug)® 1, Ps)ch 2. Tts inner product with — Psug is
<—Psu0, al(PS@nTo — PS®LT*)<(P5’U,0)®I_1, P5)0672>
= — al(PS®lT0 — PS@)lT*)((PSu())@l)ClOiQ
= — al(PseiTy — Pser T*)((Psuo)®") (|| Psuo|| co)' || Psuo | -
Now, we only need to show that || Psug|| c¢o is lower bounded. We have

Vd(m + K) | Psuo|| _ /d(m + K)p2d/Vd _ pro

[[uoll - y -2’

| Psuol| co =
where the first inequality uses || Psuol|| > o6 /v/d. Therefore,

(—Psug, al(Pge: Ty — PseiT*)((Psug)® ", Ps)ch %) > (“2) | Psuol)? -

2) Sy

We then bound the remaining terms in al(Ty — T)((uo)®* =", Ps)ch ™ Forany I — 1 > k > 1,
we consider the subspace B®F @ §®!—1-F and all of its permutations, we bound the norm of
al(To — T*)((Ppuo)®*, (Psug)®=1=*, Pg)ch2 as follows.
||al (To —T%) ((PBuo) (PSU())@Z_I_Lc PS) 05)72”
=l HTO ((Ppuo)®¥, (Psuo)® =%, Pg)cy ||

Sl Z 66;2 HPBUO,i

i=1

[— -2
<126612\|P3u02\|||um|| Y| Pguo]| Jluol'? ¢

i=1
m

<l Z d2(m + K) 7167 |Jug |
i=1

<lymd'2(m + K)"=162 M.

) Psuo il | Pauol” | Psuol) ™ " ¢ 2

where M, = /2 is the upper bound of |U| . Denote Ry as the summation of terms in all

subspaces except for S®'~1. We have ||Ro| < (271 — 1)lIy/md'~2(m + K)!~162Mj. Therefore,
we have

| (Psuo, Ro) | < |[Psuoll | Roll <2'0/md=2(m + K)'=162Ms || Psuo)|

u2>l—2 € 2
<= —— || P
<(3) g 1Pswl

. . Uad 1 )
where the last inequality uses ||Psug| > k= and assumes § < ST A2 TR =TIl
K2 (ﬂ)l_g €

Vd \ 2 20(p1rl)t/2”

Next, let’s analyze the regularizer Al Psuy. Its norm can be bounded as follows,

-2
InPsuoll < (52)

€

002 | Psuol| ,

1 (p2\=2 e
where we assume A < 1 - (42) EL

Overall, we have

| Psuy|)® > || Psuol)® — n{Psuo, Vuf(Uo, Co))
12 € € € 2
> || P — — P
|| SUOH +n( ) <5(‘u17’l)l/2 20(#17"[)[/2 20(#17’1)”2) || SUOH

U2 € 2
1 — | || P .
= (1+0(%) " s ) sl
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_ t
Induction Step: Suppose ||P5u75||2 > (1 +n (%)l 2 W) ||P5u0||2, we will prove

_ t+1
that ||Psueq|® > (1 +n (%“)l 2 %) | Psuo||? . Actually, we have assumed that

10(uyrl)t/2
o (0! ¢
a(Ps®th — PS®LT )(Psut ) S —W,

Based on these two properties, the remaining proofs are exactly the same as that for ¢ = 0.

so we only need to show that ¢; || Psu|| > £2.

The latter property is not hard to verify:

If ||u]] > 2vm+ KJ, we know ¢; = 1/|lut]|. Then, we have ||Psul|c; = Hl‘lgi?lt” >
”ut“ﬁw > 1 where we use || Pgug < vm + K§6.

uel

If ||u¢ || < 2¢/m + K6, we do not necessarily have ¢; = 7”1(““[() because the norm of ||, || might

first exceed the threshold and then drop below the threshold later Note, by the induction proof, we
only know the norm of Psu; monotonically increase, which does not imply that ||u;|| monotonically

. . d(m+K
increases. So, we have to consider both cases here. If ¢; = W, we have || Psui||c: =

VAmt RO IPsuell > w2 which is because ||Psuy|| > ||Psuol| > p28/Vd. If ¢ = 1/ [[ug, we

[l
know there exists 7 < ¢ such that ||u.| > 2vm + K§. Since ||Pgu,| < v/m + KJ, we know
[Psu-|| > vm + K§. By the induction proof, we know || Psu.| > ||Psur| > v/m + K¢. Then,

we have ||Psut|| c = ”ﬁiif“ > 2
This finishes the proof of Lemma 19. ]

. -l . . .
Therefore the final step is to show that aPsut® always has a large negative correlation with Pge: T} —
Pge: T*, unless the function value has already decreased. The difficulty here is that both the current
reinitialized component u; and other components are moving, therefore 7} is also changing.

We can bound the change of 7' — T™* by separating it into two terms, which are the change of the
re-initialized component and the change of the residual:

*\ /1D ., l * l
‘a(PS@ZTt - PS@IT )(Psut® ) - CL(PS®ZT0 - PS®ZT )(P5u0® )

t

<> ((PS@TT,1 — Pyt T*)(Psuy

®l)

— (PserTr—1 — PS®ZT*)(PSU’TI®I))‘

t
+ Z ”T'r —Tr ”F :
=1

The change of the re-initialized component has a small effect on the correlation because the change
in .S subspace can only improve the correlation, and the influence of the B subspace can be bounded.
This is formally proved in the following lemma, which is the formal version of Lemma 8.

Lemma 20. Assume § < —; -l N < 552 = for some constants
mivid 2 (m+K) 2z AZmi1d -z (m+K) Tz

1, po. Assume K < 4 2 and 171—0 < X\ < 1. Suppose at the beginning of one iteration, the tensor T
is parameterized by (U7 C). Suppose w is one column vector in U with || Psu|| > “‘—\}5 where s is a

constant. Suppose v’ is u after one step of gradient descent: v’ = u —nV, f(U,C). We have

a(PgerT — Pgei T*) (P ™) < a(PgeiT — Poan T*) (Pau’™ ) + pl 42! d! =1 m /2 (m + K )=o),

where [ is some constant.

Proof of Lemma 20. Define g(u) := a(Pse: T — PS®1T*)(PSu®l). Note that in function g(u), we
view T as fixed. We will show that the change of ¢ is bounded when the input changes from u to u'.
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Bounding first order change: Let’s first compute the gradient of g at u.

P
Vg(u) =al(PgeiT — PgaiT*)((Psu)®' 1, Ps) - — al(Psei T — PS@T*)((PSU)@[)%
(| Psull || Psull
— P
:al(PS®zT — PS®ZT*)((P5’U,)®171, Ps) 7 al(PS®zT — PS®1T*)((P5U,)®[71, Pgu)il
(| Psull [ Psull
_ 1
:al(Ps®1T — PS®1T*)((P5"U)®Z_1, Ps — Psu - PSuT)il
[ Psul|
1
=al(Pse1T — Py T*) ((Psu)® ™!, Pp)——,
([ Psull

where Pp, is the projection matrix on the span of S\ {u}. We can also compute the projection of
V.f(U,C) on D as follows,

PpVuf(U,C) =al(T — T*)(u®~1, Pp)c' 2.
We can divide [(T—T*)(u®'~1, Pp)c!=2 into 2!~ terms, each of which corresponds to the projection
of u!~! on a subspace. For subspace S®/~!, we have
al(T — T*)((Psu)®l71, PD)Cl72 = al(Pgen T — PS@ZT*)((PSU)®171, PD)Cl72,
which has non-negative inner product with Vg(u). We can bound the norm of all the other terms.
For any [ — 1 > k > 1, consider subspace B®* @ S®(~1~F) we can bound the norm of al(T —
T*)((Ppu)®*, (Psu)®(=1=k) Pp)cl=2 as follows:
|al(T — T*)((Ppu)®*, (Psu)®'~'~%, Pp)c 2|
=1 HT((PBU)(@]C, (Ps'u)@l_l_k, PD)Cl—2 H

m
<UY - | Pwill” (| Psus |~ | Ppul* | Psul =

i=1

m
<UY e 1Ppu il ™ | Pol fJul) '~ ¢
=1

<Y d7P(m+ K)o ||
i=1
<lvmd'=%(m + K)"=16% Ms,
where the second last inequality comes from Lemma 17.

Denote R as the summation of terms in all subspaces except for S®'~1, then

IR| < (271 — Diymd' =%(m + K) 162 M.

Therefore, the first order change of g can be bounded as follows,
<v9(u)7 _nvuf(Uv C)>

B <“Z<PS®ZT — PsaiT*)((Psu)®' ™", Pp) —nal(PgerT — PgerT™)((Psu)® ™!, Pp)el* — nR>

IR
(| Psull
1
l
| Psull

<n |[l(PgerT — Pgen T*)((Psu)®' 1, Pp)

2]l

gmﬂoﬁé (2 = D)Imd T2 (m 4+ K)' 6% M,
H3
10722
<—
M3

where the second last inequality assumes || Psu|| > “—\jg.

nd' =15 y/m(m + K) 1Mo,
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Bounding higher order change: Forall v’ = (1 —60)u+6u’ with 0 < 6 < 1, we prove a uniform

upper bound for HV2 g(u) H 1 - Recall the gradient of g at u”,

1
Vg(u”) = al(Pgen T — PsthuT*)((PSLL’/)@FI7 Pg)il,
(| Psu”||

where P}, is the projection matrix to S\ {u”"}. We compute || V2g(u”)|| as follows,

1
V2g(u") =al(l — 1)(PserT — PserT*)((Psu)®'~2, Ps, Ply) ———
P I
| Psu”||
PSUN
— al?>(Pgei T — Pgen T*)((Psgu/)® 1, Py @ —=——.
(PsorT = PoorT")((Psu")* ™ PR @ oo
Therefore,
V29[| < 2P°V20——
| Ps U”II
138V

Assume that n < and from the proof of Lemma 14 where we bound

m/md(@l(, /d(m—&-K))l*z-&-)\l)
the gradient, we know that

R
09 £ .0 < n (V30T K2 4 ) fuf < V200 [0 22

2vd 2v/d’
Thus,
[ Psu”|| > || Psul| — || Psu” — Psul|
> || Psul| — [|[0nV..f(U, O
o M0 psd _ psd
T Vdoo2vd 2vd
Therefore,
9200 < 2°V/20 252
Overall, we have
g(u') = g(u) <(Vg(u), -nV.f(U,C) >+ N 252 Vs, 0.
Recall that, -
Vuf(U,C) = al(T —T*)(u® 1, 1) =2 + Mu,
we have
|Vuf O] <tv20max (Jlull, 2v/m + Ko(\/dlm + K))'™2) + A |u]

<1v/20 max (MQ, o/m + Ko(y/d(m + K))H) M
<IV20M; + XMy,

where the last inequality assumes § < My

2\/’m+K(\/d(m+K))L_2 ’

Finally, we have

o)~ g(u) < (Va(u). -V, F(U.C)) + L 2FW 252 IVut @0
2
10i2 d=15/m(m 4+ K)'- 15M2+—212\F i?Q (z\/%MﬁAzMg)
3
1 2! 4
OZL nd =13 /m(m + K)'~ ./ 5+fn212 d <4OZ2+2>\2l2 )
3

Sul42ldl_1'5ml/2(m 4 [()l—ln(s)\7
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where the last inequality assumes [ > 3, n < 53 and 4 1s some constant. O

Therefore, the only way to change the residual term by a lot must be changing the tensor 7', and
the accumulated change of T is strongly correlated with the decrease of f. This is similar to the
technique of bounding the function value decrease in Wei et al. (2019). The connection between them
are formalized in the following lemma, which is the formal version of Lemma 9:

Lemma 21. Assume that § < cal —,n < L2} for some constants

m%ﬁd%(m—&-K)% m%l4dl§1(m+x) 2
1, o, and % < X < 1. Within one epoch, let Ty be the tensor after reinitialization, and let T} be

the tensor at the end of the t-th iteration. Let (Up, Co) be the parameters after the reinitialization
step and let (Ug, Cyr) be the parameters at the end of this epoch. We have

H
Z HTT - TT—lHF
T=1

520012'5\/§J777H\/f(U0, Co) — f(Un, Cr) + 160m(m + K)62(y/d(m + K))\=2
+ 16m(m + K)6?(\/d(m + K))' 2.

Intuitively, if we are doing a standard gradient descent, at each step the change in function value is
going to be proportional to the square of the change in the tensor 7', and the guarantee similar to
the Lemma above can be proved by applying Cauchy-Schwartz. However, in our setting the proof
becomes more complicated because of the normalization steps and in particular the scalar mode
switch.

Before proving Lemma 21, we first prove the following lemma which guarantees the function value
decrease in one step (without scalar mode switch):

Lemma 22. Assume § < —; —i 12
mivaid 2z (m+K)

and n < 3. Assume K < )‘1—7;’. Starting from T parameterized by (U, C'), suppose aftfr one iteration

(before potential scalar mode switch) the tensor becomes T’ parameterized by (U',C"). We have

—5 for some constants i1, o,

1 <
2

m%l4dl*71<m+1<) 2

1 —
1T =T < 200l2\/:|\nvuf(Ua Ol

Proof of Lemma 22. According to the algorithm, we know each iteration is composed of two steps:
update U by gradient descent (U’ = U — nVy f(U, C)) and update C and C' according to U’. Let

T be the intermediate tensor parameterized by (U’, C). We will bound ||[T” — T'|| - by bounding
HT — TH and HT’ — TH separately.
F F

According to Lemma 16, we know 37 [lu;]|*, S50 [Juf||* < 2. Denote M3 = 10.

Bounding HT - THF: From T to T, U is updated to U’ = U — nV f(U, C) while C and

remains the same. Therefore,

[ 1], =[S - 0007 - S
i=1 i=1 r
m m 1
_ o l _ _ B
<D Uil ™ [0V . C)| < 2+Zz<k) il [0V, £, 0| 2.
i=1 i=1 k=2
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‘We can further bound the linear term as follows:

YUl T [V fU, O 672 <UD [0V, £(U,C) || max(fluil] , 2v/m + K6(y/d(m + K))' )

=1 i=1

SV OO | S max(ul? A(m + K- 152d1-2)
=1 1=1

<V2IMyn ||V f(U, C)

M3
Am(m~+K)t-1dt—2"

[PE
where the last inequality assumes 62 <

According to the proof in Lemma 14, we know ||nVy, f(U, C)|| < 7 ||us||. Therefore, for the higher

order terms, for each k£ > 2,

m I 3 B _— m 3 ik_l B -
5 (1) = v s 0] 2 < 3k = Ll e s 2

i=1 i=1

1
l

<Y Ul [0V, F(U.0)]| ¢

i—1
<V2IMan Vo F(U, é)”F :

Overall, we have

|7-7|  <2vara|vusw.0), .

Bounding HT’ - From 7' to T’, we update C to €’ and C to C” such that Vi € [m], ¢, =

P 1H

flees |

A 7 M
|7 -1 - | > a2 () = Y il (wp)®
i=1 i=1 P
m
<Dl = el
i=1
Now, let’s focus on the change in ¢, 2. Define g(u) = W We have,
1 uu’
Vg(u) =—(— )—andv2 (w)=-(-2)—+ll-2)—F>"
) [l [l

Therefore, the spectral norm of V2g(w) is bounded by 12/ ||u|*.

For any ¢ € [m], let u} be any point on the line segment between w; and v}, then HV2 g(ul H2 <
2/ ||| 1f ¢; = 1/ ||u;]| , we have

()72 = 2] < IVg(ua)ll |1V, £ (U, @)| @), [V, £(U, O

l|| ZII

If ¢; = \/d(m+ K)/ ||u;|| , we have

|(c§)l_2 _C§—2| < l— — Hn #(U, c H /7m+K))l_2 ; l”“z” H #(U, c H /d m+K))l_2

l
"l

|
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Therefore, we have

HT’ - THF <2el 3" |1V, £ (U, C)|| max(fus]| , 2v/m + K6 (v/d(m + K))'2)
=1

<2V2elMy |[nVu f(U,C)|| .,
where the first inequality holds because ||u}|| < (1+ %) ||lu;|| and the second inequality assumes
<M
= 4dm(m+K)!—1dt-2"

Overall, combing the bounds on HT -T H and HT' — TH , we have
F F

1 —
1T =T < 200l2\/:H?7szf(Ua Ol

Now we are ready to prove Lemma 21.

Proof of Lemma 21. Let’s first bound the tensor change and function value change due to scalar
mode switches. Followmg the proof of Claim 2 in Lemma 15, setting [ = 10 and assuming
, we know each scalar mode switch can at most change the tensor

<
= l(\/2F(\/d(m+K))l 243)’
Frobenius norm by 16(m + K)d§?(y/d(m + K))'~2. Furthermore, using the same argument as

Claim 2, the function value can increase by at most /20 (16(m + K)§%(\/d(m + K))l_2> +
2
i (16(m + K)§?(\/d(m + K))lfz) < 160(m+K)§2(y/d(m + K))'~2, where we assume 62 <

5
8(m+K)(y/d(m+K))'=2"

According to the algorithm, we know each epoch contains at most m scalar mode switches. Suppose
T be the tensor before potential scalar mode switch in the 7-th iteration. Then, we have

t t t
SN = Tocallp <3N = Trcallp + YT — Tl
=1 =1

T=1

t
<Y T = Troa|l o + 16m(m + K)6* (\/d(m + K))'—2
According to Lemma 22, we know

1 —
177 = Tral|p < 20012\& lnVo f (U1, Cr-1) [ -

Therefore, we have

t 1 t B
ST~ Tl <200 2 3 90 £ 0. C)
=1 T=1

1 : s
<200l2\/:\/i Z Hﬂva(Urfl,C’Tfl)Hi'
T=1

According to Lemma 14, we know f(UL,CL) — f(Ur—1,Cr—1) < =7 HVUf(UT,hC’T,l)Hi,.
Therefore, we have

t t
1 _ _
S NTL =Tl 320012\ﬂ¢% STl (F(Ur—1,Cry) — F(UL,CL)).
=1 =1
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Since scalar mode switches in total change the function value by at most 160m(m +

K)6%(y/d(m + K))!~2, we know

Z (f(Ur—1,Crq) = f(UL,C))
<f(Uo, Co) — f(Uy,Cy) + 160m(m + K)&6*(\/d(m + K)) =2

Overall, we have

t
Z ||T‘r - T‘rleF
=1

smm%vgv@HJﬂwm%%ﬁﬂhéd+NWMm+KW%Vﬂm+Kw“2
+16m(m + K)§(v/d(m + K))' 72

Combining all the steps above, we are now ready to prove Lemma 12.

Proof of Lemma 12. Let ug be the reinitialized vector. According to Lemma 18, we know with
probability at least 1/5,

-1 , €
_ |
‘PS@;ZTO PS@ZT HF = (,U/l?’Z)l/27

where (11 is some constant. According to Lemma 23, we know with probability at least 1 — 1/30,
| Psuo| > “%/g for some constant ;15 < 1. Taking a union bound, we know both properties hold with
probability at least 1/6.

* -5 Q!
a(Ps®LTOI — PgaxT )(PSUO ) < W ‘

Conditioning on both properties, we will prove that

_ _ A 2
— U > .
1(Uo, Co) = f(Un, Cn) 2 32000000 (4 rl) n HI ¢

For the sake of contradiction, assume that f(Uy, Co) — f(Ug,Cr) < 2. Ac-

cording to Lemma 21, we know

A €
32000000( 1 71) i HI®

€

H
T, —Trotllp € e
7;” 1||F 10(/“”)1/2

2
as long as 62 < € — and 62 < Ac

> > -2 -
320(p1r)/2m(m+K)2d 2 32000000(p1rl)inHI5-160m(m+K)2d 2
l

N~

We will prove that a(Pge: T} — Ps®LT*)(PSUt® ) < fW forall 0 <t < H — 1, so from

Lemma 19 we know that the norm of Pgu; must increase exponentially.

Let’s first prove the case at the beginning of an epoch: Let T be the tensor after reinitialization.
According to the proof of Claim | in Lemma 15, we know

10 €
To—-Tolr <24/ +— < ——
|| 0 O”F = )\m = 2(M1Tl)l/2’

160(p1rl)’
62

where the last inequality assumes Am > . This implies that

€

* ®l w5l
CL(PS@ZTO—PS(X)ZT )(PSU,O ) SCL(PS(g)lTO/—PS(@I,T )(PSUO )+‘|TO_T6||F S —W
1
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For later steps, we will show that a(Pge:T; — Ps®LT*)(PSUt®l) is close to a(Pge:Ty —
PS®1T*)(Pgu0®l). Actually,

-l l
‘a(PS@,Tt - PS®1T*)(P5'U75® ) - a(PS®zTO - PS®LT )(P5u0® )’

<

t
A ( PserTr—1 — Pyer T*)(Psur ') — (PgeiTy_1 — PS@T*)(PSuTl@l))‘

T=1

+

t
Z ( PS®IT7- — PS@T*)(PSuT@l) — (PS®ZTT_1 — PS®1T*)(PSu7®l)>|

t
SHMZ42ldlfl.5m1/2(m + K)lfln(s/\ + Z HT‘I’ _ TT—lH
T=1
€

<Hp*2'd= o m 2 (m 4 K)' s ‘o< .
SHp m/“(m+ K) "'y +10(u1rl)l/2_5(ll17“l)l/2

The second 1nequa11ty above comes from Lemma 20, and the last inequality assumes § <

pli2tgt—1. 5m1/2(m+K)l ToaH 10(ulrl)1/2
This then implies that forall 0 <t < H — 1,

®1 € € €

Py Ty — Pyt T™) (P, < - < - .
a(Pge: Ty seiT™)(Psuy ) < 2(pyrl)l/? +5(erl)z/2 = 5(uarl)l/?

Then according to Lemma 19,

H
L\ 12 ¢
| Psug]® > (1 +1 (?) W) || Psuol|®
-2 H 252
(1 () e
2 10(pyrl)H/2 d

1 Ha\ =2 € us?
> “nH (—
=P (2" 2 ) 10(u1rl)l/2) d

17’l) 12

2
exceeds Ms as

where the last 1nequa11ty assumes 1 < ( )

-
long as nH > 2 (%) 10(M1Tl)l/2 log (
this finishes the contradiction proof

) Since My = /22 is the upper bound of ||U|| .,

We have shown that
A 2
€
~ 32000000(p1rl)inHIS

f(Uo,Co) — f(U,Ch) >

In order to show f (U}, Ch) — f(Ur,Cg) is large, we still need to bound | f (U}, C4) — (U, Co)|
that comes from reinitialization. According to Lemma 15, we know

~ _ 200 A
b, Ct) = f(Uo, Co)| < = i
(U5, C) £ (Uo: Co)l < T < G500000 0, ri)inEE

where the second inequality assumes A\2m > 1.28 x 10 (uy71)!nHI°. Therefore,
f(UH7 CH) - f(Uév C())
< (f(Uo,Co) = f(Un,Ch)) + | f(Uo, Co) — f(Up, Co)

A A
< 2 2
- 32x 107(/1,17“l)l77Hl56 + 6.4 x 108(/117“l)l77Hl56
A 2

< _
=7 6.4 x 107 (puurl)nHB
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e choms m = 0 (1), 3 = 0/). 5 = O (srrmgmeirioseroe).

l71.5(log(d/e))l+0.sr2.5[2—0.75l

151—4.5 3345 (log(d/e))31+2:5,.7-512—1.751
n = O(d3174.5(10g( s ), H = O( (log( élg?,“ T ) and K =

d/e))3l+1.5p7.512—2.251

0 (’;—il log(d/ e)) such that all the conditions are satisfied and the function value decreases by

4
Q(W) in each epoch. Note that there does exist some circular dependency between the

parameters. This turns out to be not an issue in our proof because for example ¢ depends on 7%1{

while nH only depends logarithmically on 1/4§. Other circular dependencies can be resolved in the
same manner. |

D Tools

In this section, we give the technical lemmas we use in the proof.

D.1 Random projection on a subspace
We use the following lemma to show that with good probability, the projection of the reinitialized
component on the good subspace is lower bounded.

Lemma 23 (Lemma 2.2 in Dasgupta and Gupta (2003)). Let Y be a d-dimensional vector uniformly
sampled from sphere S%=1. Let Z € R* be the projection of Y onto its first k coordinates (k < d).
For any B < 1, we have

k k
pefiz < &) <ew (Su-s+mp).
D.2 Norm of random Gaussian vectors

The following lemma gives the concentration of £, norm of a random Gaussian vector.

Lemma 24 (Theorem 3.1.1 in Vershynin (2018)). Let X = (X1, X2, -+, X,,) € R™ be a random
vector with each entry independently sampled from N (0,1). Then

Pr[||lz] — vn| > t] < 2exp (—2/C?),
where C'is an absolute constant.
D.3 Anti-concentration of Gaussian polynomials

We use anti-concentration of Gaussian polynomials to argue that a randomly initialized component
has good correlation with the residual.

Lemma 25 (Theorem 8 in Carbery and Wright (2001)). Let x € R" be a Gaussian variable
x € N(0,I), for any polynomial p(x) of degree l, there exists a constant k such that

Pr [|p(z)| < ey/Var[p(z)]] < Kilel/t,
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